Fermions of the ElectroWeak Theory

THE QUARKS, THE LEPTONS, AND THEIR MASSES.

This is my second set of notes on the Glashow—Weinberg—Salam theory of weak and
electromagnetic interactions. was about the bosonic fields of the theory — the
gauge fields of the SU(2) x U(1) gauge theory and the Higgs fields that give mass to the let

and Zg vector particles. This set is about the fermionic fields — the quarks and the leptons.

From the fermionic point of view, the electroweak gauge symmetry SU(2)y x U(1)y is
chiral — the left-handed and the right-handed fermions form different types of multiplets —
and consequently, the weak interactions do not respect the parity or the charge-conjugation
symmetries. Specifically, all the left-handed quarks and leptons form doublets of the SU(2)y
while the all right-handed quarks and leptons are singlets, so the charged weak currents are

purely left-handed,

Ji = %(V“ — A”) = UyH U = 1[)26”1% without a ¢ term. (1)

The left-handed and the right-handed fermions also have different U(1) hypercharges, which
is needed to give them similar electric charges @ = Y +73. For example, the LH up and down

quarks — which form an SU(2)y doublet — have Y = +%, while the RH quarks are SU(2)

singlets and have Y, = —|—§ and Yy = —%. Consequently, their electric charges come out to be
Qu,L) = Y(u,L) + T*(u,L) = +} + 5 = +2
same,
Qu,R) = Y(u,R) + T3(u,R) = _1_% +0 = +%
(2)
Q(d,L) = Y(d,L) + T3d,L) = +% =1 = -1
same.

In light of different quantum numbers for the LH and RH quarks, their Lagrangian cannot
have any mass terms wzw R Or w;{w ;- Instead, the physical quark masses arise from the Yukawa

couplings of the quarks to the Higgs scalars H;. In general, the Yukawa couplings of fermions
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to scalars (or pseudoscalars) have form
g x TV or g x U(iy")P, (3)
or in terms of the Weyl fermions,

9o X Vhbp + g" " x Py . (4)

The theories with multiple fermionic and scalar fields may have different Yukawa couplings
for different scalar and fermionic species, as long as they are invariant under all the required
symmetries. For the electroweak symmetry at hand, the ¢y are SU(2) doublets while the g
are singlets, so the bi-linears 1/)21/} r and ZDL?ﬂL are SU(2) doublets, which may couple to the
SU(2) doublet of scalars such as the Higgs fields H’ or their conjugates H. *. Taking the U(1)

hypercharges into account, the allowed Yukawa terms for the up and down quarks comprise

* dt i i
Lviawa = —gaH; x U505 — gaH' x ¥} 0% 5
- guﬁini X w%WL - !]1L€ij]_[f£|< X w},’]w}fl

When the Higgs develops a non-zero Vacuum Fxpectation Value

v 0
(H) = Ex(1>, v~ 247 GeV, (6)

the Yukawa couplings of the fermions to this VEV give rise to fermionic mass terms,

Lyvukawa — Lmass + couplings to the physical Higgs field, (7)

Emass = ‘CYukawa for H — <H >
= g5 (vlel + 0ilvk) — oo s x (el < ulvk)  @®

—mg x T — i, TUTY, (9)



where the Dirac fermions U* and ¥? comprise

. wi) . (w%)
= R 10
(w}é v 1o

and their masses follow from the Higgs VEV and the Yukawa couplings as

(Y (%

guxﬁu mdzgdxﬁ- (11)

mu:

The other 4 quark flavors — charm, strange, top, and bottom — have similar quantum
numbers to the up and down quarks. The left-handed quarks form SU(2) doublets (¢, s)r, and
(t,b)r, with Y = +3 while the right-handed quarks are singlets with hypercharges Y (cg) =
Y (Tg) = —{—% and Y(sg) =Y (bg) = —%, which lead to non-chiral electric charges

Q(cLorR) = Q(tLorR) = Q(uLorR) = +
Q(SLorR) = Q(bLorR) = Q(dLorR) = —=z.

9

(12)

W= Wl

Again, the SU(2) x U(1) quantum numbers of these quarks forbid any mass terms wTL@b R Or
?/J:ﬁﬂ ; in the Lagrangian, but they allow the Yukawa couplings to the Higgs fields similar to (5).
The physical masses obtain from those Yukawa couplings when the Higgs scalar develops a

non-zero VEV and breaks the SU(2) x U (1) symmetry down to the U(1)gy; similar to eq. (11),

(% (% (%

= gs X —=, Me = GeX—=, My = gpX —F—,
gs \/5 c 9e \/5 b gb \/5

(%
me = g X —. (13)

V2

ms

Note that the charge = —l—% quarks u, ¢,t have exactly similar electroweak quantum num-
bers but very different values of the Yukawa couplings, ¢, < g. < ¢¢, and hence very different
physical masses, m, < m. < m;. Likewise, the charge = —% quarks d, s,t have exactly
similar electroweak quantum numbers but different Yukawa couplings, g < ¢s < ¢p, and

hence different physical masses, mg < mg < mp. Experimentally

my ~ 2.15 MeV <« me =~ 1.28 GeV <« my ~ 173 GeV, (14)
mg ~ 4.7 MeV < my~ 94 MeV < my ~ 4.2 GeV, (15)

but we do not have a good explanation of this hierarchical pattern. In the Standard Model,

the Yukawa couplings are arbitrary parameters to be determined experimentally. Beyond the



Standard Model, there have been all kinds of speculative explanations over the last 40+ years,

but none of them can be supported by any experimental evidence whatsoever.

