QUANTA

MuLTIPLE OSCILLATORS

Consider an N-dimensional harmonic oscillator. Or more generally, a system with N
degrees of freedom ¢, ..., g, each being a harmonic oscillator. In terms of quantum oper-

ators, this means N position operators ¢i,...,4y and N momentum operators pi,...,pN

obeying the canonical commutation relations

[(jcqu,B] = 07 [ﬁaaﬁﬁ] = 07 [(jaaﬁ,@] = Zh(sa,@a 0575: 17"'7N7 (1)

and the Hamiltonian operator

N 1 Maw?
H = P2 4 a2 ) 2
g;@mfa+ ) 2)

To diagonalize this Hamiltonian, we define raising and lowering operators for each

mode «,
4 = MaWada + Pa N MaWala — 1Pa (3)
@ V2hwamy @ V2hwamy
then for each mode |[aq, d];] = 1 but the raising and lowering operators for different modes

a # 3 commute with each other, thus,
Va,B=1,...,N: [aga, = 0, [af,al] = 0, [, a5 = dap. (4)
Consequently, the number operators
h, = ala, (5)
commute with each other, so we may diagonalize all of them in the same basis {|n1,...,nyx)}.
As we have learned for a single oscillator, the spectrum of each n, comprises non-negative

integers n, = 0,1,2,.... Moreover, each n, can take any non-negative integer value inde-

pendently of all other ng.



To see this independence, note the raising and lowering operators dL and a, commute

with the numbering operators n 3 for other modes 8 # «a,

[l gl = +0apily, [da,fg] = —Oapia, (6)
hence in the {|ny,...,ny)} basis the a, and the al, leave all the R4, unchanged while

lowering or raising the n,. Specifically,

al, |[{ng}) = Vna + 1 |{nf =ng+das}),

(7)
oo l{a) — {W

{nfy =ng— 5a5}> for ne > 0,

0 for n, = 0.
Consequently, for any combination of non-negative integers (ny,...,ny) there does exist a
quantum state with these eigenvalues of the (n,,..., 7, ) operators, namely

ey = H\/%H(ag)”a 0,...,0). (8)

Note: in the wave-function language, the quantum states of this system is described by wave-
functions 1 (q1, . . ., qn) depending on all N ‘coordinates’ qi, ..., gy (but not on the momenta
P1,-..,pN) rather than wave-functions ¥1(q1),...,%n(gn) of the individual coordinates.
However, for the states (8) the wave-function of the whole state happens to factorize into

wave-functions of the individual harmonic oscillators:
N
<Q17"‘7qn|n1""7nN> - H <qa|noé>7

N
i.e., wnl,m,nN (qla s 7QN) = H ?LZC<QO6)'

Finally, in the Hamiltonian (2), for each mode « we have

2
52 4 MaWy 2
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= Twa (g + 3), (10)



exactly as we had earlier for a single oscillator, hence

N
H = hwa(h,+3) (11)
a=1
Therefore, each of the |ny,...,ny) states is an eigenstate of the Hamiltonian,
Hlny,....nn) = E(ni,...n1)|n1,...,nN) (12)
with energy
N
E(ni,...n1) = Zhwa(na+%). (13)
a=1

In particular, the ground state — i.e., the lowest-energy eigenstate — of the multi-oscillator

system is the state |0,0,...,0) where all n, = 0; it’s energy

z2

By = Y e (14)

a=1

is the sum of zero-point energies of all the oscillators.

Up to this point we have assumed a finite number N of the oscillator modesa =1,..., N.
However, all the above formulae apply just as well to the systems with practically infinite
numbers of modes, like the vibrations of a macroscopically large crystal. Or even literally
infinite numbers of modes, like a free quantum field — or several related fields like the electric
and the magnetic fields. Later in these notes we shall see a couple examples of such infinite

families of oscillator modes.

PHONONS

As a toy model of free quantum field, consider the transverse waves on a string y(x,t)

tied at both ends, x = 0 and x = L. Classically, this string has an infinite series of standing



wave modes,

oo
yat) = 3 yalt) x V2sin(kar), ko = ax (15)
a=1 L
where each mode y,(t) oscillates harmonically with frequency
wa:vxka:axﬁ—;, (16)

v = /T /u being the speed of waves on the string.

