Fluctuations in Superfluid Helium

Last supplementary lecture I wrote down the Landau-Ginzburg theory of superfluid

helium and its classical field theory limit — a complex scalar field ¢(x, t) with Hamiltonian
1 2 A

H=|dx|— |V ot — ulel? ). 1

x (g IVO2 + 3loit — sl 0

For positive chemical potential p, the ground state of the superfluid has non-zero value of

the scalar field, namely

o = 7y = L. (2)

The phase of ¢ is arbitrary, as long as it is the same at all x (in the non-moving superfluid),

so without loss of generality we assume @ground = v/Ms-

Let’s study the small fluctuations around this ground state,

o(x,t) = Vs + 06(x,1). (3)

In terms of the fluctuation ¢, the Kinetic part of the Hamiltonian (1) becomes

1 1
5 VoI = o [Vaol, (4)

while for the potential part we have

A\ A 2
V($'0) = Slol' = uléf? = F(¢'6 — )" + constant, (5)
¢*¢ — ns = Xs + Vis(0¢+06") + 66> — W, (6)
i \ _ . . A
V(56*,8¢) = ;’ (66 +66%)" + Avis (36 + 00%) x 56*56 + S 169]*.
Altogether,
H = Hfee + Hint + constant (7)
where
1 i )
Hmezjfx(gﬁwww2+ Z(w+ﬁ¢f) (®)

while the Hiyy comprises the cubic and the quartic terms in the fluctuations d¢ and d¢*.



In the quantum Landau-Ginzburg theory, the quantum field

Wlx) = oi(x) — Viy = L7 ety (9)

k£0

creates Helium atoms outside the Bose—FEinstein condensate while the field

Sp(x) = P(x) — Ve = L2 e ™, (10)

k#£0
annihilates such atoms, and the Hamiltonian operator follows from the classical Hamiltonian,

A

H = Hgoo + constant + perturbations (11)

where

Hpeo = /d3x (ﬁ Vol - Vo + Ang (5016 + 1667 + %5@2))
k2 (12)

= ((% - ms) il dy, + S (aga_y + deTk))

To diagonalize this Hamiltonian — or more generally, any Hamiltonian of the form

H = Z(Aklecdk + 3Bi(aa_y + le(dT_k)>v (13)
K

(with real Ay = A_y and By = B_y), we use the Bogolyubov transform of the creation

and annihilation operators:

Z;k = cosh(tx) x @, + sinh(tyx) x dtk, (14)
14
b;r( = cosh(tg) x dL + sinh(tx) < a_, .

for some real parameters ty = t_k.



Lemma 1: For any real tx = t_y, the Ek and IAJL operators obey the same bosonic

commutation relations as the a, and d;r( operators,
bl = 0, [bh6L] = 0, [bebl] = Suue (15)
ko Yk’ ’ ko Yk’ ) ko Yk’ k,k

Lemma 2: For any Hamiltonian of the form (13) with real Ay = A_y, real By = B_y

and |By| < A, there is a Bogolyubov transform (14) with

By
txy = artanh ==, 16
2 Ak ( )
which leads to
H = Zw(k)i);&i)k + constant (17)
k

forw(k) = /AL — BZ. (18)

Physically, the EL operators create while the lA)k operators annihilate some kind of quasi-
particles of energy w(k), and the ground state of the Hamiltonian (17) is the quasiparticle

vacuum, the state annihilated by all the b operators,
vk, i)k lground) = 0. (19)

Lemma 3: In terms of the original @, and dlt operators and the state |BEC) annihilated

by all the G, operators with k # 0,
1
lground) = exp (—5 Ztanh(tk)d;r(dtk - const) IBEC) (20)
k

where |BEC) is the state annihilated by all the a, operators for k # 0. In the liquid helium
context, [BEC) is the pure Bose-Einstein condensate state — all the atoms are in the k =0
mode so there are no atoms in the other modes. By comparison, the state (20) has a lot
of atoms paired-up in £k modes, and indeed, the experiments with BEC condensates of
ultra-cold atoms show more atoms in such £k pairs than the atoms in the k = 0 condensate

itself.