Besides the quarks, there are 3 species of charged leptons — the electron e™, the muon
p~, and the tau 7= — and 3 species of neutrinos, ve, v, v7. The left-handed fermions of
these 6 species form three SU(2) doublets (ve,e™);, (Vu,pi7) . and (vr,77),; with ¥ = —3,

so the bottom halves of these doublets have electric charges

Qleg) = Quy) = Q) =Y — 3 = -1 (16)

while the top-halves — the neutrinos — are electrically neutral,
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The right-handed electron, muon, and tau are SU(2) singlets with Y = —1, so their electric
charge Q =Y + 0 = —1 is the same as for the left-handed e, u, 7.

As to the right-handed neutrino fields, there are two theories: In one theory, the neutrino
fields are left-handed Weyl spinors ¢; (v) rather than Dirac spinors, so the 15 (v) simply do
not exist! In the other theory, the ¢(v) do exist, but they are SU(2) singlets with ¥ = 0 and
so do not have any in weak interactions. Since they also do not have strong or EM interactions,
this makes the RH neutrinos completely invisible to the experiment — that’s why we do not
know if they exist or not. For the moment, let me focus on the simplest version without the
Yp(v); T'll come back to the other theory later in these notes when I discuss the neutrino

masses.

Similar to the quarks, the SU(2) x U(1) quantum numbers of the leptons do not allow
any mass terms in the Lagrangian, but they do allow the Yukawa couplings of leptons to the
Higgs fields,

Lyuawa = —geH} X Uk} (ve.e) — geH' x Y} ;(ve,e)top(e)
— gu T X VRV s i) — g X b (Vs )R (1) (18)
— g H X QR (W (vr,7) — g H' X 0} (vr, T)0R(7).

When the Higgs field Hy develop non-zero VEV LQ, these Yukawa couplings give rise to the



lepton masses; similar to the quarks,

v

v v
mezgexﬁa mu:guxﬁ’ mT:grxﬁ' (19)

Experimentally, these masses are
me = 0.511 MeV < my, =106 MeV < m, = 1777 MeV. (20)

Similar to the quarks, the masses of charged leptons form a hierarchy; we do no not know
why.
WEAK CURRENTS

Altogether, the fermionic fields of the electroweak theory and their couplings to the bosonic

gauge and Higgs fields can be summarized by the Lagrangian

Lp = Y wle"Duby + Y. iwho"Dutr + Lyukawa- (21)
LH quarks RH quarks
& leptons & leptons

In the first section of these notes I was focused on the Yukawa couplings that give rise to the
fermion masses when the Higgs field gets its VEV, but now let’s turn our attention to the
interactions of quarks and leptons with the electroweak SU(2) x U(1) gauge fields. In the
Lagrangian (21), the gauge interactions are hidden inside the covariant derivatives D, so let

me spell them out in detail:

e The left-handed quarks form SU(2) doublets

. U c t
Yy = ( ) or ( ) or ( ) (22)
: dj, S/ L b)p

of hypercharge Y = +%, so for the LH quark fields

. . 7
Dyt = 9% + 92 Wa(r") ol + ﬂBMwL-



e The left-handed leptons also form SU(2) doublets

-G,
¢ Jr k)L T )L

but of hypercharge Y = —%, so for the LH lepton fields

; ; 192 P 191 ;
Dy = owby, + 7;4Wﬁ(f59wi - j5“3u¢2-

e The right handed quarks are SU(2) singlets of hypercharges Y = —|—§ orY = —%, thus

9
fOl" 'le = U’R or CR or tR’ ‘D,UwR = a'ul/JR -+ %BHwR,
. (24)
tg1
for 77Z}R = dR or SR or bR7 DH¢R = au¢R — ?BM¢R
e The right-handed charged leptons are SU(2) singlets of hypercharge Y = —1, thus
forp = egorpuporty, Dyp = O — ig1 Bug. (25)

— Finally, if the right-handed neutrino fields exist at all, they are SU(2) singlets and have
zero hypercharge, thus

for pp = v or v orvy, Dyr = Oubp + 0. (26)

Now let’s plug these covariant derivatives into the Lagrangian (21), extract the terms
containing the gauge fields, and organize the fermionic fields interacting with those gauge

fields into the currents according to

L D —gng‘fJ%a — ngMJ“, (27)

cf. eq. (21) from the first_set of my notes on the electroweak theory]. Since the right-handed
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quarks and leptons are SU(2) singlets, the SU(2) currents turn out to be purely left-handed,