Dynamically, the Lagrangian for the string vibrations is

L w(oy\: T [oy\*
[5G -5 an

0

which after Fourier transforming to the standing wave modes y,(t) becomes
0 2
ul TLE
L= (7?/3—7&93 : (18)

Consequently, in the Hamiltonian formalism the canonical momenta conjugate to the y, are

Pa = pLy, and the Hamiltonian function is

o 2 2
D TLE
Mg, ipr) = ) (M—O‘L + To‘yi) (19)

where

TLK? _ v Lk? _ ,ung' (20)
2 2 2

In other words, the Hamiltonian (19) describes an infinite series of harmonic oscillators with

frequencies wy,.



In the quantum theory the the vibrating string, the canonical positions y,(t) and mo-
menta p,(t) becomes Hermitian operators g, and p, obeying the canonical commutation

relations
[gaayﬁ] = 07 [ﬁaaﬁﬂ] = 07 [gonﬁ,@] = Zh(saﬁa (21)

and the Hamiltonian operator for the string follows from the classical Hamiltonian func-
tion (19),
0 ~2 2
a Do NLwa ~2
H = = 4 —a : 22
> (L M) (22
a=1
To diagonalize this Hamiltonian, we proceed exactly as we had for a finite number of modes
a: We build the lowering and raising operators a, and dL for each a = 1,2,...,00, let
Na = &&da, diagonalize all the n, operators at once since they all commute with each other,
and end up with the basis of states

|linfinite list n1,no,...) (23)

where each nq runs over non-negative integers 0,1,2, ... independently from all other ng. In

terms of the n, operators, the Hamiltonian is
(o.¢)
H = hwa(ig +3), (24)
a=0

so its eigenstates are all the states (23),

Hlni,ng,...) = E(ni,ng,...)|n1,na,...), (25)
with energies
oo
E(ni,ng,...) = » hwa(ng + 3). (26)
a=0

Physically, each n, — the excitation level of the oscillator mode o — can be thought as



the number of quanta of that mode, so let’s define the net number of quanta in all the modes

o0
N = na (27)
a=0
and the operator
. o0
N = g, (28)
a=0

measuring this net number of quanta. Also, let’s split the Hilbert space H of the whole
multi-oscillator system into subspaces H s of definite AV, i.e. into spaces of N’s eigen-spaces
for each eigenvalue . As for any Hermitian operators, such eigen-spaces add up to the

whole Hilbert space in the tensor sum sense,

oo

H:@HN:%O@Hl@HQ@H?;@"‘a (29)
N=0

meaning that any vector |¥) in H decomposes into a sum of |¥y) € Hpr. In a moment, we
shall see that each H s can be re-interpreted as a Hilbert space on its own right, namely the

Hilbert space of N quasi-particles.

To see how that works, let’s take a closer look at the individual H s subspaces, especially
for the low N' = 0,1, 2. But first, notice that we may build a complete orthonormal basis of

each Ny by simply grouping the states |ny, ng, . ..) according to their net numbers of quanta:

the states |ni,no,...) with Z ne = given N form basis of the H, (30)
«
or equivalently,

each H s spans the states |ni,ng,...) with Zna = N. (31)
[

Now let’s focus on the A/ = 0 subspace. The only way for non-negative integers n, to

add up to N/ = 0 is to have all n, = 0. Consequently, the Hy is a one-dimensional Hilbert



space spanning the ground state |0, 0, ...) of the quantum vibrating string. The energy (14)

of this ground state is
E():Z— for wy, = — X a, (32)

where the infinite sum is badly divergent, so it needs to be regularized.

In real life, the regularization follows from the string being made from atoms. Conse-
quently, it does not have a literally infinite number of vibration modes, just a very large
number O(#atoms), so the ground state energy (32) is not really quite infinite but merely
macroscopic rather than microscopic. Physically, we may treat it as a part of the chemical
binding energy of the string, and since it does not depend on the vibrational state we may
disregard it from our analysis of the vibrational quanta. Indeed, we may always add a con-
stant (times a unit operator) to the Hamiltonian without affecting the systems dynamics in

any meaningful way, so for the quantum string we simply re-define

o0

H = H — Ey = Y hwo X . (33)
a=1

Consequently, the ground state has E’(0,0,...) = 0 while all the excited states of the Hamil-

