GAUGE THEORIES

Gauge theories — abelian or non-abelian — are quantum theories of vector field Af ()
whose interactions with each other and with other fields follows from a local symmetry. So

let me start these notes by explaining the difference between local and global symmetries:

* A global symmetry — also called a rigid symmetry — has similar transformation of the
fields at all spacetime points x. For example, a global phase symmetry of a fermion

field W(x) acts as

U(z) — W'(zx) = U(z), same 0 for all . (1)

* In a local symmetry — also called a gauge symmetry — the field transformations at
different points x have independent parameters. For example, a local phase symmetry

of a fermion field ¥(x) acts as

U(z) — ¥'(z) = ¢?@W(z), independent A(z) at each . (2)

e A point of terminology: What a physicist calls a global symmetry, a mathematician
would call a local symmetry and vice verse — a local symmetry to a physicist is a global
symmetry to a mathematician. The terms rigid symmetry and gauge symmetry help

avoid the confusion — both physicists and mathematicians agree to their meaning.

Abelian Example: Local Phase Symmetry.

Before we delve into non-abelian gauge theory, let me start with an abelian example.

Consider a complex scalar field ®(x) with a classical Lagrangian

L = 'P*9,® — m*P* P — %(CD*CD)Q, (3)

which has a global phase symmetry @ (z) = ¢®®(z). In fact, the potential terms here ®*®
and (®*®)? have a local phase symmetry @ (z) = @ d(z), but the kinetic term does not



have this local symmetry. Indeed, under this would-be local symmetry
9, (x) = ¢@(9,®(x) + i®(2)3,0(x)), (4)

hence

0,0/

= |0,® + i09,0]> # |9,0". (5)

However, we may repair this problem by replacing the ordinary field derivatives d,® and 9, ®*
with the covariant deriwatives D,® and D, ®* which transform under the local symmetry

just line the field ® and ®* themselves:

o(z) — Do(z), D,O(x) - @D,o(x),
*(z) — e P@o*(z), D& (x) — e Y@ D,o* ().

Given such covariant derivatives, the Lagrangian
L = D'®*D,® — V(") (7)

would be invariant under the local rather than global phase symmetry.

Likewise, a free Dirac fermion field with the Lagrangian
L = iUy*9,¥ — mI¥ (8)

has a global phase symmetry ¥(z) — ¢®W¥(z), but it can be promoted to a local phase
symmetry ¥(z) — @)W (x) if we replace the ordinary derivative 9, with the covariant

derivative D, V¥, thus

L = iUy"D, ¥ — mUV. 9)

To make the covariant derivatives, we need a connection — a 4-vector field A*(x) un-

dergoing a gauge transform parametrized by the same 6(z) as the local phase symmetry,



thus
¥(z) = exp(+i0(2)) x O(z),
O (x) = exp(—if(x)) x ®*(z), for the same 60(x). (10)
Au(z) = A,(x) — 0ub(z)
Given such combined phase/gauge transformations of the fields, the covariant derivatives
Du@(z) = 9,0(x) + iAu(x)®(x), a1
D () = 9,0°(x) — iA,(2)" (a)

transform covariantly according to eq. (6). Indeed,
(D,®@) = 0,@" + iA' x® = 9, (D) + i(A — 9,0) x D
= ¢ (9,0 + DD + iA, x  — (06K D) (12)
= (0 + i, x ®) = ¥ x D,®,
and likewise for the D, ®*.