Lemma 4: The quasiparticle vacuum state (20) has zero net mechanical momentum,

while the quasiparticles have definite momenta k, thus

Pree = > kafa, = > kblb . (21)

I shall prove the Lemmas 1—4 later in these notes, but first let me apply them to the
superfluid helium. In the Landau-Ginzburg theory, the Hamiltonian for the fluctuation fields

— or rather the free part of that Hamiltonian — has form

A k2 o s At a
Hyee = ) <(— + )‘ﬁs) ifiy, + A0 (g + aL‘”—k)) (22)

k2
Ax = — + Ang, By = Mng, (23)
2m
hence
1 INFT oo for small k,
lk = —artamh_Lm2 — { (24)
2 2 nom + k 0 for large k.
while

wk) = \/<%+)\ﬁs) — (A\ng)? = kx R (25)



Graphically,

w(k)
A

atoms knocked out of BEC, w =~ %

phonons, w ~ ¢s X k

\
w

Lemma 5: Beyond the Landau-Ginzburg approximation, a finite-range two-body po-
tential Vo(x — y) between helium atoms leads to the fluctuation Hamiltonian (or rather, its

free part) of the form

~ 1 ~ ~
Hioo = — [d*x Vot - V)

2m
e faty Vi) < (§1000) + 16E0) + 3080
2
= ((;_m + ﬁSW(k)) afay, + 3sW (k) (@, + aLaTk))

k40

where W (k) is the Fourier transform of the two-body potential,

W(k) = / Bx e XV (x). (27)



Consequently;,

I:[free = Zw<k>?);rj)k (28)
k#£0
for quasiparticle energies

(k) = k—2+’ W (k) 2—()\ )2 kX\/k—2 +EW(k‘) (29)

“ B om ¢ fla)” = 4m?2  m '

For the helium atoms, the W (k) drops off at large momenta,

W (k)

/
> k

hence the energy-momentum relation w(k) for the quasiparticles — or equivalently, the

wavenumber-frequency dispersion relation for the waves of small fluctuations — has a dip:
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I shall explain the significance of this curve in the blackboard part of the supplementary

lecture.

Proofs of the Lemmas

Lemma 1: the bosonic commutation relations (15) for the quasiparticle creation and

annihilation operators. Starting from the bosonic commutation relations
i a] = 0, lal.al] = 0, [a,a] = dkw (30)

for the operators creating and annihilating the helium atoms and treating egs. (14) as the

definitions of the lA)k and j);r( operators, we immediately calculate
(b, ] = cosh(ti) sinh(tie) x ([, a ] = G )

+ sinh(ty) cosh(tys) x ([dik,dk,] = —0_kw) (31)

= g/ —k X (cosh(tk) sinh(ty) — sinh(ty) cosh(tx) = sinh(t — tk)>

= 0 because t} =t when k' = —k.



In the same way, [Z;L, i);r(,] = 0.

Finally,

~

[l;k,b;r(,] = cosh(tk) cosh(tys) x ([dkvdL] = Ok k')
—+ Sil’lh(t,k) sinh(tfk/) X ([dll;k,d_k/] - 57k,7k,) (32)
= gk X (coshQ(tk) —sinh?(t_) = cosh?(ty) — sinh?(t) = 1)

= Okk -

Quod erat demonstrandum.

Lemma 2: bringing the Hamiltonian (13) to the form (17). Let’s start by expressing
the product ZA)LZA)k in terms of the a' and a operators. Applying both definitions (14), we

immediately obtain

~

bib, = cosh®(ti)ala, + cosh(ty)sinh(ty) (alal, + a_.a,)

(33)
+ sinh?(t) (a_al = ala  +1).
Likewise,
b b = cosh®(t_y)al a_, + cosh(t_y)sinh(ty) (@l al + aa_,) s
+ sinh?(t_y) (aal = ala, + 1),
Assuming {_y = t), we may combine
lA)LlA)k + lA)T_klA)_k = (coshQ(tk) + sinh?(ty) = Cosh(2tk)) X (dek + dT_kd_k)
(35)

+ <2 cosh(ty) sinh(ty) = sinh(2tk)) X (d;r(dik + a_,a,) + const.