tonian have positive energies

oo
E'(ni,ng,...) = Zhwa X Mg - (34)
a=1

On the other hand, if we treat the vibrating string as a toy model of a one-dimensional
QFT which leaves in a truly continuous space, then there is a truly infinite number of modes «
and the zero-point energy (32) is truly divergent. Alas, quantum field theories are full of
divergences, and over the years learned how to regulate and subtract such divergences to
obtain physically correct finite results, although the techniques for doing so are beyond the
scope of this quantum mechanics class. For the present purposes, let me simply say that the
Ey is a constant which commutes with any operators relevant to the waves on the string, so
we are free to subtract in from the Hamiltonian as in eqgs. (33) and (34) even if Ey happens

to be a divergent constant.



Next, consider the H; subspace of states with one quantum in any mode. Indeed, if the
non-negative integers ng add up to A/ =1 then there is one mode a with n, =1 and every

other mode 3 # a has ng = 0. Let’s re-label such a state
nq = 1,all other ng =0) = |a), (35)

so we may re-interpret it as a quantum state of a some particle or quasiparticle of energy
E(a) = Zhw5 X (ng=034) = hwa. (36)

To make better sense of this quasiparticle state, let’s treat the z-dependence of the mode «,

Yo X const X sin(kax), ko = T (37)
as a wave-function of the quasiparticle,
ta(x) = const X sin (k:a:v = ?) (38)
with energy
E(a) = hwa = hvk, . (39)

Physically, the wave-functions (38) describe a 1d (quasi)particle with momentum P = +hk,
bouncing back and forth off the reflecting walls at x = 0 and x = L, hence the discrete
spectrum of k, = (7/L) X integer o and having both P = +hk, and P = —hk, components
being present at equal strengths. Moreover, in terms of the momentum P, the energy (39)

is £ = v|P|, so each state |«) is an eigenstate of a single-(quasi)particle Hamiltonian

~ ~ A

Hy = vabs(P) = vV P2. (40)

This Hamiltonian belongs to a quasi-particle which moves left or right with a constant
speed v, namely the speed of waves on the string. Treating these waves as a kind of transverse

sound waves, we identify the quanta waves’ as one-dimensional phonons.



From the phonon point of view, the H; is the Hilbert space of the one-phonon states, H;
in the Hamiltonian operator for such single phonons, and the states |«) are the eigenstates

of that Hamiltonian H 1.

Next, consider the Hs subspace, which we are going to re-interpret as a two-phonon
Hilbert space. The basis of this subspace is made from states |n1,no, ...) where the n, add

up to 2. Since all the n, are non-negative integers, there are two possibilities:

(1) la, ) = |ng = 2, all other n, =0),
(2) a, B) = |na =ng =1, all other n, = 0>,

or in terms of raising operators acting on the ground state,

1
|Oé, Oé> = EATOL&L ‘gI'OllIld> ) (41>

or

la, B = &Tad}} |ground)  for a # p. (42)

Either way — for o # 8 or for « = 5, — the state |, 3) = ‘{nﬂY =0y —|—5%g}> is an
eigenstate of the Hamiltonian (33) with energy

E'(a,8) = Zhwfy X (Ny =0ya+0y8) = hwa + hwg, (43)
Y

so we interpret it as a state of two independent phonons, one in state |«) and the other in
state |3), and their respective energies hw, and hwg add up to the net energy (43). Thus,

the Ho subspace becomes the two-phonon Hilbert space, with the net Hamiltonian
Hy, = Hi(1% phonon) + H;(2" phonon) = \/Pf + 4/ P22 (44)

However, the two phonons in this Hilbert space are not completely independent because

we cannot tell which phonon is which: for o #
la, B) = de/TB |ground) = d/TB&Ta lground) = |5, a). (45)

Please note: the states |a, §) and |3, &) are not just similar, but are literally the same single

state in the Hilbert space, so it’s utterly impossible to tell which phonon is first and which is



second. Thus, the phonons are identical bosons, so the Hs is not just a two-particle Hilbert

space but the Hilbert space of two identical bosons.

Note: by identical bosons I do not means particles which have to be in the same state but
merely particles of the same species, so we cannot tell them apart except by their quantum
states. Thus, we can have two phonons in different quantum states |«) # |3), and we can
say that the phonon in state |a) has energy hw, while the phonon in state |3) has energy

hwg. But we cannot say which of the 2 phonons is in state |a) and which is in state |/3).