More generally, consider a theory with multiple complex fields ¢g,(x); these fields may
be scalar, fermionic, vector, whatever, as long as they have definite charges g, WRT to the
phase symmetry. Under the local phase symmetry, all these fields and the connection A, (z)

transform according to

pu(z) = exp(+igaf(z)) X @a(z),
on (1) = exp(—igaf(x)) x @5 (x)

all for the same 6(z). (13)
(g has charge —qa ),
'A,/u('r) = Au<x) o a,ue(x)v J
Under these transformation laws, the derivatives
Du@a = auﬁpa + iQaAu X g DMQOZ = u‘PZ - Z.QaAu X @Za (14)

are covariant:

(Duga(®)” = expligpd(x)) x Duga(w),  (Dugs(w)) = exp(—igy(z)) x Dugy(x). (15)

For example, let’s identify the connection A, () with the electromagnetic field A,(x) and

let’s couple it to a bunch of scalar and fermionic fields of electric charges g, governed by the



net Lagrangian

scalars fermions

L = —iFWF’“W + Z D, ;D' + Z U, (iv" Dy — mg)Wa — V(scalars) + Lyukawa -
a a

(16)
As long as the scalar potential and the Yukawa couplings in this Lagrangian are invariant
under the global phase symmetry, the net Lagrangian would be invariant under the local

phase symmetry thanks to the covariance of the derivatives D,,.

ALGEBRA OF COVARIANT DERIVATIVES

e Multiple covariant derivatives of charged fields are all covariant:

/

(DuDypa()) = exp(igad(x)) x DyDypa(),
(D)\DHDl,(pa(:L’))/ = exp(igaf(x)) X D\D,Dypq(x), (17)

e Leibniz rule

Dy(pa X @p) = (Dupa) X 0p + pa X (Dupy)  for qloa X 0p) = qa + qp. (18)
Indeed,

Dy(a x @p) = Oulwa x ©p) + (g + @) Au X ©a X @
= (Oppa) X b + @a X (Oupy) + iqaAupa X Op + Pa X igpAups

= (Dupa) X 0p + 9o X (Dyepp).
(19)

o In particular, for g, + g, = 0 the product ¢, X ¢ is neutral, thus
(Dppa) X pp + o x (Dppp) = ordinary Ju(pa X ¢p), (20)
which allows us to integrate by parts:
/d4x (Dupa) X op + /d4x wq X (Dypy) = /d457€ Ou(pa X @p)

- / Brngeax @) (21)

boundary
usually = 0.

For example, the kinetic term for a charged scalar field ® can be integrated by parts



as

/d% (D,®*)(D'®) = —/d4x<1>*(D2(I>) = —/d4a; (D20*) . (22)

But the covariance of derivatives D,, has its price: unlike the ordinary derivatives 0,

the covariant derivatives D,, do not commute with each other, D,D,, # D,D,,. Indeed,

= 0,0,p + igA, x Opp + igA, x Oy + iq(0,A)) X ¢ — qQANAV X
(23)

where the blue terms on the RHS are symmetric WRT p <+ v but the red term is not

symmetric. Consequently,
D,Dyp — D,D,p = iq(0, A, — 0 AL) X ¢ = iqFu X ¢, (24)

or in the operator language

Dy, D)) = iFu xQ (25)

where Q is the electric charge operator, Qgp = qp.

Non Abelian Example: Local SU(N) Symmetry

Take N free Dirac fermions fields W', ..., UV of the same mass. The Lagrangian
L = V(in"0, —m)¥  ((implicit Y ) (26)
is invariant under global symmetries which mix the W/ (z) fields with each other,
W(z) = U)Wk (x) (27)

for a unitary N x N matrix [|U JkH Such matrices form a non-abelian group called U(N),

hence the U(N) group of global symmetries (27) of the N fermionic fields. To make our



notations more compact, let’s assemble the U/ into a column vector of length N while their

conjugates @j form a row vector of the same length,

v (x)

then the global symmetries (27) become simply

—/

U'(z) = UV(x), ¥ (x) = U(z)U', same U e U(N) for all z. (29)

To promote the global unitary symmetries (29) to local symmetries

—/

U'(z) = U(x)¥(z), ¥ (x) = U(x)U'(z) for independent U(z) € U(N) at each z, (30)

we turn the ordinary derivatives J, in the Lagrangian (26) into covariant derivatives D,

such that

(D, ¥ (2))" = U(x)D,¥(z), (31)

then the new Lagrangian

L = V(iy"D, — m)V¥ (32)

would be invariant under the local symmetries (30).