LH quarks ~a i . LH leptons ~a i '
Tre = Do UL <7> ot + > Ul <7) ot (28)
(u,d),(c,s),(t,) J (ve,€), (V) (vr,7) J

However, the U(1) current has both left-handed and right handed contributions,

o= 3 (§ehetvn s fuhetin) + 30 (§ulatvs — uhevn)

u,c,t quarks d,s,b quarks
(29)
Y (heletun - whotvr) + X (“huletus +0),
e,u,7 leptons neutrinos

In the first_sef _of noted I had re-organized these 4 gauge currents into currents which

couple to the specific electroweak gauge field, namely the electric current

Jom = Jry + Jy (30)

which couples to the EM field A, the charged weak currents

JH = JE — iJf, and TR = JE 4 i, (31)

which couple to the charged Wlf massive vector fields, and the neutral weak current

Ty = Jhy — sin? 00k, (32)

which couples to the neutral massive vector field ZS.

Now let’s spell out all these currents in terms of the fermionic fields. For the charged

currents, reorganizing the weak isospin currents (28) into the J** amounts to combining the
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isospin Pauli matrices 7% in the same way as the currents (31),

0 0 0 2
=7l -2 = , ™ =71+ i = .
2 0 0 0

Consequently, in eqs. (28) we have

Tt ‘ _ ; _ T ¢ B ; _
UL (—) o = e, wl (7) oty = UM

2

J J

and therefore

T =yl (@) (u) + L (s)aMep(c) + vl b)F e (t)
+ yl(e)atpp(ve) + YL (watep(v) + ()M (vr),

I = O)at(d) + vhe)at () + vf(B)a ()
+ VLot pr(e) + WL)at (i) + U (vn)a vy (7).
In terms of Dirac fermions for the quarks and leptons,

— 1—~AP
viotyy = Ty —w,

hence

_ . 1=A° 1 —AP 1A
J—HL — \de,yu 2’7 \IJU—F\I’S’YH 2’7 ‘IJC—I—\I/b’yM 2’7 \I’t

. 1— 5 - 1— 5 o 1— 5
+ \Ifefy“ 27 \I}V‘f + \If“’y” 27 ‘IJV“ + \IIT"}/'U‘ 27 \IIVT,

- 1— 5 . 1— 5 o 1— 5
T e A e A e 4
5 5
pl=n v \1:‘"77#1_27 v

+ Wy Ue 4 Wluqyh

1—75
2

(34)

(35)

(36)

As promised, these charged weak currents are purely left-handed, so they completely violate

the parity and the charge-conjugation symmetries. But please note that this left-handedness

is in terms of chirality of the fermionic fields rather than helicities of the fermionic particles. In

terms of helicities, the quarks and the leptons participating in charged-current weak interactions

are polarized left, but the antiquarks and the antileptons are polarized right; the degree of

polarization is f = v/¢, which approaches 100% for the ultrarelativistic particles.



On the other hand, the electric current is left-right symmetric,

quarks quarks leptons
o2 Ta~ e 1 T~ Hpd TN A\
Ty = 23 Wwt — LN gy S Tyt (38)
q:u,c,t qu,S,b fze,;m-

Finally, the neutral weak current has both left-handed and right-handed components but it is

not left-right symmetric. In terms of Dirac spinor fields,

Jy = Jislleft-handed] — sin? @ x Jh, [left-right symmetric]

quarks - 1— 5 9 quarks - 1— 5 1
= Z Wik (—|— 47 — 3 sin’ 0) v+ Z Wi~k <_T’y + 3 sin 9) v
q:u7cat q:dasab

leptons

5 neutrinos 5
N7 1_’7 s 2 0 TV A M 1_’7 v
+ ) Ty —— Tsin®0) U0+ > T+ o)

V=Ve,Vy,Vr

FLAVOR MIXING AND THE CABIBBO-KOBAYASHI-MASKAWA MATRIX

Actually, the charged weak currents are more complicated then I wrote down in eq. (37).
Since we have 3 quark flavors of each charge —|—% or —%, we need to be careful as to how they
form 3 SU(2) doublets. Normally, one defines the specific flavors of quarks as eigenstates of
the quark mass matrix, but this definition does not respect the doublet structure: the SU(2)
partner of say the u quark is not the d quark but rather some linear combination of the d, s, b

quarks, and likewise for the partners of the ¢ and ¢ quarks. Thus, the SU(2) doublets are

d d
U c t
'k aE v for s Vx| s (40)
s
b b

where V' is a unitary 3 x 3 matrix called the Cabibbo—Kobayashi—Maskawa matrix (CKM).

In this section, I shall first explain where this matrix comes from, and then I'll tell you its

physical consequence for the weak interactions.

