Higgs Mechanism

When a local rather than global symmetry is spontaneously broken, we do not get a massless
Goldstone boson. Instead, the gauge field of the broken symmetry becomes massive, and
the would-be Goldstone scalar becomes the longitudinal mode of the massive vector. This is
the Higgs mechanism, and it works for both abelian and non-abelian local symmetries. In
the non-abelian case, for each spontaneously broken generator T of the local symmetry the

corresponding gauge field AZ(.Q?) becomes massive.

The Abelian Example

To understand how the Higgs mechanism works, let’s start with the abelian example of
a local U(1) phase symmetry. The complete model comprises a complex scalar field ®(x) of

electric charge ¢ coupled to the EM field A#(x); the Lagrangian is

L = —1F,F" + D,®*D'®d — V(9*®) (1)

D,®(x) = 0,P(x) + igA,(x)P(x), D,®*(z) = 0,9 (z) — igAu(x)P"(x), (2)

V(') = g(cp*cp)2 + m*(9*®). (3)

Suppose A > 0 but m? < 0, so that ® = 0 is a local maximum of the scalar potential, while
the minima form a degenerate circle
v i —2m?2

d = —xe, v = T any real 6. (4)

Consequently, the scalar field ® develops a non-zero vacuum expectation value (®) # 0, which
spontaneously breaks the U(1) symmetry of the theory. Were that U(1) symmetry grlobal
rather than local, is spontaneous breakdown would lead to a massless Goldstone scalar stem-
ming from the phase of the complex field ®(x). But for the local U(1) symmetry, the phase
of ®(x) — not just the phase of the vacuum expectantion value (®) but the z-dependent
phase of the dynamical ®(x) field — can be eliminated by a gauge transform, so the physical

consequences of the SSB are more complicated.



To see how this works, let’s use polar coordinates in the scalar field space, thus

1

O(x) = 7

or(z) x €@ real ¢p(z) >0, real O(x). (5)

This field redefinition is singular when ®(z) = 0, so we should never use it for theories with
(®) = 0, but it’s OK for spontaneously broken theories where we expect ®(z) # 0 almost
everywhere. In terms of the real fields ¢,(z) and ©(x), the scalar potential depends only on

the radial field ¢,,

V(P) = %(gzﬁ%—vQ)Q + const, (6)

or in terms of the radial field shifted by its VEV, ¢,.(z) = v + o(z),

2 — v = (v+o0)? = vr = 0 + o (7)
by o\ 2 \v? 9 v 3 A 4
V:§(2UO'+O') :TXO' +7><0' +§XU- (8>

At the same time, the covariant derivative D, ® becomes

.D@z—L@(¢JU+mAx¢é%::£¥8¢+¢>m@9+¢xmA> (9)
0 \/iur w2 Pr ﬁurru r W)

Inside the big () on the RHS, the first term is real while the other two terms are imaginary,

hence
2 1 2
m@|:§@@+@x@@+@xwﬂ
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Altogether,

(v+0)?

L = %(au0)2 - V(o) — zllFuuF“V + X (Ou@—l—un)Q- (11)

To understand the physical content of this Lagrangian, let’s expand it in powers of the



fields (and their derivatives) and focus on the quadratic part describing the free particles,

2 V2
Liee = 5(0,0)% — - x o? — 1F,FM" + 5 X (gA, + 9,0)% (12)

The first two terms here obviously describe a real scalar particle of positive mass?> = Av2. The
other two terms — involving the A, (x) and the ©(z) fields — seem to describe a photon and

a scalar field, but in fact describe a massive vector field and no scalars!

To see how this works, note the local U(1) symmetry of the theory, which acts as

Al (x) = Au(z) — OA(z),
O'(z) = P(z) x exp(igh(w)),
(13)
o'(z) = o(2),
&'(x) = O(r) + gA)

for an arbitrary z-dependent A(x). Physically, such a local symmetry means that one of the 6
field variables at each # — the real and the imaginary parts of the ®(x), and the 4 components
of the A#(x) — is redundant, and we may reduce this redundancy by imposing a gauge-fixing
condition such as the Coulomb gauge V-A(z) = 0 or the Landau gauge 9,,A*(x) = 0. When we
have a charged scalar field with a non-zero VEV, we may also impose a gauge-fixing condition

on that scalar field (instead of the vector field A¥(z)), thus the unitary gauge
O(z) = phase(®(z)) = 0. (14)