To construct the derivatives
D,V(z) = 9,¥(x) + iA,(z)V(z) (33)

covariant WRT to U(N) symmetries, we need the matriz-valued connection A,(x), or in
other words, an N x N matrix HAi i (z)]| of vector fields. In components, the covariant

derivatives (33) act as
Dy (z) = 0,9 (x) + AL, (2)P"(2). (34)

Similar to the abelian case, the local unitary symmetry of the W/(z) fields should be ac-

companied by the gauge transform of the vector fields Aik(a:), but the specific form of this



gauge transform is more complicated than its abelian counterpart. Indeed, to achieve the

covariance of the derivatives (33), we need

(Du0) = 9,(V =UV) + iA,(V =UT) = UJ,T + (9,U)¥ + iA,U¥
I
UD,¥ = U,V + iUA,Y,

and hence

IAUY = iUAY — (0,U)7. (35)

To make sure this relation works for any ¥(z), we need
iAL(2)U(x) = iU(x)Au(z) — 9,U(x), (36)
so the non-abelian gauge transform of the matriz-valued connection A, (x) works according

to

Ay () = U@)Au(2)U™(z) + i(0,U())U™ (x). (37)

Note: the first term on the RHS is peculiar to the non-abelian gauge transforms — in the

abelian case, it would be simply A, (x) — while the second term generalizes the —d,6(x).

Indeed, for N = 1 a unitary 1 x 1 matrix is simply a unimodular complex number u = €.

Consequently, the U(1) symmetry group is the abelian group of phase symmetries, while
i(Opu) x u™t = i(9,e") x e = —9,0, (38)

hence

A(z) = Au(x) — 9,6(x). (39)

Next, let’s take a closer look at the non-abelian vector fields. A priori, the connection

A, () is a complex N x N matrix of vector fields, which is equivalent to 2.,V 2 real vector fields.



However, we only need the Hermitian part of that matrix, AL = A, which is equivalent to

N? real vector fields. Indeed, the second term in eq. (37) is always Hermitian,

[i(auU)Uil}T = _Z'(Ufl)T(aHUT)
{( by unitarity of U, UT = U~1))

(40)
= —iU(0,U™ ") = —iU(-U 19, 0)U™)
= +i(9,U) U,
hence TF A, is Hermitian THEN so is Aj,:
wAU Y = whalut = va,ut!
I (41)
t
[A; — UAU + z’(@uU)U_l] — VAU + @00 = A,

Moreover, the unitary symmetry group U(N) is a direct product of SU(N) — the group

of unitary matrices with unit determinants — and the U(1) group of overall phases,

arg(det(U)) _

any Ue UN)isU = ¥ xU where det(U)=1 and 6= N

(42)
In terms of the fermion fields W/ (z), the U(1) is the common phase symmetry — with the
same phase €' for all the ¥/, — while the SU(N) symmetries mix the fields with each other.
Consequently, the SU(N) and the U(1) connections are completely independent from each
other. Specifically, the U(1) connection Ag(l) is proportional to the unit matrix, while the

SU(N) connection is a traceless matrix. Indeed,

as long as det U(z) = 1 and tr(A,(z)) =0, (43)
tr(—i(9,U)U ) = —id,tr(log(U)) = —id,log(det(U) =1) = 0, (44)

tr(UA Ul = tr(4) =0, (45)
hence tr(A),(z)) = 0. (46)

In light of complete independence of the SU(N) and U(1) factors of the unitary group
U(N), I am going to restrict the local symmetries to the SU(IV) factor while the U(1) factor



remains a global phase symmetry. Consequently, there is no U(1) connection, while the
SU(N) connection A, is a traceless Hermitian matriz equivalent to N? — 1 real vector fields

A (), a = L...,(N2=1).

For example, for N = 2 there are 3 independent traceless Hermitian matrices, namely

the Pauli matrices

0 1 0 — +1 0
7'1 = s 7'2 = y T3 == . (47)
1 0 +: 0 0 -1

Consequently, the SU(2) connection A, (x) can be written as

| an g
Al = ¥ 4o (F) (a9

a=1,2,3

in terms of 3 ordinary real vector fields Ajj(z).