For N' > 2 the situation is similar to N = 2: The # s is the N/—phonon Hilbert space
where all A/ phonons are identical bosons. For example, for N’ = 3 the H3 space spans the

states
lo, B,7) = Cappy deTﬁ&L |ground) ,

if o= 8=, (46)

where C,p, = if two of the «, 8, coincide but the third is different,

RS

if a, B, are all different from each other,

and all such states have definite energies
E'(a,B,7) = hwa + hwg + Thw,y. (47)

This allows us to re-interpret the Hs as a Hilbert space of 3 quasiparticles, each quasiparticle

being a phonon, with the net Hamiltonian

~

Hs = Hy(1 phonon) + H;(2" phonon) + Hj(3' phonon) = /P2 + \/P? + \/1532.
(48)

However, the states (46) do not distinguish which phonon is first, which is second and which

is third; instead

lany permutation of a, 8,7) = |a, 5,7), (49)

so the 3 phonons in the H3 Hilbert space are 3 identical bosons rather than 3 distinguishable

particles.

10



Likewise, for larger N' > 3 the H s spans the A/ phonon states

combinatorical o .
g, ag, ..., an) = ( frctor ) X aalaLQ--ﬂLN |ground) , (50)
where in terms of the occupation numbers n,, the list (g, ..., ay) includes all a with

ne > 0, and each such « appears n, times in the list. The states (50) have energies

N N N
E(aj,...,an) = Zhwg X (ng = 2557%) = Zhwa = thka (51)
3 =1 i=1 i=1

which are simply sums of the individual phonons’ energies, so we may interpret them as

eigenstates of the N—phonon Hamiltonian

N
Hy = ) /P2 (52)
=1

where the phonons do not interact with each other.

Moreover, each phonon can be in any single-particle state |a) independently from the
other phonons, but given the list (aq, ..., ay) of states taken by the A/ phonons, we cannot
tell which of phonons take which state. Instead,

lany permutation of ay,...,an) = |ag,...,an), (53)

so the N phonons are N identical bosons.

Coherent states

Finally, let me go back to the complete Hilbert space H of the vibrating string. This
space spans the states |nj, no,...) with all net numbers N of quanta. (Although if we wish
to limit ourselves to states of finite energy E’ relative to the ground state, then the net
number of quanta should be finite, but it can be arbitrarily large without a limit.) From the

phonon’s point of view, this space
H =Ho® H1 & Ho & Hz & --- (54)

is the Hilbert space of an arbitrary number of identical phonons. By the superposition princi-

ple, it includes linear combinations of states with different phonon numbers. In particular, it

11



includes the coherent states of the vibrating string which describe the almost-classical waves
ylx,t) = (§(x)) (t).

The coherent states of a single harmonic oscillator are explained in detain in the
(set#5, problems 2 and 3). Basically, a coherent state is the quantum state
which reproduces the classical harmonic oscillations as closely as possible in the quantum
mechanics. Specifically, a coherent state has minimal uncertainties of position and momenta
(same as the oscillator’s ground state) which multiply to Agx Ap = %, while the expectation

values (q) (t) and (p) (t) oscillate like the ¢(¢) and p(t) of a classical oscillator,

(q) (t) = Asin(wt —¢), (p)(t) = Awm cos(wt — ¢). (55)

Also, a coherent state does not have a definite energy; instead, the average energy of a coher-

ent state is the zero-point energy plus the classical energy of oscillations with amplitude A,

hw mw?
<E> = Ey + Eclassical(A) = 7 + T X A2 (56>
while the energy uncertainty is
AE = /hw X Egassical =  for Egjagsical > hw, AFE < (E). (57)

In terms of the raising and lowering operators, the coherent states are

) = el 2 expeay |0y, ale) = ¢le) (58)

€ =\ (wm @) + i) (59)

Under classical harmonic oscillation (55), the complex parameter £ evolves with time as

() = z’A,/Q“;_Lm o (60)

consequently, the coherent state |£(t)) — or rather |¢) (t) = e ™®"2|£(t)) — obeys the

for

Schrodinger equation.