In the un-broken SU(2) x U(1) theory the quarks are massless and we cannot tell which

quark is w, which is ¢, etc., etc.; we cannot even tell which left-handed Weyl field pairs up



with which right-handed Weyl field into a Dirac spinor. We can use the SU(2) symmetry to
form doublets, but we are free to choose any basis we like for the 3 doublets — let’s call them

Q. for a =1,2,3 — and we are free to change this basis by a unitary field re-definition,

Ui (Qa) = UL(QL) =D (UP)ap x VL(Qp), (41)
B

where Y€ is a unitary 3 x 3 matrix. Similarly, we may use any basis D, for the 3 right-handed
quarks of charge —%, any basis U, for the 3 right-handed quarks of charge —1—%, and we are

free to change these two bases by unitary transforms

wR(Ua) — wR(U;) = Z(UU>a,ﬁXwR(Uﬁ)a w]{{(Doz) - wR(D/a) = Z(UD)a,BXwR(Dﬁ)a
B B
(42)

where YUY and UP are two independent unitary 3 x 3 matrices. However, we cannot mix the

Uy with the D, because of their different U(1) hypercharges.

Likewise, we are free to use any basis L, for the 3 doublets of left-handed leptons, any
basis E, for the 3 right-handed charged leptons, and we are free to changes all these bases by

unitary transforms,

Ui (La) = VL(L) = > (UM apx¥i(Lp), Yp(Ea) = Vp(EL) = > (UP)apxtop(Eg).

B B
(43)
(I'll take care of the neutrinos in a later section.)
The Yukawa couplings involve one Higgs field H? or H} and two fermion fields, — one

left-handed, one right-handed — and for each choice of their SU(2) x U(1) quantum numbers,
there are three vy, fields and three v g fields. Consequently, there is a big lot of the Yukawa

terms in the Lagrangian, namely

Lyukawa = — Z X wR wL<Qﬁ X EU Z X wR a)wZL(Qﬂ> X Hz?k

(44)
Z X ¢R U (Lg) x Hf + Hermitian conjugates,

where the Y , the YD/B, and the Yfﬁ comprise three 3 x 3 complex matrices of the Yukawa
coupling constants. And when the Higgs develops symmetry-breaking VEV, these matrices

10



of Yukawa couplings give rise to the complex 3 x 3 mass matrices

MY, = xvV, MY, = xyD,  MP, = xVE 45
ap = 5 * Yas ap = 5 * Yo ap = 5 < Yas (45)
Lmass = — Z B X wR wL Qﬁ Z B X wR a)w%(Qﬂ) (46>
— Z M X QbR )¢L(Lﬂ) + Hermitian conjugates. (47)

To get the physical masses of quarks and leptons, we need to diagonalize these mass
matrices via suitable unitary transforms (41)—(43). In matrix notations, these transforms lead

to

(VYY) = u" xyUx ), (P = uPxyPx )t (vE) = uFf xvEx U,
(48)

and consequently

(MY) = UV x MY x (uQ)",  (MP) = uPxMPx @), (MP) = uPx P x u")".

(49)
Now, any complex matrix M can be written as a product M = Wy DWy where W7 and Ws are
unitary matrices while D is diagonal, real, and non—negative.* Consequently, using appropriate

unitary matrices U and U? we can make the charged lepton’s mass matrix diagonal and real

me O 0
ME o (ME) = UExMEx P = 0 m, 0 | (50)
0 0 m,

Note that it is in the transformed bases — where the (M)’ is diagonal — that the LH and

* To prove, start with a polar decomposition M = UH where U is unitary and H = VMM is hermitian
and positive semi-definite. Then diagonalize the hermitian matrix H, i.e., write it as H = WTDW for
some unitary matrix W. Consequently, M = UWTDW = W, DW, for Wo = W and Wy = UWT.

11



RH Weyl fields combine into Dirac fields of the physical electron, muon, and the tau,

V(L) = U7 (Lg)
VR(E) = Uy p(Ep)
2(71\ —74L .12
v, = ¢L(L?):u€5ﬁwL<Lﬁ) ’ (51)
?DR(Ez) - U25¢R(Eﬂ)
Vi (L) = Usgp (Lg)
¢R(E:/5) = u:%wR(E,B)

v, =

U, =

Likewise, using the Y and the A% unitary matrices we may diagonalize the mass matrix for

the charge —|—% quarks,

m, 0O 0
MU (MY = U x MU ) = 0 m. 0|,
0 0 mye
o _ (Vi@ =u§%wi<@g>>
Yp(UD) = Z/{1U5¢R(UB) (52)
o _ [VH@) :u;%wi@m)
‘ ¢R(Ué) :unglpR(Uﬁ) ’
v, wmg):u?ﬁwi(@m)?
Vg (Us) = Ustp(Up)
and similarly for the charge —% quarks,
myg 0 0
M2 5 (MP) = uP xMPx W) = 0 om0 |,
0 0 my
0, _ (@ u?w%@g))
r(U1) = Uigop(Dp) 53)