For N > 3, there are N? — 1 independent traceless matrices, for example the Gell-Mann

matrices A*. Here is their explicit forms for N = 3:

01 0 0 —i +1 0
M=11o00], X=|+ N =0 4 ,
00 0 0 0 0 0 0
0 0 0 0 —i 00 0 0 0 0
M =100 XX =100 0|, XM=1]oo CMN =10 0o —il,
10 +i 0 0 01 0 0 +i 0
10 0
8 1
A 7010 (49)
3\o 0 2

Consequently, the SU(N) connection expands into N2 — 1 ordinary real vector fields as
; N?-1 Ao\ J
A, = 3 A < () (50)
a=1 k

For future reference, here are some properties of the Gell-Mann matrices:



e Similar to the Pauli matrices 7%, the Gell-Mann matrices A* are Hermitian, traceless,

and normalized to tr(A*Ab) = 2570

o NN =2i% . fabexe for some totally antisymmetric structure constants fl9% of the
SU(N) Lie algebra. This commutation relation generalizes the isospin commutation

relation [79, 7%] = 2i 3", €1 for the Pauli matrices.

o Unlike the Pauli matrices, the Gell-Mann matrices do not anticommute with each other

and do not square to unit matrices, {\?, )\b} + 20%1 y . Instead, for N > 3 we have

a \b 45ab abc y ¢
N} = vy + > " 2d"e) (51)
C

for some totally symmetric coefficients d(@b¢).

Now let’s go back to the component vector fields Af,(z). Earlier in this section I wrote
down the non-abelian gauge transform of the vector fields in the matrix language, but trans-
lating it in terms of the component fields is rather painful. Or rather, it is quite painful for
finite local symmetries U(z), but it becomes much easier for infinitesimal symmetries: In

matrix language,

U(z) = exp(iM(z)) = 1 + iA(z) + O(A?) (52)

for some infinitesimal matrix-valued A(x). To keep the U(x) unitary and det(U) = 1, the

A(x) matrix should be Hermitian and traceless, hence

a

A(z) = A%z) % % ((implicit >, ) (53)

for some infinitesimal real numbers A%(z). Under such infinitesimal local symmetries, the

fermionic fields W/ (z) transform into

a

. . A
() = W(z) + iN(x) (?) \I!k(:c) + O(A2D). (54)
k
At the same time, for the vector fields we have

—i(QU)U = —9,Ax) + O(A?), (55)
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UA U = A, + i[A A + O(AA?Y), (56)

and hence to first order in A,

Au(z) = Au(z) + i[A(x), Au(2)] — duA(2). (57)
In components,
b c
iA(@), Au(z)] = AY() x A(x) xz[%%]
= Al(z) x AS(2) x (— fbcag = —fobe ?) (58)
= (A @) AL ) x
hence
Al (x) = % X (.AZ(x) — FUA () AS () — 8MA“(90)) (59)
and therefore
AY(z) = A%x) — fUN(2)AS(x) — 9,A%(x). (60)

NoN ABELIAN TENSION FIELDS

In an abelian U(1) gauge theory such as QED, the covariant derivatives D, do not
commute with each other, and their commutators are related to the EM tensions fields as
[D,, D)W (x) = iqF),,,(z)¥(x). In non-abelian gauge theories, there is a similar relation in

the matrix language,

(D DY () = iFp(2)¥(x) (61)

where F,,(x) is the matrix-valued tension field. But the relation of this tension field to the

connection A, (z) is more complicated than in the abelian case. To see how it works, let’s

11



spell out the double covariant derivative

DuD,V = (8, +iA,) (0, +iA,)¥

(62)
= 0,0,V + 1A, x 0¥ + iA, x 9,V + i(0,A)x ¥ — A,A, x V.

