PHY-396 L. Solutions for homework set #21.

Problem 1(a):

Classically,
L = Lyy + D'O'D,® — V(O 0) (S.1)
where
D@ = 0,®; + igAy(T())®,  Dref = 0"ef - igA““@j(T&))ji, (S.2)

and V (@1, ) is some kind of a G-invariant potential. For renormalizability’s sake, V should
be a polynomial of degree 4 (or less), and to keep my notations simple I assume that V' has

only the quadratic mass term and the quartic interaction term, thus
2 i 1y¢j kgl
V = m*x o;P" + Z)‘Z]e X q)jcp;%q) ) (S.3)

for a suitable G-invariant coupling array )\ZJ. For example, for scalars ® in the fundamental
N multiplet of the SU(N) gauge group, )\gg =X (5,@5}3 + 5}25%). But the details of the )‘ZZ
coupling are not germane for the present problem, so I'll keep them generic as long as they

are G-invariant.

In the quantum field theory, the net bare Lagrangian comprises the classical terms (S.1)
plus the ghost Lagrangian, the gauge fixing terms, and the whole slew of counterterms.

Altogether, we have

1 1
L = — Z(ngﬁ - 2—§(3HAH)2 + 9, DH "
+ Do D' — mPote — 1N 07 eroRef
5 a a aoc C av 925(49) aoc C
- Z?’(a,ﬂaxy—ayAu)2 + oo pabe Ab ACH, A — (AL A

S.4
+ 5§gh)alu5aauca _ g5§gh)fabcauéaAbuCc ( )

. 1 a a a
+ 09,0100 + igsl?? AL x (0r0lTE @ — OITE 0'0)
2 (929) qa 2b a b
+ g0,V AL A x DT TY D

— aote — 15,1 o1 diokal,



Note that all the terms in this bare Lagrangian which pertain only to the vector and ghost

fields are exactly the same as in the fermionic QCD, ¢f. lmy notes on QCD Feynman ruled.

Consequently, in the Feynman rules of the present theory, the gluon propagator, the three-
gluon and the four-gluon vertices, the ghost propagator and the ghost-gluon vertex are
exactly as in [ny noted, and I don’t need to repeat them here. But let me write down the
explicit Feynman rules pertaining to the scalar fields, in particular, the scalar propagator

and the scalar vertices:
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Note the anticommutator of the group generators in the two-scalar two-gluon vertex: It

follows from permutations of the two gluon lines.

In addition, there are several counterterm vertices involving the scalar fields. Although
such vertices are not germane to the present exercise, let me list them here for the complete-

ness sake:

cpi___(___..___<---<1>’; = 5;(i5§ff) — i5§¢)p2), (5.9)
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Problem 1(b):

At the tree level there are four diagrams for the ® 4 ®* — g+ g annihilation process, namely

(S.13)



The amplitude stemming from each of these 4 diagrams has form

Mdiagram#n] = ej, €5, x My (S.14)
where
MY = —° (2p — k1) (ko — 2p')Y x (T°T9). (S.15)
1 — (p_kl)Q_mQ P 1 2 P jo .
MY = —" (k1 — 20 )*(2p — ko) x (TOTP). (S.16)
2 - (p,_kl)Q_mQ 1 P P 2 jo .
ME” = +g%g" x {T*, T}, (S.17)
My = T o (1Y,
(/{71 -+ k2)2 J

x f2(g" (K — ko) + g"M(2ka + k)" + g™ (—2k1 — ko2)¥),  (S.18)
so the net tree-level amplitude is
Maust = €lychy x M = el ey x (MY 4 MY 1 M+ M) (S.19)
Problem 1(c):
Our task is to verify that the net amplitude (S.19) satisfies
kiesM,, = 0 (S.20)

provided e5ks, = 0 and all external momenta are on shell. Let’s start by calculating the

k1, MR for each of the 4 diagrams. For the first diagram’s amplitude (S.15),

2(pky) — k2 ;
k1 MY = g2 (ke — 20')" % e Epki; - 7{02 x (T°T*). (S.21)
where for the on-shell momenta p? = p?2 = m2, k% = k;% =0,
2(pky) — ki
= —1 S.22
(p — k1)? = m? (5.22)



and hence

ki MY = g2 (kg — 2p) x (TPT®Y.. (S.23)
Likewise, for the second diagram’s amplitude (S.16),

K —2(0'k1)

kipMb” = —g*(2p — k2)” % TR (T°T®Y
{(for the on-shell momenta )) (S.24)
= +g°(k2 — 2p)" x 1 x (T°T")';.
For the third diagram’s amplitude (S.17) we have
k MMV . le/ Ta Tb T le/ TaTb 7 le/ TbTCL 7 S 25
1 M57 = 49k < {T* T} = gk x ( )+ g7k x ( ) s (S.25)

so adding the first three diagrams together, we obtain

ki x MY oy = g(TTY)Y x (ke —20') + k1)” + g*(T°T*)' x (k2 — 2p) + k1)
(( using momentum conservation k1 + ko = p + p’ )
= Z(T°T" x (p—p)" + g*(T°T")" x (¢ —p)”
— g2<p _p/)y > (TaTb o TbTa>ij