The unitary gauge is badly singular when the complex field ®(z) fluctuates around zero, so
it should never be used for the gauge symmetries which are NOT spontaneously broken. But
when the symmetry IS spontaneously broken by (®) # 0 and the points where ®(x) vanishes
are few and far between (if they exist at all), the phase ©(z) is well-defined almost everywhere,

and it is easy to gauge it away by setting A(z) = (—1/¢)O(z) = ©'(z) = 0.
In the unitary gauge, the last two terms in the free Lagrangian (12) become simply

. q2v2
Emasswe —_ _ZFHVFNV —+ T XAuAH, (15>

vector

the Lagrangian of a massive vector field of mass m, = qu. The scalar O(x) is gone from

this Lagrangian — it was eliminated by the unitary gauge fixing. For the same reason, the



Lagrangian (11) is NOT gauge invariant — we used up the gauge symmetry of the original
theory for eliminating the ©(z) field, and now the remaining A*(x) field does not have any

gauge symmetry anymore.

Without the unitary gauge — or any other gauge-fixing condition — we may describe
exactly the same massive vector particles using redundant fields A*(x) and ©(x) subject to

gauge symmetry
A () = Aux) = uMz), ©(2) = O(x) + gA(w), (16)

and a gauge-invariant free Lagrangian

massive __ 1lp oy + <qv>2 X (A + _1(9 @)2 (17)
vector 4° py 2 H ? " '

But the ©(z) field here is not physical, it does not give rise to any scalar particles, and its
plane waves are mere gauge artefacts. The only physical particles in this system are the massive

vector particles, the same as in the ©-less unitary-gauge Lagrangian (15).

Altogether, the complete particle spectrum of the theory of ®(x) and A*(z) fields with a
spontaneously-broken local U(1) symmetry comprises a massive real scalar o(x) and a massive

vector. But there is NO massless Goldstone scalar!

To see what happened to the would-be Goldstone boson, let’s count the degrees of freedom
of the complete theory. The complex scalar field ®(z) carries 2 degrees of freedom, while the
vector field A, (x) subject to gauge symmetry carries another 2 DoF, for the total of 4 DoF.
This means that for every momentum 3-vector k, there should be 4 distinct 1-particle states
|k, ?7) belonging to different particle species or different spin/polarization states. This counting
should work for both spontaneously-broken or unbroken U(1) symmetry, although the specific

1-particle states turn out to be quite different for the two regimes:

e The unbroken U(1) regime for m? > 0 and (®) = 0:
In this regime, the A*(z) fields describe a massless photon, which has 2 helicity states,
A = #£1 (but not A = 0). At the same time, the complex scalar field ®(z) with an
unbroken U (1) symmetry descibes 2 scalar particle species with opposite electric charges

+q, the particle and the antiparticle. Altogether, for each k there are 4 1-particle states:



the scalar particle ‘S+>, the antiparticle ‘S‘>, and two photon states |y(A =)) and
[y(A = -1)).

e The spontaneously-broken U(1) regime for m? < 0 and (®) # 0:
In this regime, there is only one scalar particle species o, but the massive vector particle
has 3 spin states, A = —1,0, +1. Again, altogether there are 4 1-particle states: the |o),
and the |[V(A = +1)), [V(A=0)), |[V(A = —1)).

* But these are rather different 4 states from the unbroken U(1) regime!

Now we can see what happens in the spontaneously-broken regime to the would-be Gold-
stone boson O(z): It became the longitudinal A = 0 polarization of the massive vector field!
Indeed, the unbroken-symmetry regime has a massless vector without the A = 0 mode. Once
the symmetry is spontaneously broken and the vector becomes massive, it has to have all 3
spin states, including the A = 0 longitudinal mode. That mode has to come from somewhere,
so the Higgs mechanism ‘eats up’ the would-be Goldstone scalar ©(x) and turns it into the

longitudinal polarization of the massive vector!

A rigorous way to see how this works would be to start with the redundant gauge-invariant
description (16) or a massive vector field, fix the Coulomb gauge V-A = 0 instead of the unitary
gauge, expand the Lagrangian (17) into Fourier and helicity modes, eliminate the modes of
the AY field, quantize the theory canonically, and in the proicess see how the Oy and the f[g
operators combine into the creation and annihilation operators for the longitudinally polarized
vector particles. But this is a lot of work, and I am not going to do it here. Instead, I let the
unitary gauge speak for the outcome of the Higgs mechanism, even if it hides the gory details

of the ‘eating up the Godston boson’.