On the second line here I have color-coded in blue the terms which are symmetric WRT to
the p <> v interchange, and in red the terms which are not symmetric. Note that the last
term is not symmetric because the matrices A, and A, generally do not commute with each

other. Consequently,
DD,V — D,D,¥ = i(0,A)x¥ — i(0,A,) x¥ — A,A x¥ + A,A, x ¥, (63)

or in other words,

(D, D)V (x) = iFu(x) x ¥(x) (64)

where

Funle) = 0phu(z) — Oy Au(x) + ilAu(x), ()] (65)

Or in components,

a

A
Fun(®) = Fo(@)x o for Fi(z) = 9,A5(x) — 9, Au(x) — ["°Aj(2)A(x). (66)

Unlike their abelian counterparts, the non-abelian tensions (65) are not gauge invariant.

Instead, they transform covariantly under the local SU(N) symmetries: In matrix language,

F;LV(ZE) = U(;z:)fwj(:l;)U*l(:I;). (67)

This formula may be derived directly from eq. (65) and the non-abelian gauge trans-
form (37) of the vector field A, (z) — and perhaps I should make this derivation a part of a

future homework, — but it is much easier to obtain eq. (67) from the commutator (64) and

12



the covariance of the derivative D,,. Indeed, multiple derivatives like D, D, ¥(x) are just as

covariant as single derivatives,
for V'(z) = U(@)¥(x), [D},D,)W(x) = U()[D,, D,)U(x), (68)
hence in light of eq. (64),
i (x) x Ux)¥(x) = Uz) x iFu(r) x U(z), (69)

and therefore

.7:;”/(3:) = U(z) x F,(2) x U Yx). (67)

In components, the .7:51,(:6) tension fields transform into each other according to the

adjoint representation of the local symmetry U(z),

Fi(x) = Ri(U(x)) x Fh,(x), (70)
where
R (U) = $tr(AUNUT) (71)

is an orthogonal (N2 — 1) x (N? — 1) matrix. For example, for the SU(2) isospin symmetry,
U is the iso-doublet representation of some iso-space rotation while R®(U) is the iso-vector

representation of the same rotation.

While the tension fields themselves are not gauge invariant, there is an invariant quadratic

combination tr (.FWJ:W). Indeed,
tr(F,, F*) = w(UFuU ' x UFFU™Y) = tr(FuF™). (72)
In components,
2 2 2 27 Hv

)\a )\b 5ab 1
tr(]:uy]-“lw) — FZVfbMV X (tr( ) — _) — _f@ f-auy’ (73)

ab

ad;(U) in eq. (70) must be an orthogonal

and that’s why the adjoint representation matrix R

matrix.
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YANG—MILLS THEORY

Yang-Mills theory is the theory of non-abelian gauge fields Aj () interacting with each
other; there are no other fields. The physical Lagrangian of the theory is simply

1 v 1 a Tapy
L = —2—92 tr(}—uy}—“ ) = —4—92 ‘F,LLZ/F H (74)
for
a def a a abc 1b gc
Fo = 0,A, — 9,A, — [TALA. (75)

The 1/g? factor in the Yang-Mills Lagrangian (74) makes for non-canonical normalization

of the gauge fields Aj,. To get the canonically normalized vector fields, we rescale

Al(r) = ;AZ(ZL‘) and [y (z) = é}"ﬁy(x), (76)
hence
L = —iFg pamw (77)
for
Ff, = 0,A% — 0,A% — gf™AbAC. (78)

For small g <1, we may treat the non-abelian parts of F}}, as small perturbation, hence
2
2,9 be 2b 9° rabe pade 4b qc 4d
£ = A0 = )"+ G Oty = QAL S TEATAT = T PP AAATAT (79)

where the quadratic term on the RHS describes N? — 1 species of free photon-like gluons,

while the cubic and the quartic terms describe the interactions between the gluon fields.
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QUANTUM CHROMODYNAMICS