However, it takes different unitary matrices U #+ gQ to diagonalize the up-type and down-
type quark mass matrices, and that’s what messes up the SU(2) doublet structure! Indeed, in
terms of the upper components @Z)}J(Qa) of the original doublets, the left-handed u, ¢, t quarks

of definite mass are linear combinations

ur, U1 (Q1)
cp | = UV x| vp@) |, (54)
tp U1 (Q3)

so their SU(2) partners are similar linear combinations of the lower components w%(Qa) of

the original doublets,

dy, V7 (Q1)
sp| = U x| 0R@2) |, (55)
by, V7 (Q3)

for the same /% matrix as the up-type quarks. On the other hand, the d, s, b quarks defined

as mass eigenstates obtain from different linear combinations

a 3 Q)
sp | = U x| i@ | (56)
b, 03(Qs)

Comparing the sets of down-type quark fields, we immediately see that

d, dy,
/ Q ~2T
b br

which gives us the Cabibbo-Kobayashi—-Maskawa matrix

~of
VCKM = Z/[Q X Z/{Q . (58)

Now let’s go back to the charged weak currents J*#. Since they are gauge currents of
the SU(2)w, they connect a fermion in some SU(2) doublet into the other fermion in exactly

same doublet! Thus, the J* current would turn the u quark into its partner d’, or the ¢ quark

13



into its partner s’, etc., and vice verse for the J~ current. In terms of the Dirac spinor fields,
this means

- 1 —_— 5 U J— 1 —_ 5 , _ 1 _ 5 ,
J H(quarks) = \I,uvquV\Pd + et 27 ¢ TlaH Vg

2
— 1 —AP
DD SRS S
a=u,c,t [=d,s,b

(59)

-’ 1— 5 —! ]_ — 5 —/ 1 — 5
J 't (quarks) = U4 ’Y“TV\I’“ TRERNG 27 e 4 T 27 NG

— Z Z Voig X @ﬂ’yul _275\110‘7

a=u,c,t B=d,s,b

where V,, g is the CKM matrix.

The CKM matrix is very important for the physics of weak interactions. For example,
without this matrix the strange particles like the K-mesons or A-baryons would be stable
because the s quark would not be able to decay. Indeed, the SU(2) partner of the s quark is
the ¢ quark, so without the CKM matrix the only flavor-changing processes involving the s
quark would be s <+ ¢. However, the ¢ quark is much heavier than s, so the decay can only
go from ¢ to s but not from s to ¢. But thanks to the CKM matrix — specifically, to the
non-zero matrix element V,, ¢ — the s quark may also decay to the u quark (which is lighter

than s), albeit with a reduced amplitude o< V;, s = 0.22.

There are many other interesting flavor-changing weak processes involving the charged
currents and the CKM matrix. I wish I could spend a few weeks talking about them, but alas
I do not have the time for this in my QFT class. I hope professor Can Kili¢ will explain the
subject in some detail in his Phenomenology class in Fall 2017. But in these notes, I have to

move on to the next subject.

Eq. (59) give the charged weak currents of the quarks, but what about the leptons?
Again, we need to pick the bases for the 3 charged leptons and for the neutrinos, and if the
two bases disagree with the SU(2) doublet structure, we would get a CKM-like matrix for
the leptons. For the charged leptons, the mass is important, so people always use the basis of
mass eigenstates (e, i1, 7) as in egs. (50) and (51). But the neutrino masses are so small, they

only matter in long-baseline interferometry experiments, so for all other purposes people use

14



the interaction basis (ve, vy, v7) of species defined as the SU(2) partners of the corresponding

charged leptons (e, p, 7). In this basis, there are no CKM-like matrices and

- 1— 5 . 1— 5 o 1— 5
JTF(leptons) = \IIGV’LT’V\IJ% £ THH 27 L N 27 o
(60)
. 1— 5 - 1 — 5 o 1 — 5
J H(leptons) = WAk 27 Tl 4 Plunh 27 UH o Tk 2’7 T

On the other hand, in this basis the neutrino mass matrix is non-diagonal, which makes
neutrinos slowly oscillate from one species to another. I'll come back to this issue later in

these notes.

Now consider the neutral weak current Jg. The unitary transforms that diagonalize the
fermion’s mass matrices can only mix up fields with similar chiralities (¢, and ¥g) and electric
charges. In the Standard Model, this limits the mixing to fermions that have both similar
weak isospins 72 and similar hypercharges Y, which makes for similar contributions to the

neutral weak current

LH species RH species
T o Y (TP —sin?0Qa) vl ()5 () or Y (TP —sin? 0Qu) V()0 Yp(a).

(61)
The sums here are invariant under all unitary field redefinitions that mix only fields with
similar 7% — sin® Qq, so regardless of such redefinitions the neutral weak current remains

diagonal. Specifically,

Ji = Jhpglleft-handed] — sin? @ x Jh, ([left-right symmetric]

quarks 1— 5 9 quarks 1— 5 1
= Z Wiah (—i— T 3 sin® 6) v+ Z WanyH <— T4 3 sin? 9) v

4 4
q:u,c,t q:d78,b
leptons - 1 _ AP neutrinos o 1 — A5
+ D Wy (—T7 + sin’ 9) LD D 0T <+ 47 —~ 0> v
l=e,u,T V=Ve,Vy,Vr

(39)

and there are no flavor-changing neutral weak currents in the Standard Model.