To complete this section, let me write down the complete Lagrangian of the spontaneously-
broken theory in the unitary gauge, including all the interactions of the o(z) fields with itself

and with the massive vector field:

L = %(3u0)2 — — X0 — %FWFW + — x A A"
Av A 2 (18)
— 7><03 - §X04 + quxaAuA“ + %XJQAMA“.



Non-Abelian Higgs Mechanism

ExampLE: SU(2) wiTH A Hicas DOUBLET

To illustrate the non-abelian Higgs mechanism, consider the example of SU(2) gauge theory
coupled to a doublet of complex scalar fields ®'(x). In terms of canonically normalized fields,

the Lagrangian is

2
. Y . 2
L= —{F,F™ + D,®iD' — = (@;‘@’ - %) : (19)
where
D' = 0,®" + 5945(0") ;97 ,
* * ) * J
Fl, = 0,A% — 9,AY — ge®™ AL AS .

For v? > 0 the scalar potential has a local maximum at ® = 0 while the minima form a

spherical shell @’ = (v?/2) in the C? = R? field space; all such minima are related by the
SU(2) symmetries to

v 0
(@) = Ex<1). (21)

Note that this vacuum expectation value spontaneously breaks the SU(2) symmetry down to
nothing — there is no subgroup of SU(2) which leaves this VEV invariant. Consequently, we

expect all 3 vector fields Af,(z) to become massive.

In the process, 3 would-be Goldstone scalars should be eaten by the Higgs mechanism.
Since the theory has 2 complex — or equivalently 4 real — scalars, only one real scalar should

survive un-eaten. Ironically, it is this un-eaten scalar o(x) which is called the physical Higgs

field.

To see how this works, let’s fix the unitary gauge. Any complex doublet ®‘(z) can be
rotated by some SU(2) symmetry U(x) so that the upper component of the rotated ® = U®

is zero, ®'' = 0, while the lower component ®'? is real and positive. Thus, in the unitary gauge



we require

Re®l(z) = Im®'(2) = Imd*(z) = 0,

h o - ’ f 1 (22)
ence P(zr) = 7 o0 (1) or a real ¢,(z) > 0.

This gauge-fixing condition is terribly singular for ¢, — 0, so it should never be used for
the unbroken-symmetry regime of the theory. But for the spontaneously broken theory where

¢r(x) fluctuates around the minimum at ¢, = v > 0, the unitary gauge is OK.

In the unitary gauge, the only scalar field is the ¢,(x), or equivalently the shifted field
o(x) = ¢p(x) — v; all the other scalar fields are frozen by the gauge-fixing conditions (22). In

terms of physical Higgs field o(x), the scalar potential becomes

2\ 2 2
A A A A
VZ%(W‘%) = Soto?)’ = Toxott Txot 4 Txot (@)

where the first terms is the mass term, mass?> = A\v?, while the remaining terms are self-

interactions. More interestingly, the covariant derivative of the Higgs doublet ® becomes

[/ 0 ~ +1 0 0 ]
+gAi><
1 oo 2 0 -1 v4o
D,® = —
V2 ig . (01 0 ig , [0 —i 0
+—AM>< +_Au><
i 2 1 0 v+ o 2 70 vto )
1 %g(Ai—iAi)x(v—i—a)
V2 8ﬂa—%gAz><(v+0) ’
(24)
hence
D0 D' = [g(al—i2) x (o4 ) + }0u — o AL x (0 o)
(25)

= PR () + () + LU () 4 d002

The last term here is the kinetic term for the Higgs scalar o(x), while the rest of the bottom

line are mass terms for the vector fields and the interaction terms between the vectors and



the o. Curiously, we get the same mass and similar interactions for all 3 vector fields Aj;:

g*(v+0)? M? v 9

Lo T AT = T s ARAT - LD X AR AT X PAGAT(26)

where

ExampLE: SU(2) wiTH A HiGGS TRIPLET

Now consider an example of a partially broken gauge symmetry, an SU(2) Higgsed down
to a U(1) subgroup, or equivalently SO(3) — SO(2). This time, the scalar fields ®%(z) are
real and form a triplet of the SU(2) rather than a doublet. Thus,

