PHY-396 K. Problem set #7. Due October 18, 2019.

This homework set has 7 problems, but none of them are long or hard. Also, 2 out of 7

problems are optional, for extra challenge.

The the first 3 problems of this set are about the generators and the representations of the
Lorentz symmetry. Problems 4, 6 and the optional problem 5 are about the Dirac matrices
and Dirac spinor fields. Finally, for the students interested in BEC and superfluidity, there

is an extra reading assignment (problem 7) based on my extra lecture on 10/11.

. Consider the continuous Lorentz group SO7(3,1) and its generators JH = —Jvi. In
3D terms, the six independent Jhv generators comprise the 3 components of the angular
momentum J¢ = %eijkjjk — which generate the rotations of space — plus 3 generators

Ki = J% — _ JiO of the Lorentz boosts.

(a) In 4D terms, the commutation relations of the Lorentz generators are
[jo‘ﬂ, j’”’} = qgPrJov — g P — jgPren 4 jgev ok, (1)
Show that in 3D terms, these relations become

0] = et [JR) = iRy, (R = —idki

The Lorentz symmetry dictates the commutation relations of the J* with any operators

comprising a Lorentz multiplet. In particular, for any Lorentz vector VH
[0, Jm] = g — g )

(b) Spell out these commutation relations in 3D terms, then use them to show that the

Lorentz boost generators K do not commute with the Hamiltonian H.



(c) Show that even in the non-relativistic limit, the Galilean boosts ¢’ = t, x' = x + vt

and their generators K¢ do not commute with the Hamiltonian.

Note: Only the time-independent symmetries commute with the Hamiltonian. But
when the action of a symmetry is manifestly time dependent — like a Galilean boost
x’ = x + vt or a Lorentz boost — the symmetry operators do not commute with the

time evolution and hence with the Hamiltonian.

2. Next, consider the little group G(p) of Lorentz symmetries preserving some momentum
4—vector p#. For the moment, allow the p* to be time-like, light-like, or even space-like —

anything goes as long as p # 0.

(d) Show that the little group G(p) is generated by the 3 components of the vector

~

R =" + pxK (4)

after a suitable component-by-component rescaling.

Suppose the momentum p# belongs to a massive particle, thus p#p, = m? > 0. For

simplicity, assume the particle moves in z direction with velocity £, thus p* = (F,0,0, p)
for E = ym and p = Sym. In this case, the properly normalized generators of the little

group G(p) are the

~ 1 - o N

F= R =~ ok,

y 1 . . .

JY = —RY = ~JY + ByK?®, (5)
m

~ 1 - ~

J* = — R* = J?  the helicity.
ym

(e) Show that these generators have angular-momentum-like commutators with each other,
[J?, J7] = ie* J* . Consequently, the little group G(p) is isomorphic to the rotation
group SO(3).

Now suppose the momentum p* belongs to a massless particle, pp, = 0. Again, assume

for simplicity that the particle moves in the z direction, thus p* = (E, 0,0, E'). In this case,



we cannot normalize the generators of the little group as in eq. (5); instead, let’s normalize

them according to

~ 1 - ~
I-_-R=1J+FxK (6)

or in components,

(f)

[ERR R S RN VRN I S 7)

Show that these generators obey similar commutation relations to the p*, p¥, and J*

operators, namely
R 0T = adv, LRI = —il®, [ 1Y = 0. (8)

Consequently, the little group G(p) is isomorphic to the ISO(2) group of rotations and

translations in the xy plane.

Finally, show that for a tachyonic momentum with p#p, < 0, the properly normalized
generators of the little group have similar commutation relations to the K® , KV, and
J# operators. Consequently, the little group G (p) is isomorphic to the SOT(2,1), the

continuous Lorentz group in 2 + 1 spacetime dimensions.

. Now let’s focus on the massless particles. As explained in class, the finite unitary multiplets

of the G(p) = ISO(2) group generated by the (7) operators are singlets |\), although they

are non-trivial singlets for A # 0. Specifically, the state |\) is an eigenstate of the helicity

operator J* (for the momentum in the z direction) and are annihilated by the I™¥ operators,

()

(b)

T = A, ) =0, ']y =0 (9)

Show that in 4D terms the state |p, ) of a massless particle satisfies

Eaﬂ’yﬁjﬂrypé |p> /\> = 2>‘p0¢ |p7 >‘> : (10)

Use eq. (10) to show that continuous Lorentz transforms do not change helicities of



massless particles,

VL € SO*(3,1), D(L)|p,\) = |Lp, same A) x e Phase, (11)

4. Next, an exercise in Dirac matrices 4. In this problem, you should not assume any explicit

matrices for the v# but simply use the anticommutation relations
YA+ A = 291 (12)

When necessary, you may also assume that the Dirac matrices are 4 x 4, and the 4° matrix

is hermitian while the 4!, 72, 4% matrices are antihermitian, (7°)" = 44° while (%) = —~?

fori=1,2,3.