Quantum ChromoDynamics or QCD is the theory of quarks and gluons — from which
all the strongly interacting particles are made. The quarks are Dirac fermions \Il‘}(x) which
come in three colors (j = 1,2,3) and six flavors f = u,d, s, ¢,b,t. Quark masses depend on
the flavor but not on the color, and there is exact SU(3) symmetry mixing the colors. This
color symmetry is local rather than global, which gives rise to N2 — 1 = 8 species of massless

vector fields Af(z) called the gluons. The physical Lagrangian of QCD is quite simple: in

matrix notations for the color,

L = —3ur(FuF"™) + Y U (iy"Dy — my) Ty (80)

f
where F,, = 0,A, — 0,A, + ig[AM,AV} (81)
and D, W) = 0,05 + igA,V, (82)

while in explicit color-index notations

L = -Lrypow Zf@m (" Dy — my) W, (83)

; ; 1g i gk
Du¥§ = 0,05 + o AL(X) 5, (84)
Ff, = 0,A% — 0,A% — gf™AbAC. (85)

To set up the perturbation theory, we should expand the Lagrangian (83) in powers
of g. We should also add a gauge-fixing term for each gluon field Aj; to give them useful

photon-like propagators, for example

1 2
Les. = _i (8“AZ) : (86)
Thus altogether
£ o pqop Ly yaz 18T g gy T, ("0 &
phys T Fgr = _§(u V) + 9 ( u) +Z 1.3 ("0 —my) I
f

abc a\ Abu pcv 92 abc pade b pc pdp pev (87)
+ gf"(0,A;) A A — Zf AL A AT A

1g — I
+ AL X Zf Uy (A0
The first line of this expansion describes the free gluon and quark fields, while the second
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and third lines describe their interactions. Consequently, the tree-level Feynman rules for

QCD are as follows:

e The gluon propagator

a b —joab

B v kHEY
BT = o (4 + (€~ )

where £ is the gauge-fixing parameter. For £ = 0 we have the Landau gauge while for

¢ =1 — the Feynman gauge.
e The quark propagator

f N

_ _. 89
i j ]é—mf—l—z() (89)

Y

Note: the colors and the flavors must be the same at both ends of the propagator.

e The three-gluon vertex

= —gfebe [gaﬂ(kl — k)" + g7 (ko — k)™ + ¢7(ks — kl)ﬁ] :

(90)

e The four-gluon vertex

a 5
«Q b
fabefcde (ga’ygﬂ(s _ gaf;gﬁ’Y)
= —ig® | + [P — g¥g7P) | (91)
+ fadefbce(gaﬁg&y . gafygéﬁ)
d Y
0 c
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e The quark-antiquark-gluon vertex
Y

2@ J
7

=]

/
M
Note: the quark lines connected to the vertex must have the same flavors f' = f but

they may have different colors j # 1.
x The external line factors and the sign rules of QCD are exactly the same as in QED.

The above Feynman rules are OK at the tree level but insufficient for the loop calcula-
tions. For one thing, beyond the tree level we would need a bunch of counterterm vertices to
cancel the UV divergences of the loop graphs. But there is also a deeper problem stemming
from the gauge-fixing the gluon fields. In abelian gauge theories like QED, linear gauge-fixing
constraints like 9, A" = 0 are harmless, but in non-abelian gauge theories such constraints
screw up the analogues of Ward-Takahashi identities which we need to properly handle
the loop graphs. In the path integral formalism, the gauge-fixing constraints screw up the
measure of the path integral, but we can un-screw it by introducing additional un-physical
fields called the ghosts. In Feynman rules, there are ghost propagators and ghost-ghost-gluon
vertices, but no external ghost lines — the ghosts may run in loops but never as external

particles.

I shall explain this issue in detail later this semester, once you have learned the basics

of the path-integral formalism.