Note that this is a peculiar property of the Standard Model where all fermions of the

same electric charge and chirality also have the same T3. Historically, before the Standard

15



Model was fully developed and confirmed experimentally, people used to consider models with
different quantum numbers for different quarks. In particular, back in the 1960’s when only 3
quark flavors u, d, s were known, people assumed the left-handed s quark was un-paired SU(2)
singlet (with Y = —% to give it the right electric charge). The mass matrix somehow mixed
the two charge —% quarks d and s, so the SU(2) doublet was (u,d’); while the singlet was

s , where

d = dxcosf, + s xsinf,, s’ = sxcosf, — dxsinb,, 0. ~ 13°. (62)
In such a model, the s/ and the d/; have different 7% — sin® 0@}, so their mixing makes for
off-diagonal terms in the J g In other words, there would be the s <+ d flavor changing neutral
current, which would lead to processes like the K° — pt = decay. But experimentally, there
are no such decays, nor any other signatures of the flavor-changing neutral currents. This
made Glashow, Illiopoulos, and Maiani conjecture in 1970 that the s quark (or rather the s)
should be a member of a doublet just like the d’ quark — which would give them the same
T3 and hence keep the neutral weak current flavor-diagonal — and consequently there must
be a fourth quark flavor ¢ to form the (¢, s’) doublet. And in 1974 this fourth flavor (called
the ‘charm’) was experimentally discovered at SLAC and BNL.

Later, when the fifth flavor b was discovered in 1977, most physicists expected it to also
be a part of the doublet, so everybody was looking for the sixth flavor ¢. This expectation
turned out to be correct, and the ¢ quark was duly discovered in 1995. The delay was due to

the very large mass of the top quark, m; ~ 173 GeV, much heavier that the other 5 flavors.

CP vioLATION

Like any chiral gauge theory, the weak interactions do not have the parity symmetry P
or the charge conjugation symmetry C. In particular, the charged currents involve only the
left-chirality Weyl spinors, which in particle terms mean left-helicity quarks and leptons but

right-helicity anti-quarks or anti-leptons.

However, the chirality is perfectly consistent with the combined CP symmetry, which

does not mix the vy, and the ¢ fields; instead it acts as

CP: ¢, (x,t) = Foapi(—x,1), Yp(x,1) — £o2i(—x,1). (63)
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By the CPT theorem, the CP symmetry is equivalent to the time-reversal (or rather motion-
reversal) symmetry T, so it would be nice to have it as an exact symmetry of Nature. But in
1964, Cronin and Fitch have discovered that weak decays of the neutral K-mesons are only
approximately CP-symmetric, but sometimes a CP-odd state of the kaon decays into a CP-
even pair of pions. Later experiments found CP violations in other weak processes involving

mesons containing b quarks or ¢ quarks.

All the experimentally measured CP-violating effects can be explained by the imaginary
parts Im(V,, g) of the CKM matrix elements. In General, the relation between the CP violation
and the CKM matrix is rather complicated and involves interference between different orders
of perturbations theory; at the tree level, there is no CP violation. I am not going to work
out such complicated issues in these notes; instead, let me simply show that complex CKM

matrix violates the CP symmetry of the electroweak Lagrangian.

Since the neutral weak current does not care about the CKM matrix, let me focus on the

charged currents. Under CP, the charged vector fields Wj[(:v) transform as

CP: Wi(x,t) — —WF(—x,+t), WE(x,t) — +W(—x,+t), (64)

where the exchange W <+ W~ is due to charge conjugation while different signs for 3-scalar
and 3-vector components are due to reflection x — —x of the space coordinates. Consequently,

in a CP symmetric theory we would need a similar relation for the charged currents,

CP: J™(x,t) = —J"™(=x,+t), JE(x,t) = +JF(=x,+t), (65)

In terms of fermions, the charged weak currents are sums of left-handed currents terms of

general form

1—75

v (66)

. 1t = —_
o= oyt = Ty

so let’s work out how such terms transform under CP. Assuming the Weyl fermions zﬂ}J and
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¥? have the similar intrinsic CP signs as members of the same SU(2) doublet, we have

CP: y;loty} = +(v})Tos x o x o2(})"
= +(h) " x (026" 0y = (UM)T) x (4F)*
= —yf oy}
— gl x {

(67)
+1 for p=1,2,3,
—1 for p=0.

The i dependence of the overall sign here — which comes from comparing —o* to +o# — is

in perfect agreement with eq. (65). In Dirac notations, eq (67) amounts to

1P +1 forp=1,2,3,
Ty, TN x{ : (68)
2 —1 for p=0.