A
L= —4FLF + {D,0"DIe" — 2 (°0" —+?)°, (28)
where
Dud® = 9,8% — ge®AbdC,  Fl = 9,AL — 9,A% — gecAb AL (29)

Again, for v? > 0 the scalar potential V(®) has a degenerate family of minima which form a

spherical shell ®*®® = v? in the scalar field space R?, and all such minima are equivalent by

SU(2) = SO(3) symmetries to

@ = [o]. (30)

This time, this vacuum expectation value is invariant under an SO(2) subgroup of the SO(3),
— or equivalently under an U(1) subgroup of the SU(2). Specifically, it’s the SO(2) = U(1)
generated by the T3, the third component of the isospin T. Consequently, out of the 3 vector
fields Ay, we expect the Ai to remain massless while the other 2 fields A}L’Q should become
massive.



In the process, the Higgs mechanism should eat 2 real scalar fields. Since we only have
3 real scalars to begin with, only one scalar should survive un-eaten — the Physical Higgs
field o(z).

To see how this works, we fix the unitary gauge

o' (z) (31)
As usual, this gauge is badly singular at ® = 0, but it’s OK for the ®(z) ~ (®) # 0. Shifting
the ®3(z) by the VEV, we get ®3(x) = v + o (), where o(z) is the physical Higgs scalar —

and also the only scalar remaining in the theory in the unitary gauge.

In terms of the o(x), the scalar potential becomes

A 2 A A
V(o) = §(21}a+02)2 = %X(T?—F %xa?’ + §><04, (32)

where the first terms on the RHS gives the Higgs scalar mass? = Av?. More interestingly, the
covariant derivative of the scalar triple ®(z) becomes

0 Al 0
DO = | 0 | —g|A|x]| 0
ouo A3

n v+ 0o

((where x is the cross product of two isovectors )) (33)

—gAz(v +0)
+gAl£(v +0)

ouo
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hence the covariant kinetic terms for the scalars become
1 aEa 1 2 g*(v+0)? 1)2 22
§D,00 DM = L(@,0)7 + T (A + (42)7). (34)

As usual, the first term here is the kinetic term for the physical Higgs scalar o, while the second
term contains the mass terms for the vector fields,

2
Lo Dk ((A) + (2)7), M = g

(35)
but only for the A}L and the Ai — the third vector Ai(m) remains massless.



The massless vector Ai(m) is the gauge field of the un-Higgsed SO(2) = U(1) subgroup
of the SO(3) = SU(2). Interpreting this gauge field as the EM field and hence the rescaled
generator () = ¢T% as the electric charge operator, we find that the physical Higgs field is
electrically neutral while the massive vector fields have electric charges ¢ = +¢g. To be precise,
the massive vector fields of definite charges are not the AL and the Ai themselves but rather

their linear combination

1

Wi = —(A, —iA}) and W, = %

i 7 (AL + ZAZ) of charges ¢ = +g. (36)

For completeness sake, let’s re-express the theory at hand (usually called the Georgi-Glashow

model) in terms of the physical fields of definite charges. Using U(1)—covariant derivatives

DWW = 0,W;F £ igA3w;E, (37)
we have
def 1 . ~ ~
Wi = E(F;V ¥ iF,) = D,W; — DWWy, (38)
but

F3, = Fu + 4 2gIm(WHW,) where F,, = 9,43 — 9,43

v pE (39)

Consequently, the Lagrangian of the whole model — the kinetic terms, the mass terms, and

the interactions — can be expressed as

L= K00 — BME ot — B WA MWW

AU 3 é
8

N ><U4—i—2gv><a><W/jW7“+92XU2XWJW7M (40)

— g x Fy x Im(WHIW ™) — g% x <Im(W+ﬂWV))2.
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GENERAL CASE

Let’s take a closer look at egs. (25) and (34), and focus on the mass terms for the vector
fields. In both cases, we start with the kinetic terms for the original scalar fields ®;(x) or
®%(z), fix the unitary gauge, work through the algebra, and eventually obtain the kinetic term
for the physical Higgs field o, the mass terms for the vector fields — or some of the vector
fields — and the interactions between the massive vectors and the Higgs 0. But is all we want
are the mass terms for the vectors, we may simply freeze o(x) = 0: This would eliminate the
interactions with the o as well as the %((%0) term, and all we would have left are the mass

terms for the massive vectors.