Now let’s plug this formula into a Hamiltonian of the form (17) for some wy and require that
the result matches the original Hamiltonian (13). Assuming w_yx = wy, we obtain
A=Y wdlh, = Zwk b, 1515y
- (36)
= Zwk cosh(th)&L&k + 3 Zwk sinh (2t ) (dLELT_k + d_k&k> -+ const.
k k

This formula must match (up to a constant) the original Hamiltonian (13), so we need to



choose the parameters wy = w_y and t, = t_i such that
wkcosh(2ty) = Ax and wygsinh(2tx) = By. (37)

These equations are easy to solve, and the solution exists as long as Ay = A_y, Bx = B_x,

and Ay > | Bg|, namely

1 B
tx = éartanhA—i and wyx = (/A% — B}. (38)

Quod erat demonstrandum.

Lemma 3: the ground state annihilated by all the Bk operators. Let’s focus on a single
pair of opposite momenta 4+k. In other words, consider the Hilbert space of two harmonic

oscillators for the operators a,, dlt, a_y, dik. In that Hilbert space, consider the state
W) = C x exp(—raLal ,)|0,0) (39)

where 7 = tanh(¢x) while C' = 1/ cosh(ty) is the normalization coefficient. Expanding the

exponent, we have

) = Ccx Y (_7;)
n=0 )
(=7)

n!

(=7)" [n,n) .

n
(@)@l )" 10,0
n

_ Ox (VD)2 [, ) (40)

= (Cx

-

Note normalization:

2 cos ?
(U[W) = C*x Y (=7)" = 1(_1772 = % = 1 (41)

n



Let’s act on the state |¥) with the quasiparticle annihilation operators i)k and B_k:

b |W) = cosh(ty) x @y |¥) + sinh(tp)al , |)

o0
= (' cosh(ty) x Z(—T)” X v/nln—1,n)
n=1
oo
+ C'sinh(tx) x Z(—T)” xvn+1|n,n+1)
n=0
{( changing n — n + 1 in the first sum only ))
(o]
= C'cosh(tg) % Z(—T)”+1 X vn+1jn,n+1)
n=0 (42)
oo
+ C'sinh(tx) x Z(—T)” xvn+1|n,n+1)
n=0

{( noting similarity of the two sums except for the power of (—7)))

(o]

- C(COSh(tk) X (—=7) + sinh(tk)) X Z(—T)” X vn+1n,n+1)
n=0
{( plugging in 7 = tanh(ty), hence cosh(t) X (—7) + sinh(t;) = 0))

= CxOme = 0.

In exactly the same way we also have l;_k W) = 0.

To generalize the construction of the |¥) state to the entire Fock space, we simply take

a tensor product over all the distinct (+k, —k) pairs. Thus, the state

gownd) = (@ ¥, (43)

should be annihilated by all the Ek operators, ZA)k |ground) = 0.
To rewrite this state in the specific form (20), we simply note that

10



1 AT A
|ground) = ® | |U)), = H o) exp(— tanh(tk)aLaT_k) |IBEC)
(+k,—k) pairs (+k,—k) pairs

= Chet X exp | — Z tanh(k)deT_k IBEC),
(+k,—k) pairs

1
= Chet X €xp (—5 Ztanh(k)deTk> IBEC)
k

1
= exp (—5 Z tanh(k)&L&T_k constant) IBEC),
k
(44)

quod erat demonstrandum.

If you want the specific normalization constant inside the exponential, note the Cpet

factor on the second and third lines of eq. (44),

1 1
Cnet = H ' COSh(tk) = eXp <_§ Zlog(COSh(tk))> ’ (45)
(+k,—k) pairs k
hence
|ground) = exp (—% Z(tanh(k)df{dik + log(cosh(t@))) IBEC) . (46)
k

Lemma 4: the net momentum operator
Pree = kifay . (47)
Using egs. (33) and (34) from the proof of Lemma 2 and t_y = t), we immediately see that

by — B by = (cosh® (i) — sinh®(t) = 1) x (afay, — a'ya ). (48)

11



Consequently, for the momentum operator (47) we have

P =Y kxala = (-k)xal i

k k
1 o N
= §Zk X (aI{ak —al k1)
k (49)
- ka (byby — by b))
k
= Zk X BLZ;k
k

Quod erat demonstrandum.