1—
CP: Ul

Besides the p—dependent sign, the CP exchanges the two fermionic species U «» W2 involved
in the current jg. For the leptonic charged weak currents (60), this exchange leads to J™# <

JH, exactly as in eq. (65); indeed,

+ e 1 — 75 v, : — TV — ’75 e
JTH D Pl ——PYe while JTH D Weal v, ete., ete. 69
T 2
Consequently, the interactions
92 + Tu— +
L D= _E X (W Jlléptomc + W Jlléptomc) (70)

of the leptons with the vector fields Wj are invariant under CP.

But for the charged currents of the quarks, we have

— 1—7°
J #(quarks) = Z Z Vo X \IIQVMTW‘I//Ba

a=u,c,t [=d,s,b

1 o
TH(quarks) = ) > ThH v
JH(quarks) g X 5 :

a=u,c,t fB=d,s,b

(59)
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which transform into

_ Gl
CP: J H(quarks) — +(u) x Z Vo X hyr 5 v,
B=d,s,b
which is almost like = () x J™#(quarks), except for V, 5 instead of Vof’ 3;

(71)
— 1 —AP
CP: J™(quarks) — =(u) x Z Vo g X WH 27 2
B=d,s,b
which is almost like 4 (u) x J™#(quarks), except for V5 instead of V, 4;
Consequently, the net effect of CP on the interactions
_ 9 + Th— — gt

L o= _ﬁ X (WM ‘](l;uark + WM Jéfuark) (72)

of the W with the quarks is equivalent to complex conjugating the CKM matrix,

n

CP: VO&,/B < VOT:B (73)

Thus, the weak interactions of quarks (and hence hadrons) are CP symmetric if and only if

the CKM matrix is real.

For three families of quarks and leptons, the CKM matrix V' is a unitary 3 x 3 matrix. To
parametrize such a matrix we need 3 real angles — as for a real orthogonal O(3) matrix —
and 6 phases, for the total of 6 + 3 = 3% parameters. However, some of the 6 phases can be
eliminated by the unitary field redefinitions which commute with the mass matrices, namely
the abelian symmetries

L A e -

‘ ‘ ‘ } = Vap — etfe=105 Vas -
L A e A LA
Note that the common phase change for all the quarks does not affect the CKM matrix, but
the differences between phases for different quarks do make a difference. Thus, 5 out of 6
phases in V' can be eliminated, but we are stuck with one remaining phase. It is this one

phase that’s responsible for all the CP violations by the weak interaction!
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BTW, if we had only two families of quarks and leptons (the u, s, ¢, s quarks but not the
b and t, and the e,ve, 1, v, leptons but not the 7,v,), the CKM matrix would have 1 real
angle — the Cabibbo angle 6. ~ 13° — and 3 phases, but all these phases could be eliminated
by the remaining abelian symmetries of the quarks. Consequently, there would be no CP

violation!

Back in 1973, only two families were known — in fact, even the charm quark was predicted
but not yet discovered experimentally — and the origin of the weak CP violation was a
complete mystery (although there were many far-out speculations). At that time, Kobayashi
and Maskawa speculated that maybe there is a third family similar to the first two; in this
case, there Cabibbo mixing matrix would be 3 x 3 instead of 2 x 2, so one of its complex phases
could not be eliminated by field redefinition, and that would be a source of CP violation. Their

speculation turned out to be correct, and in 2008 Kobayashi and Maskawa got a Nobel prize.

NEUTRINO MASSES

Back when the Glashow—Weinberg—Salam theory was formulated, the neutrinos were
though to be exactly massless. But the later discovery of neutrino oscillations between the v,
vy, and v, species calls for tiny but non-zero neutrino masses, m, < 1 eV. Or rather, the oscul-
lations call for the neutrino mass matriz M g 3 that is non-diagonal in the weak-interactions
basis (Ve, iy, vr). Indeed, consider the effective Hamiltonian for a single ultra-relativistic

neutrino particle; in the momentum-species basis,

. M?
H = VpP+M? ~ p + —. (74)

2p

While a free neutrino flies from the point where it is produced to the point where it is detected,

the second term here causes its species state to oscillate,

L
Ip,a) — Zexp (;—p X MQ) Ip, B)  (up to an overall phase). (75)
B B

To illustrate how this works, let me spell out the oscillation matrix for 2 neutrino species, say
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ve and vy, In this case, the 2 X 2 mass matrix can be written as

5 cosf)  sinf m% 0 cosf) —sinf
M2 — (76)
—sinf cosé 0 m% sinf)  cosf
where m% and m% are the eigenvalues and 6 is the mixing angle between the mass eigenbasis

(v1,2) and the weak-interaction basis (v, p1,,). Consequently, the oscillation matrix in eq. (75)

becomes (up to an overall phase)

L L(m? —m3 1o
exp(;—po2) :cos(w)x<o 1)

4+ isin (M) ([ 20 sin20))
—sin(20) cos(20)

(77)

For the three neutrino species, the 3 x 3 oscillation matrix is more complicated, so I am not
writing it here. Let me simply say that it depends on the differences m% — m% and m% — m%
between the mass? eigenvalues and the CKM-like mixing angles between the weak-interactions

basis (e, jt,, v7) and the mass eigenbasis (11, v2,13).