Note that freezing o(x) = 0 is equivalent to freezing all the scalars at their VEVs, ®(x) =
(). Consequently, to get the vector’s masses we do not need to go through the details of the
unitary gauge fixing, all we need are the scalar VEVs, then the kinetic terms for the frozen

scalars

D®) D (@) or L(D,(®))?

become the mass terms for the vectors. For example, for the SO(3) triplet of real scalar fields

from the second example

D ()" = —geabcAZ X 06 = —gue™ x AZ, (41)
/:vme;;;)r _ %(Du<q)>a)2 _ %(QU>2 % 6ab3€ac3AZAcu
1 2 141 2 42
= §(M = gv) X (AMA 4 ALA ”). (42)

Likewise, for the SU(2) doublet of complex scalar fields from the first example,

Du(@)' = 3 9 (410 ")’ % Eaﬂ - 239/2’2) x (A%0Y', (43)
Du@)} = =0 x (410’ (44)
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£vector _
mass

* 7 2U2 a_a {
W @) DH@)T = T (A50°)’, (470")

S

2

21)2

— X AZAb“ X [(aaab)QQ = §% _ ie“bg}

Q

Qw
< @

= X AZAb“ x b (( since AZAb“ is symmetric in a <> b. )

x ACAW for M = %. (45)

S

This recipe — freezing ®(x) = (@) to find the vector masses — applies to any kind of gauge
theory with scalars in any kinds of multiplets. Indeed, consider a general gauge symmetry G
with generators 7% and gauge fields Af(z) (a=1,...,dim(G)). Let scalars %(z) belonging
to some multiplet (m) of G develop non-zero vacuum expectation values (&%) # 0. Then the
covariant derivatives of these scalars

D,9%x) = 0,9%x) + igAj(x) x (T(“m))a P (z) (46)

become in the unitary gauge
D,®%(z) = D,(®)" + terms involving the physical scalars (47)

where
Du(®) = igAl(x) x (T¢,) % (@)7 . (48)

In eq. (47), the terms involving the physical scalars — and the physical scalar fields them-
selves — depend on the details of the unitary gauge fixing. On the other hand, the covariant
derivatives of the VEVs (48) depend only on the VEVs themselves. Moreover, such deriva-
tives are linear functions of the vector fields with constant coefficients, so their squares become
quadratic mass terms for the vectors,

DI®)7, D(®)* = —igAl x (@) (T¢,)) % igA™ x (T¢,))° (@)

«

(m)~ (m

{(by a <> b symmetry of the AZAb“ h)
a Ab * a b B

a * (a B
= AGA™ x g? (O) (T6)Th) (@)
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In other words,
Lrtss, = S(M)™ x Aga, (50)
where the mass? matrix for the gauge fields obtains as

(M) = (@) {10, 1L L (@), = g2 (@) {1, 10} (@) (51)

To be precise, eq. (51) applies to Higgs VEVs belonging to a single multiplet of complex
scalars. For a multiplet of real scalars, there is an extra factor % due to different normalization

of the VEVS, and for several Higgs multiplets with non-zero VEVs, the general formula is

complex real
Higgs Higgs
) multiplets multiplets
(M3 = g* Y0 TG Th) 1@ + ¢ Y 5 (@) {I,) 10} (@). (52)
de(m) de(m)

2 matrix is not diagonal, and we need to diagonalize in order to find the

In general, such mass
physical vector masses. For example, in the Glashow—Weinberg—Salam theory of the weak and
EM interactions — it’s explained in the next set of notes — the mass matrix mixes the SU(2)
gauge field WE’ and the U(1) gauge field By, and the mass eigenstates are the massless EM

field A, and the massive neural field Z,, involved in the weak interactions.

An additional complication of the GWS theory — or any other theory with non-simple
gauge group G = G1 X G x --- — are different gauge couplings ¢ for different factors G. In
this case, the ¢ factor in eq. (52) for the mass? matrix element (1/2)? should be replaced with
g(a) x g(b) where g(a) is the coupling of the gauge group factor containing the generator 7%,
and likewise for the ¢g(b). Thus, the most general formula for the vector mass matrix stemming
from the Higgs mechanism is
- complex real

Higgs Higgs
multiplets multiplets

(M) = glayg) x | Y @1 1ho @) + = > (@) {1, T, 1)

de(m) de(m)

DN | —

(53)
In my notes on the GWS theory we shall see how this works in detail, and how the gauge

couplings affect the eigenstates of the mass matrix.
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