12


http://www.ph.utexas.edu/~vadim/Classes/2021f/hw05.pdf
http://www.ph.utexas.edu/~vadim/Classes/2021f/hw05.pdf

The multi-oscillator system like the vibrating string also have coherent states, which
behave as classically as possible in quantum mechanics. Specifically, in a coherent state of a

multi-oscillator system each oscillator mode « is in a coherent state |£,),

1€1,€2,..) = [§1) ®[&2) @ - (61)

where ® denotes direct product of the quantum states of separate degrees of freedom; in
the wave-function language ¥(q1, q2,...) = ¥1(q1)¥2(g2) - - -. Or in terms of the raising and

lowering operators:

&1,82,...) = ®< —ler 2 gl |0) > HeXp ) ) exp(€qal) |ground)

«

exp (—% Z |§a|2> X exp (Z §adL> |ground) ,

while
Va : da |§1,§2,...> = ga |€1,52,...>. (63)

In such a coherent state, each oscillator mode o has minimal uncertainties Ay, X Apy = %
while the expectation values (y,) and (p,) follow from the real and imaginary parts of the

complex parameter &,,

2
(Yo) = » ZL X Re&n, (Pa) = V2hwopul x ImE, . (64)

For each oscillator mode «, the &, parameter evolves with time as
Ealt) = &(0) x e, (65)

which makes the coherent state |£1(t), &2(t), .. .) obey the time-dependent Schrédinger equa-

tion
Zh— &1(t), &a(t),...) = H'[G(t),&(),. ) (66)

while the expectation values (64) oscillate harmonically as in a classical oscillator. Or in

13



terms of the vibrating string itself,

(g(x) = 2 ,uL \/w_a x Re &y (t) x sin(kqz),
(67)
i(A( )= 2 iz,/—xlmg (t) x sin(kqx)
di y\r)) = NLa:1 Wa a 5 al),
which obey the classical wave equation
0? 0? .
(5 + *52) G ) = . (63)

Finally, while the coherent states do not have definite energies, the average energy of a
coherent state above the ground-state energy is equal to the classical energy of the oscillations

with the same amplitude,

. 2h
A, = amplitudel[(y,) (t)] = il X |€al, (69)
/ 2 IULWE 2
(E'Y = (B) — Fy = Zhwa|£a| ZTan. (70)
(0%
As to the energy uncertainty,
(AE)? = ) nPwjléal’, (71)

«

so as long as some |&,| are large, the energy uncertainty is relatively small, AE < (E').

ELECTROMAGNETIC FIELDS AND PHOTONS

Just like the waves on a finite piece of string, the electromagnetic fields in a reflecting
cavity also decompose into an infinite series of standing waves, each such wave acting as a
harmonic oscillator. Thus, we may diagonalize the Hamiltonian of the whole series in terms
of definite number of quanta for each mode, and when we focus on the subspace of states
having N quanta altogether, we get a Hilbert space of N identical bosons, where each boson

is a massless relativistic particle with 2 polarization states — the photon.

14



In this section of my notes, I show how this works in outline, but I skip some of the gory
algebraic details. If you are seriously interested in the quantum EM fields, take a class in
quantum field theory (I should be teaching it in 2022/23), although the 389 L class (second

semester of the graduate quantum mechanics) should also cover some of this material.

The classical EM fields obey Maxwell equations, which in the absence of any charges

and currents become

V-E=V-B =0, (72)
OB OE
— = “¢VxE = +VxB (73)

In infinite space, these equations allow for EM waves with any wave-vectors k, so to get a
discrete spectrum of the wave modes we need to put the EM fields in a finite-size box. For

simplicity, let’s take a large cubic box of side L with periodic boundary conditions
Y(r,y,2) = Y@+ Ly,2) = Y@,y+Lz) = ¢(x,y,2+ L) (74)

for v = E,, By, E., By, By, B,. Consequently, the wave modes in this box become
Y(x) = exp(ik-x) for (ki ky, k) = 2fw(integer, integer, integer) (75)

where each integer can be positive negative or zero. This allows us to Fourier transform a

continuous (but periodic) field to a discrete series of wave modes,
Y(x,t) = LT2Y "Ry (t), () = LT / dPxe™ X 5 y(x, 1), (76)
k
Or for the vector fields E and B,