(a) Show that 7va = 4, Y770 = =29, Y*9""7a = 4¢", and Yy yHyYy, =
=297y

Hint: use v*v" = 2¢"* — 4¥~* repeatedly.
(b) The electron field in the EM background obeys the covariant Dirac equation
(iv"Dy — m)¥(z) = 0 where D,V = §,¥ —ieA,¥. Show that this equation implies

(DD + m? — eF,,S") ¥(z) = 0. (13)

. . . . . def .
Besides the 4 Dirac matrices v#, there is another useful matrix 7% = i79y1~2~3

(c) Show that the v° anticommutes with each of the y* matrices — y°y* = —y#4> — and

commutes with all the spin matrices, 7°.S* = +SH~>,
) Show that the 4 is hermitian and that (7°)% = 1.
Show that v° = (i/24)e,.\ ,,7“7/\ H~AY and that 7[”7/\ BVl = 4 244eR MY ~B
Y L Y 7Y g
f) Show that vyt~ = 46ie" MY 5,
) Show that any 4 x 4 matrix I" is a unique linear combination of the following 16
matrices: 1, y*, %7[“7”] = —2iSM ~2H and ~°.

0123 _

x My conventions here are: € —1, eg123 = +1, YHAPT = Aty — AVaH
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5. This is an optional exercise, for extra challenge. Let’s generalize the Dirac matrices to
spacetime dimensions d # 4. Such matrices always satisfy the Clifford algebra (12), but
their sizes depend on d.

d—

Generalization of the 7° to d dimensions is I' = i"y%!... 4971 <here the pre-factor

i" = 44 or &1 is chosen such that I' = I'f and I'? = +1.

(a) For even d, I anticommutes with all the v#. Prove this, then use this fact to show that
there are 2% independent products of the 4# matrices, and consequently the matrices
should be 24/2 x 24/2,

(b) For odd d, T' commutes with all the y* — prove this. Consequently, one can set I' = +1

or I' = —1; the two choices lead to in-equivalent sets of the ~*.

(Classify the independent products of the y* for odd d and show that their net number

is 29=1: consequently, the matrices should be 2d=1)/2 5 9(d-1)/2,

6. Now let’s go back to d = 3 + 1 and learn about the Weyl spinors and Weyl spinor fields.
Since all the spin matrices S* commute with the 7°, for all continuous Lorentz symmetries
L%, their Dirac-spinor representations M, (L) = exp(—%@agSo‘ﬁ) are block-diagonal in
the eigenbasis of the 7°. This makes the Dirac spinor ¥ a reducible multiplet of the
continuous Lorentz group SO (3,1) — it comprises two different irreducible 2-component

spinor multiplets, called the left-handed Weyl spinor 17, and the right-handed Weyl spinor
VR
This decomposition becomes clear in the Weyl convention for the Dirac matrices where
0 ot O"u déf (12x27_0)7
v = where (14)
O'M O 5_,11, == (12x2a+0)7
and consequently

. (-1 0 (ML) 0
K _<0 +1) — MD(L)_< 0 MR(L)>' (15)

(a) Check that the 7° matrix indeed has this form and write down explicit matrices for

the S* in the Weyl convention.



(b)

Show that for a space rotation R through angle 6 around axis n,
ML(R) = Mg(R) = exp(—%6n-0). (16)
Likewise, show that for a Lorentz boost B of speed v in the direction n,
Mp(B) = exp(—3rn-0) while Mg(B) = exp(+3rn-0) (17)

where r = artanh(v) is the rapidity of the boost. For successive boosts in the same
direction, the rapidities add up, r142 = r1 + ro. Consequently, a finite Lorentz boost

of rapidity 7 in the direction n is B = exp(rn - K).

The more familiar 8 and v parameters of a Lorentz boost are related to the rapidity

as
f = tanh(r), ~ = cosh(r), [y = sinh(r). (18)

Show that in terms of these parameters, eqgs. (17) translate to
Mp(B) = J/7x+1—-0n-0o, Mgr(B) = /A x1+ fn-0. (19)

Show that for any continuous Lorentz symmetry L, the M, (L) and the Mg(L) matrices

are related to each other according to
Mp(L) = o2 x Mj(L) x 0o, M(L) = o2 x M{p(L) X 0. (20)

Hint: all 3 Pauli matrices o, are related to their complex conjugates o according to

*
020,02 = —04,

In the Weyl convention for the Dirac matrices, the Dirac spinor field W(z) splits into the

left-handed Weyl spinor field 91 (z) and the right-handed Weyl spinor field ¢ g(x) according

to

ppae(a) — (122((?)7) e w/L(Z') = My (L) (), o



(e) Show that the hermitian conjugate of each Weyl spinor transforms equivalently to the
other spinor. Specifically, the o9 x 9] (x) transforms under continuous Lorentz sym-

metries like the 15 (x), while the o2 x 1} (x) transforms like the ¥ ().

Note: the * superscript on a multi-component quantum field means hermitian conju-

gation of each component field but without transposing the components, thus

i
v = (‘m), Ui o= @f) while ¢l = (i, 1), (22)

wLQ L2

and likewise for the ¢, and its conjugates.

Finally, consider the Dirac Lagrangian £ = @(m“@u — m)W.

(f) Express this Lagrangian in terms of the Weyl spinor fields ¢ 7 (z) and ¥ g(z) (and their
conjugates zbz(x) and 1/12(:16))

(g) Show that for m = 0 — and only for m = 0 — the two Weyl spinor fields become

independent from each other.

7. Finally, for the students who came to my extra lecture on 10/11 about BEC and superflu-

idity, there is an extra reading assignment, namely [ny nofes on the subjeci]. In particular,

please read the solutions to all the lemmas.


http://web2.ph.utexas.edu/~vadim/Classes/2019f/BEC.pdf