= g2 (p )" < if T

(S.26)
As to the fourth diagram’s amplitude (S.18),
- 1
k pvo 200 'abcTcz.
luM4 g (p p))\ X Zf ( )j X (kl +k52)2 X
X k1, [g" (k1 — ko) + g" M2k + k)" + g™ (—2k1 — ka)”],
(S.27)

where the expression on the second line is exactly similar to its analogue in the fermionic

QCD, cf. egs. (37-38) on page 9 of jny notes on QCD Ward identitied. Just as in my notes,
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for the on-shell photon momenta
ki X [ = (ki +k2)%g" — (k1 + ko)" (k1 + ko) + KYks. (S.28)

hence plugging each of the 3 terms here into eq. (S.27), we obtain

ko MY” = kluMiZ + kluMiZ + kluMiZa (5.29)
where
kMYl = g0 —p)” x if (T, (5.30)
b M = @k — ) x @ _éz*f];;k?y X i fe(TO) (S.31)
kMY, = g2kS x 7(5;1;])112;? X i fTE) (5.32)

By inspection of egs. (S.30) and (S.26), the first term’s contribution precisely cancels the

combined contributions of the diagrams 1, 2, and 3,
kMl + kMY 3 = 0, (S.33)

As to the second term’s contribution (S.31), it vanishes for the on-shell scalars’” momenta

p? = p'? = m?; indeed,

W =paki+k) = ' =pa(p+0) = p* = = m* —m® =0 = kMy, =0
(S.34)
Finally, the third term’s contribution (S.32) does not vanish but its v index belongs to the

k5 factor, thus

kM, = kMY, = [stuff] x k5. (S.35)

Consequently, when the net amplitude is contracted with the polarization vector €5, of the
second gluon, it vanishes when the second gluon is transversely polarized, kae5 = 0, but not
if the other gluon’s polarization is longitudinal. And this is in accordance to the weak form
of Ward Identity: On-shell amplitudes involving one longitudinal gluon vanish, but only if

all the other gluons are transverse.



Problem 1(d):
For the first longitudinal gluon e/ o &/, hence in light of egs. (S.35) and (S.32),

M<(I) + P — gr _'_gL) = eTuije;y = Z_l X leMw}e;y = Z_l X leMil;e;y
S I N (530
1 * - pabc eyt
— 1 k T°)" .
k1Xg(2e2)x(k1+k2)2XZf ( )]
For the specific longitudinal polarizations in question,
A2 L k) = Vaw (S.37)
kl \/5&]1 ) 2 )
where in the center-of-mass system
wi = wy = 3Fu while (k1 + ko)? = 5 = B2, (S.38)
hence
2 .
M@+ = g +g1) = L x (7 = p)ka) x if (T (8.39)
Problem 1(e):
There is only one tree diagram for the M(® + ®* — gh + gh) amplitude, namely
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Evaluating this diagram, we get
. . i _iguv cabyv
iM = ig(p —p (T x —2E = x k S.40
g(p —p )" (T)"; CETSE 9f k3 (S.40)
and hence
2 .
M(® + O = gh+gh) = % x (¢ — p)ka) x i (T}, . (S.41)



Problem 1(f):
By inspection, the tree amplitudes (S.39) and (S.41) for the scalars annihilating into a pair

of longitudinal gluons and into a ghost-antighost pair are exactly equal to each other,
M(®+ d* = gh+gh) = M(®+d* — g+ g1). (S.42)

Naively, this means that the partial cross-section of these two processes are also equal to
each other. However, In the Hilbert space of both physical and unphysical particles, the

longitudinal gluon states have positive norm while the (anti)ghost states have negative norm.

Consequently;,
do(® + ®* = g1, + g1) IM|? . do(® 4 d* — gh + gh) IM|?
dQ 6471'23 winlile dQ 647T2S ) ( 3)

so the two partial cross-sections actually have opposite signs. Therefore, in the net annihi-

lation cross-section into two gluons of any polarizations or into a ghost-antighost pair,

do(®*+® — g+gorgh+gh)  do(®+®* — gr+gr)

dQ dQ -
N do(® + * — g1 + g1.) N do(® + &* — gh + gh)
dQ Q) ’

(S.44)
the last two terms cancel each other, so the net cross-section is the same as cross-section for
annihilation into physical transverse gluons only,

do(®* + ® — g+ g or gh + gh) do(® + &* — gr + g7)

0 = - . (S.45)