E(x,t) = L7%2) e** x Ey(t), Ex(t) = L7 /d?’xe—ik'x x E(x, t),
k

(77)
B(x,t) = L792Y X x By(t), By(t) = L2 / dP*xe X x B(x, t).
k
In terms of these field modes, the time-independent Maxwell equation (72) become
k-Ex = k-By = 0, (78)

so for each k we now need a basis of two polarization vectors L k. Let’s use the helicity

15



basis of unit vectors ey ) obeying
—ik x exn = Ak|eg, A = %1 only; (79)

for example,

1
for k in + z direction: ex ) = —=(1,A7,0). (80)

V2

These are complex unit vectors, so the orthonormality condition becomes

€l e = AN (81)

there are also commonly used phase conventions

et = € and e ) = e;x - (82)

Anyhow, having a basis of vectors L k allows us to decompose the vector modes Ey and

By into two independent transverse polarizations,
Ex = > FEiaexn,  Bi = > Braeka, (83)
A A
and hence the EM fields decompose into

E(x,t) = L7323 ¢*Xer\ Bia(t) and B(x,t) = L32) " e™eyy Bra(t). (84)
Iox Iox

Note: the EM fields E(x,t) and B(x, t) are real, but due to complex coefficients in the mode
expansion (84), the Ey \(t) and By \(t) are are complex but are related to each other by

16



complex conjugation,

Exn = By and By = By, (85)

In terms of the modes (84), the EM energy

1
H= _— /d3x(E2+BQ) (86)
&
becomes
1 * *
H = S_WZ(Ek,AEk,/\ + By, By)): (87)
k)

the time-independent Maxwell equations (72) are automatically satisfied, while the time-

dependent Maxwell equations (73) become oscillator-like equations for each mode:

d d
%Ek,/\ = _)\kak,/\7 EBk’)\ = —i—)\wkEk,,\, for wp, = C|k| (88)

In the quantum theory, the mode coefficients Ey ) (t) and By )(t) become operators Ek, A

and Bk, A obeying skewed Hermiticity conditions
El, = B, B, = By, (89)

The classical energy (87) becomes the Hamiltonian operator

~ 1 ~ A~ ~ A
0= (BiaBir + BiaBin ) (90)
K\

and to reproduce the time-dependent Maxwell equations (88) as Heisenberg equations in

quantum mechanics — or as Heisenberg—Dirac equations in the Schrodinger picture — from

17



the Hamiltonian (90), we need the commutation relations

~ A A A

[Bk)\aBlT(/’/\/} = 0; [Ek,)\’ElJL’,)\’} = 0, [Bk)\,EA'lT{,’)\,] = 47TZhC)\|k| ><5k,k’5)\,)\/,

(91)
which provide for
1~ . . 1. . .
E[Ek’)\’H] = +/\C|k| X Bk’)\, Z_ [Bk,)\,H} = —/\C|k| X Ek’)\, (92)
and hence Maxwell-like Heisenberg—Dirac equations
d d
pr (Ex ) = —Ack| x (Bi) pr (Bk)) = +Ack| x (Ex), (93)

cf. egs. (88). To save time, let me skip the derivation of these formulae, or rather leave it as

an optional extra exercise for the interested students.

Given the commutation relations (91), we define the lowering and raising operators for

each mode as

ABy\ + iFy

A N (54)

(95)

R )\B_k)\ + iE_k A o

= ’ : , 96
a_x N 7y (96)
At ABy s — iE\

= : 97
a_k)\ \/m 7& ak,)\ ( )

Note: despite the skewed Hermiticity conditions (89) for the field modes Eik, ) and Bik, A

the lowering and the raising operators for opposite momenta +k are independent from each

other.

As usual, the lowering and raising operators (94) through (97) obey the commutation

relations

[&k,)\’dk’,)\’} = 0, [&L,,\’&L,,\'} = 0, [&k,)\’&L’,)\’} = Ok kOxN - (98)

although verifying these relations takes a bit more work then usual due to non-Hermiticity

of the EA'k7 \ and Bk’ » operators. For the same reason, it takes more work then usual rewrite
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the Hamiltonian (90) in the multi-oscillator form

H =Y hwp(af iy +3) = Bo + Y hwgaf yiy - (99)
kA kA

To save time, let me skip the derivation of eqgs. (98) and (99) and leave them as an optional

extra exercise to the students.