General Gauge Symmetries

There are more types of non-abelian gauge symmetry groups than SU(N). In general,
we may have any compact Lie group G whose generators 7% form the correspondent Lie

algebra Gj; that is, they obey the commutation relations
[T, 7% = if*Te (93)
for the appropriate structure constants f labe]  For each generator T there is a vector field
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Af,(z), which acts as a component of the Lie-algebra-valued connection
Au(z) = gAl(z) x T (94)
The curvature for this connection is the Lie-algebra-valued antisymmetric tensor field
Fuw(x) = 0,A.(z) — 0, Au(x) + i[AH(:c), .Al,(:v)}, (95)
or in components

Fulx) = gFf () xT* for Fi(z) = 0,A%x) — 0,A%(x) — igf*™ Al ()AL (x). (96)

The local symmetries are parametrized by u(x) € G — for each z there is an element of

the gauge group G. For infinitesimal symmetries
u(z) = exp(iA“(x)T“) = 1 + iA%x) x T + O(A?) (97)

for some infinitesimal real parameters A*(z). Under such infinitesimal symmetries, the gauge

fields A} (z) transform inhomogeneously as
1
JAL(z) = —= A (x) — [N (2) Al (x) (98)
9
which the tension fields Fjg, (z) transform homogeneously as

0F;,(x) = =[N (2)F, (v). (99)

The matter fields — scalars and fermions — form complete multiplets of the gauge

symmetry group G. In each such multiplet (m), the generators 7% of G are represented by
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|m| x |m| matrices T(am) obeying the same commutation relations as the generators themselves,
b _ s rpab
(TG0 Tomy] = if* < TG, (100)

Under infinitesimal gauge symmetries, a field ¢ belonging to some multiplet (m) is mixed

with other fields W# belonging to the same multiplet according to

00 (x) = N (2)[T(,)] %0 (). (101)

The covariant derivatives D, U® also mix up fields belonging to the same multiplet (m);
specifically,

a

Dy (x) = 9 ¥%(x) + igAy(x)[Th]

OO (). (102)

Note different matrices T(am) for covariant derivatives of fields belonging to different multiplet

types; this is similar to different fields having different electric charges in QED.

Let’s verify the covariance of the derivatives (102) WRT infinitesimal gauge symmetries.
In matrix language — where we treat the whole multiplet of fields ¥“ as a column vector

v, we have
0D,V = 0,0V + igAZT(am) x 60U + igdAj X T(am)\lf
= AT, X OV + TOBYT U — gALTE ) X AT, |0
— TOBAYTL U — ig [N AG X T(, )0
e (103)
{( relabeling indices ))
= QN X 0,0 — gASTE X NTE W — g fPP°NTAG X T, W
A Q a . c c a - rbacrb
where
. pbacrb - rachb a c c a - rbacrb _ ma b
Ty = iy = [Ty Tom] = TonTim¥ — T Y = 16T Y,
(104)
hence
ODLY = A" x (T0 0¥ + igASTE TE W) = AT, x (9,0 + igALTE, W)
(105)

quod erat demonstrandum.
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To save time, I am not going to prove the covariance of D,, under finite gauge transforms
u(x). Instead, let me simply summarize how such finite gauge transforms act on various

fields. In general,
any finite u € G is u = exp(iA®T?) for some finite A%, (106)
and the representation of this finite group element in a multiplet type (m) is a finite matrix
Ry (u) = exp (iA“T(“m)). (107)

Consequently, under a finite gauge transform u(z) = exp(iA®(z)T®), matter fields U®(x)
belonging to a multiplet (m) mix with each other — but only with the members of the same

multiplet — as

VY (x) = [exp(iATE,,))] 0" (). (108)

As to the gauge fields, it is best to write their transformation laws in terms of the Lie-

algebra-valued connection A, (x) and curvature F,, (z):

A (@) = i(Quu(@))u (2) + ulz)Au(z)u" (z), (109)
Fu(z) = w(w) Fyp(@)u (z), (110)

In components, eq. (109) becomes rather unwieldy, but eq. (110) amounts to Fjj, (x) forming

an adjoint multiplet of G, thus

Fi(x) = Rigi(u(x)) x Ej, (x). (111)