Lemma 5: the finite-range potential V5(x —y) for the helium atoms. Consider the net

potential operator
= 5 [ [y Vit - y) % 1603 )00 (50
In terms of the shifted fields d1p(x) = 1) (x) — /7is and 60 (x) = T (x) — /75, we have

S )d)be) = a2 + 7l (8000 + abl(y) + o
+ (50T ()00(x) + 501 (y)a0(y))
+ 1, (001 (080(y) + 69 (y)0(x) ) (51
+ 7 (301050 (y) + 80(y)50())

N

cubic + quartic.

x) + o0(y))

The terms on the first two lines here depend only on the x or only on the y, so when we plug
them into the potential operator (50), we may immediately integrate over the other space

position to obtain
[@Qany fixed y| /d3x Vo(x —y) = [Qany fixed x| /dgy Vao(x—y) = W(0). (52)

Consequently, integrating over the expansion (51) in the context of the potential (50) and

12



making use of the x <> y symmetry, we obtain
V= X W) x (b, V(6610 + 5000) + 531 )50
2 /d3x /d3y Va(x — y) x (200 ()t (y) + 801 ()00t (y) + 80(y)o0(x))

+ cubic + quartic.

(53)

Now consider the other non-derivative term in the Helium Hamiltonian
Hpt = K + V — uN, (54)

namely the chemical potential term,
nN = [
(55)
= —u /d3x<ﬁs + Vs (09 (x) + 69T (x)) + (51/}T(X)(51/}<X))

If we generalize the yu = Ang formula of the Landau-Ginzburg theory to the

uw = W(0) x ng, (56)

then the chemical potential term (55) cancels the top line of the two-body potential (53)

(except for the constant part), hence

~ A~

Vo=l = 2 [ [dyVax—y) x (2001 I80) + 501050 () + 5050

+ constant + cubic + quartic.
(57)

Thus altogether,

~

H = constant —+ ﬁfree + ﬁinteractions (58)

A = 5 [ Vo9 (x) - Vo) (x)

m
i . . . . . .

+ 2 [ [y valx - y) x (2601 IS0) + 5610501 (v) + B0()0)).

(59)

This completes the proof of the first part of the Lemma 5 — the top two lines of the eq. (26).

13



To prove the second part of the Lemma (the bottom line of eq. (26)) we simply Fourier

transform from the shifted creation and annihilation fields to the creation and annihilation

operators for modes k # 0,

5’42T(X) _ L73/2Ze+ikxdif(’ 5A X N 3/22e zkxA
k+#0 k#0

Consequently;,

/d3x /d3y Va(x —y) % 51/A1T(X)51/A1<Y) =
/d3 /d3y‘/gx— XL 32 ikx— zk’yx

kk’

k.k

where

L3 /dgx /dgy Vo(x —y) x eikx—ik'y

= L3 /dgy /d3(z =x—y)Va(z) x eik(y+z)—ik'y

_ /d3z‘/2(z)eikz « 3 /d3y 6iky—ik'y

box

= W(k) x o,

hence

Jatx [y valx - y) % 501 I50() = W) %

k

In the same way we obtain

/ o / dPy Va(x — y) x 01 ()00 (y) =

/d3 /dgyVQX— ><L32ka Zkyxa Tk

kk’

14

(y s

Z k,XL /dS /d3y‘/2X— )Xezkx ik'y

(61)

(63)

(64)



and likewise
Jatx [y valx - y) x 50I0() = STW) (65)
k

Combining all these formulae with the gradient term in the Hamiltonian (59),

2 L[5 ot L[ t LS
we finally assemble all quadratic terms to
R k2 o\ s 1 _(af ot P
Hpee = g <(% + W(k)ns) apay, + sW(kng(aga'  +a_,a,) ). (67)

Quod erat demonstrandum.
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