But once we got the commutation relations (98) and the Hamiltonian (99), we may
proceed exactly as we did for the wave on a string. Thus, we define the number of quanta
operators fzk7 = &L )\&k7 ), for each mode, diagonalize them all (since they all commute with
each other), and build a basis of states |{nk A}> where each ny ) runs over all non-negative
integers 0, 1,2, ... independently of all the other ny y». Thanks to eq. (99), all these states

are eigenvalues of the Hamiltonian with energies

E({mep}) = Eo + ) hwgm (100)
Iox

where Ej is the ground state energy. The Ej is badly divergent, but it’s a constant which
does not affect the dynamics of the EM fields, so we may just as well subtract it from the

Hamiltonian,

~

H = H — Ey = Zhwkak)\ak/\ — F {nk)\} Zhwknk)\ (101)
kA

Next, we reorganize the basic states ‘{nk A}> by the net number of quanta
N = i (102)
KA

in all the modes. In other words, we split the Hilbert space of the EM fields in the box into

a tensor sum of eigen-blocks of the N = Zk, A Ty y operator,
o
= PHy = Ho® H1 & Ha & -, (103)

where the states [{ny}) with >, iy = AN serve as a basis of the N'—quanta Hilbert
space Hs.
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Similar to the phonon case, the Hg space spans a single quantum state |all n, = 0) which
has no quanta at all. From the photonic point of view — which I shall explain in a moment

— this is the vacuum state without any photons.

Next, the H; space spans the states having one quantum in one mode k, A and no quanta

at all in all the other modes,
|(k,A)) = |k =1, all other n y =0). (104)

These states are labeled by modes (k, A), which me may interpret as quantum states of a

single particle, then their energies
E'(k,\) = hw, = hclk| (105)

may be interpret as energy levels of that particle. Since the EM fields of the mode k, A are

proportional to

E(x) x eik'xek7/\, B(x) x k¥ €Kk )\, (106)

where

2
ks, ky, k. run over % X integers, (107)

we may interpret P = hk as the particle’s momentum, while the conditions (107) on that mo-
mentum stem from the particle living in a cubic box with the periodic boundary conditions.

Consequently, the energies (105) become
E(P) = ([P, (108)

which are appropriate for a massless relativistic particle — the photon. In Hamiltonian

terms, they are eigenvalues of the

H = VP2, (109)

Besides momentum P = hk, the single photon states |k, A) are labeled by helicity A = £1

Thus, the photon has two distinct transverse polarization states. These polarization states
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play a similar role to the electron’s spin states, but their relation to the angular momentum

is different from the spin.

At the N' = 2 level, the H5 space spans the states

|(k,A), (k,A)) = C x dL /\dl];/ v [vacuum)

1 : — 1./ _\/ (110)
whereC:{ﬂ ifk=k' and A\ = X,
1 otherwise.
These states have energies
E((k,A). (k,A)) = E(k,A) + E(K,X) = helk| + helk| (111)
appropriate for two non-interacting photons with Hamiltonian
Hy = Hi(1% photon) + H;(2"¢ photon) = cy\/P? + ¢\/P2. (112)

Moreover, each photon here can have any allowed momentum P = hk and polarization A
independently of the other photon. However, we cannot tell which photon is the first and

which is the second; instead,
|, A), (K, A)) = (KA, (K, N)), (113)

so the photons are identical bosons.

Likewise, for N' > 2 the H s space is a space of N identical bosons, each boson being a
photon — a massless relativistic particle with two distinct polarization states. Each photon in
this space may have any momentum allowed by the boundary conditions and any polarization
independently from the other N’ — 1 photons, but we cannot tell which photon is which

because they are identical bosons.

Note: reorganizing the net Hilbert space H of the EM fields in the cavity into subspaces
H s of definite net numbers N of quanta makes it easy to see the photons and the N/—photon

states; that’s how we have learned that the photon is a massless relativistic particle with
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two polarization states |A), and that the multiple photons are identical bosons. On the other

hand, the decomposition

H=EPHy =HooHi & Hp & - (114)
N=0

makes it harder to analyze the states which do not have definite A/ but rather several
components with different N’s. So in the next section, we shall focus on the coherent states
— which do not have definite ny » or definite Niora1 — but instead describe the semiclassical

EM waves.