Note: any simple Lie group has an adjoint representation where the generators 7% are

represented by
b .
(To)™ = if (112)

the commutation relations between these dim(G) x dim(G) matrices follow from the Jacobi
identity for the Lie algebra G. Example: for the isospin symmetry SU(2), the adjoint

multiplet is the iso-vector 3.
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Fields ®%(x) in an adjoint multiplet transform under infinitesimal gauge symmetries as
I (z) = —fabcAb(a:)q)C(:c) (113)

and the covariant derivatives D, act on them as
D (x) = 9,0°(x) — gfAL(@)0"(x). (114)

Or in matrix form — or rather Lie algebra form — ®(z) = ®%(z)T*,

A A

0d(z) = i[A(z),d(z)], D, = 9,0(x) + i[Au(z),d(x)]. (115)

The Lie algebra form also makes it easy to write down the finite gauge transform of an

adjoint multiplet,

A

(2) = u(@)®(z)u"(z). (116)

Thus, the tension fields F| ﬁy(:p) indeed form an adjoint multiplet of the gauge symmetry.
COMBINED GAUGE SYMMETRIES

A gauge symmetry group G does not have to be simple. It may also be a direct product

of several simple or abelian factors,
G:G1XG2XG3X-~-, (117)

where each factor (G; comes with its own gauge fields — one for each generator of GG; — and

its own gauge coupling g;, thus

1 )
L= 22—92 tr(]—"w}“u )G¢ + L[matter]. (118)
For example, the Standard Model has G = SU(3) x SU(2) x U(1); the SU(3) — which

acts on quark colors — comes with 8 gluon fields G which are responsible for the strong

interactions; while the 3 gauge fields Wy, of the SU(1) and 1 gauge field By, of the U(1) are
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responsible for the weak and the electromagnetic interactions. The three factors of the gauge

group have rather different couplings,

1 1
Low = —55 t1(GuG") — 55 tt(WuW") — —5 BuB" + Llmatter], (119)
93 295 491
for
4 4 4
T~ 923, — &~ 2007, — ~ 97.76. (120)
g3 g5 91

(Running couplings in the MS renormalization scheme at E = M; = 173.3 GeV.)

The matter multiplets of product gauge groups (117) are products of multiplets of the

individual factors,

(ml) & <TTL2) ® (m3) &, (ml) of Gy, (TTLQ) of Go, (m3) of G, .... (121)

(m) =
For the abelian factors of G (if any), all multiplets are singlets but they may have different

U(1) charges (which we need to specify). For example, the fermionic fields of the Standard

Model form 5 kinds of SU(3) x SU(2) x U(1):
e Left-handed quarks form color triplets, SU(2) doublets — (u,d), (¢, s), and (t,b), —
and have U(1) hypercharge y = —1—%. Consequently, for these fields

Jo J,o Zg3 a/ya 292 191 J,a
D = o + Loyl + Lwaeyd’ + Dl 122)

e Right-handed quarks of flavors u, ¢, t form color triplets but they are singlets of SU(2)

and have hypercharge y = +%, hence for these fields
; ; zg 229
Dl = ) + =GO ul + ; - BV, (123)

e Right-handed quarks of flavors d, s, b also form color triplets and SU(2) singlets, but

they have hypercharge y = —%, hence for these fields

' zg3 g1 '
DM@/)%) = M’(/}D + - Ga()\a) k@/)D -3 BM\II‘}). (124)
o Left-handed leptons are color-singlets but SU(2) doublets (ve,e™), (v, p™), (vr,77)
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of hypercharge y = —%. Hence, for these fields

zgg 291
Dyt = Ouf + W) %y — =L B,

(125)

e Right-handed charged leptons e™, u~, 7~ are singlets of both SU(3)color and SU(2),
and have hypercharge y = —1, hence

Dpwp = 0¥ — i1 B (126)

It is not known whether the right-handed neutrinos exist at all, but if they do exist

they are singlets of both SU(3) and SU(2) and have zero hypercharges. Thus, they do
not couple to any gauge fields of the standard model and

Dy = Ouby + 0. (127)
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