Experimentally, the neutrino mixing angles are rather large — 612 ~ 33°, 623 ~ 41°,
613 ~ 8.5°, much larger than the CKM angles for the quarks — while the Am? differences are
very small, Am?2, ~ 74 - 1076 eV? and Am%3 ~26-107% eV2.

Theoretically, there are two ways to add the neutrino masses to the Glashow—Weinberg—
Salam theory. The first possibility is to make the neutrino fields Dirac spinors and give them
masses via Yukawa couplings to the Higgs doublet, just like the other fermions of the theory.
In terms of the original theory (with massless neutrinos), this means adding 3 SU(2) singlet,

Y = 0 right-handed Weyl fields ¥5(N,) and give them Yukawa couplings

Lyukawa C Z 3 X wR (No)¥5(Lg) x €;jH7 + Hermitian conjugates. (78)

When the Higgs gets its VEV, these Yukawa couplings give rise to the Dirac mass terms for

the neutrinos

Lrass O — ZM XwR a)wi(Lﬂ) + H. c, M(i\,[ = E XYaﬁ (79)

The only problem with this setup is that it does not explain why the neutrinos are so light
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compared to the other fermions of the Standard Model — million times lighter than even
the electron, never mind the heavier leptons or quarks. Al we can say is that somehow, the
Yukawa couplings for the neutrinos are extremely weak Y~ ~ 1072, but why?!? — we do

not have a clue.

The other possibility is to make the neutrinos Majorana fermions. In Dirac-spinor nota-
tions, a Majorana fermion is a neutral field ¥(x) = 4?¥*(z). In terms of the Weyl spinor
fields,

. v (x)

Majorana V(z) = } for the same 1 (z), (80)
—o2¢ (2)

there is no independent v p(x). Thus, a majorana fermion is equivalent to a single Weyl

fermion v, (x) together with its conjugate 102@) The Lagrangian for the free Majorana field

is

L= 3T - m)¥ = sy, + 5 vfony + 5 GLoa. (81)

D[ —

In a general theory of multiple fermions, mass terms like in this formula are called Majorana

masses.

To give the neutrinos Majorana masses we do not need the independent right-handed
neutrino fields ¢5(N,). All we need are the left-handed neutrino fields 1} (Ly) and their

conjugates, plus some interactions that would give rise to the Majorana mass terms
Lmass D Z a,B wL ) UZQ/JL Lﬂ Z ) UQ(wL(Lﬁ)) (82>

Note that the mass matrix in this formula may be complex rather than real, but it should be

symmetric M }3/ o =M 3 because

(0h(Lp) o2tk (La) = +(¥}(La)) o200k (Lg) (83)

— the o9 matrix is antisymmetric, but the fields are anticommuting fermions.

The neutrino mass terms (82) break the SU(2) x U(1) gauge symmetry so we cannot put
them directly into the Lagrangian of the high-energy theory. Instead, they obtain from the

gauge-invariant couplings of the leptons and Higgs fields, which give rise to the mass terms
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after the Higgs gets its vacuum expectation value. The simplest couplings that will do this job

are the Yukawa-like couplings involving two left-handed lepton fields and two Higgs scalars,

Lirnn = 3 Capx (Hiv}(La)) o2 (Hiw)(Lg)) + H. c. (84)
ap

Note that the product Hi*zbiL of the Higgs doublet and the left-handed Lepton doublet is a
gauge-invariant Weyl spinor, so we can combine two such products into a gauge-invariant,

Lorentz-invariant Lagrangian term.

When the Higgs VEV breaks the electroweak gauge symmetry, it also makes neutrino
mass terms from the couplings (84). Indeed, substituting Higgs VEV (H)! into the interaction

terms (84), we obtain the Majorana mass terms for the neutrinos that look exactly like in

eq. (82) for
v2
M(Z,ﬁ = 5 X Ca,ﬁ~ (85)

Unlike the dimensionless gauge and Yukawa couplings, the C, g couplings have dimensionality
(energy)~!. Such couplings make trouble for the perturbation theory at high energies, so they
are not allowed in UV-complete quantum field theories. However, if the Standard Model is
only an effective theory that’s valid up to some maximal energy E\,.x but at higher energies
must be superseded by a more complete theory, then it’s OK for the SM to have small negative-
dimensionality couplings C' < (1/FEmax). The key word here is small — it explains why the

neutrinos are so much lighter than the other fermions: If C' < 1/F\ax, then

v2

B < . (86)

m, S

In particular, for Epa ~ (109 GeV) this limit tells us m, < 0.1eV, which is in the right

ballpark for the neutrino masses inferred from the neutrino oscillations.
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