Coherent states and semiclassical EM waves

Similar to a single harmonic oscillator or the wave on a string, the best wave to reproduce
the classical time-dependent electromagnetic fields in quantum mechanics is in terms of the
coherent states. For example, consider the coherent state £ of a particular move (k, \) while

all the other modes are in the ground state,
k,\: &) = e IEl/2 exp({&L)\) |vacuum) ; (115)
this state obeys the Schrodinger equation
ih% Ik A:E(1) = H |k A:E@1) for £(t) = £(0) x et (116)
In this coherent state,

<Ak7A> (t) = /2rhwyg x (—i€ = —igoe ), (117)
(Boaca) (6) = V2rhag x (+i€" = +igget ), (118)
<Ek/7x>(t) — 0 for all other (K, ) # (<k, \), (119)
and likewise
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<Bk7A> (t) = V2rhwy, x (A& = Agoe ™), (120)
<B_k,A> (t) = 2rhwy x (A" = AgjeT ™), (121)
<Bk/,x>(t) — 0 for all other (K, N) # (£k, \). (122)

<]§](x)> (t) = L7372 Z X ey <Ek/,A’> (t)

21h ) .
+ mezkx (e—k,)\ = ef{,A) (+i§8)e+wkt (123)

and likewise
. 21h . .
<B(x)> (1) = 2 ”L—;”“ Re (Agoelk'x—zw'vt ek, A) . (124)
Treating these expectation values of the quantum fields as classical fields, it is easy to check

that they describe the plane wave with wave vector k, circular polarization — right for

A = +1 or left for A = —1, — and amplitude

2mhw
A =270 1ol (125)
Moreover, the classical energy of this wave
E)> + (B L3
E, = /d?’x% = o X A? = Ty, % |&)? (126)

agrees with the expectation values of the coherent state’s energy (counting from the zero
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point)

(B') = hwy x [¢* = T x €l (127)

As to the energy uncertainty of the coherent state,
AFE = hwk X ‘f’ = hwk X ’f()|, (128)

it becomes relatively small, AE < (E’), for waves with classical energies Eg > hwy,, hence

€| > 1.

The above example explained a coherent state representing a single circularly polarized
plane wave, but it is easy to generalize it to any classical configuration of the EM fields in
the cavity as long as they obey the Maxwell equations and the cavity periodicity conditions.
A most general coherent state of the EM fields is a tensor product of coherent states of each

mode (k, \), thus

|C0herent> - |{§k,)\}> - @‘fkﬂ\>modek7}\’ (129)

k)

or in terms of the raising and lowering operators

2] xexp ng)\dlt’)\ |vacuum) , (130)
kA

[{&}) = exp —%Zlﬁm
oA
VA 0 gy &) = G [{&n)) - (131)

Such coherent states obey the time-dependent Schrodinger equation
. d Fr/
i [{6ad}) = 1 [{a0)) (132)
provided each & ) changes its phase with frequency wy,
Een(t) = &a(0) x e ™. (133)

Consequently, the expectation values of the EM fields in a coherent state behave like the
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classical EM fields,

<E(x>>(t) - \/8”[?;’” " Re (—sz,A(O) eik‘x‘i“ktek,A),

(Bx)) (1) = =5 Re (G (0) X4 ey ).

(134)

In particular, these classical fields obey the Maxwell equations (and the periodicity conditions

for the cavity), and their classical energy

2 2
Eq Z/dgxM = ) hwp X [l (135)

8
k)

agrees with the energy expectation value in the coherent state,

(E) = ) hwg x |&eal* (136)

kA

Finally, for any classical EM fields E(x,t) and Bg(x,t) in the cavity obeying free

Maxwell equations (and the periodicity conditions), there is a coherent state |{&k x}) with

<E(x)>(t) — Ey(x,t) and <B(x)>(t) = Bu(x.1), (137)

specifically the state with

ABL (1) + iEBEL (1) 1 .
t) = : : = ———— [Bxe E X e - (ABa(x, t) + iBa(x,1)).
gk,)\( ) \/W \/W/ Xe €k, )\ ( CI(X7 ) + CI(X ))

(138)
But to save time, let me skip verifying this statement and leave it an optional extra exercise

for the interested students.
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