Problem 2(a):
The tree-level amplitude for the ® + ®* — ¢ + ¢ annihilation process, was worked out in
problem 1(b), ¢f. egs. (S.14) through (S.18). When both final-state ‘gluons’ have transverse

polarizations, (kie}) = (kze3) = 0, the net amplitude simplifies to

Mpet = M1 + My + M3z + My, (S.46)



4g2

My = P— x (pe})(p'e3) x (TbTa)ijw
492 / % * arb\i
My = e (P'er)(pe3) x (T9T7)';,
Mz = g% x (ejes) x {T"T"};,
9 -
My = == x X x [T, T";,
s

where s, ¢, and u are the Mandelstam variables, and

X

(p— D)aei ez, x [g" (k= ko) + " (2ka + k1) + g™ (—2k1 — k2)"]

(u—1) x (ele3) + 2(eTka) x (e3(p —p')) — 2(ezh1) x (ei(p — 1))

(S.47)

(S.48)
(S.49)

(S.50)

(S.51)

The color dependencies of amplitudes (S.49) and (S.50) are already in the form (2), while

the amplitudes (S.47) and (S.48) can be brought into this form using

() = HTO T +
(1T = W1 T -

(7%, 77,
(7%, 7",

N~ N

Thus altogether,

for

and

Muet (@' + @F — g%+ ¢") = Fx {T°T*}; + iG x [T, T,

F = 292 % ( 6*)( /6*) + 292 % ( /6*)( 6*) + 2 % (6*6*)
2 pe)\P €9 2 P €1)(pe2 9 162
2ig? 2ig? ig?
G = 2 ) pe)Wes) — L < (el pes) + L x X,

(S.52)

(S.53)

(S.54)



Problem 2(b):
First, let us average over the scalar particles’ color indices i,7 = 1,2,...,dim(r). For fixed

adjoint colors a and b of the gauge bosons , let
M = F{T{), Ty} + iG[T0, T(,] (S.55)

be a matrix (in the representation (r) of the gauge group) whose elements M "j are annihila-
tion amplitudes (1) for the scalar particles ®' and <I>3k. of specific colors 7, j. Then averaging

over those colors gives

Z M

1
ZM’ MY, = ——— tr(MMT). (S.56)

dim?( ~ dim¥( dim”(r)

For the specific form (S.55) of the matrix M, we write
M = (F+iG) T Thy + (F—iG) T T, -
MY = (F+iG)* T, Ty + (F—iG)* T&TE, '

and therefore
tr(MM') = |F+iG|* tr((T°T*T’T®) + (F —iG)(F +iG)* tr(,(T"T*T*T*)
+ (F+iG)(F —iG)* tr((T*T'TT?) + |F —iG|? tr () (T°TTT?)

{(using the cyclic symmetry of the trace )
= oy (T°TT'T?) x (|F+z’G|2 F—iG2 = 2FP + 2|G|2)
(F —iG)(F +1G)* + (F +1G)(F —iG)*
+ oy (T*TPTT?) x
= 2|F|* — 2|GJ?
= 2(|F? +|G?) x tr(y(T°T°TT")
tr(y (TT"TT?) = tr( (T*T*T"T")

+2(|F]? = |GI?) %
— try (T[T, T"T")

= A|F]? x try(TTT’T") + 2(|G|* — |F|?) x tr( (T[T, T"|T).
(S.58)

Our next step is to sum over the color indices a and b of the gauge bosons. In the context
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of eq. (S.58), we have

Sty (TOTTVT?) = ((ZT“T“) (ZT”T”)) — tr(y (C2Ca) = C(r) x dim(r)
" (3.59)

and

Ztr (T[T, T 1) ZZZ £ tr o (T TCT) (S.60)

=1 Z if " tr (o (TOTTY — TOTT°)

a,b,c

=1 Z Zfabc Z chbd tI‘ )(TaTd)

a,b,c

_ 5 Z Z»fabc ideb) > R(T’)(Sad

a,b,c,d

= RO (55 = () (1 = (T
Ztl‘( (adj) adJ)

R(r) x C(G) dim(G)
C(G)C(r) dim(r). (S.60)

|
l\')l»—l

N[—= D=

Therefore,

> tr(MMT) = C(r)dim(r) x [AC(r)|F|* + C(G)(|G]* - |F|*)] (S.61)

and hence in light of eq. (S.56),

T LT IME = g O0) o (a0 |FP + Cadi) (G2~ |FP). (3)

ij ab (T)

d1m

Eq. (4) follows from this as a special case.

11



Problem 2(c):
Let us take a closer look at egs. (S.53) and (S.54). In the center of mass frame, p’ = —p,
ko = —kj, and the gluons’ polarizations e/, are purely spatial and transverse, 6(1)72 =0 and

ki 2 -e12 = 0. Consequently, egs. (S.51), (S.53) and (S.54) simplify to

X = (t—u)(e]-e3) + 0 + 0,

F = —2g%(e} - p)(e; - p) <t_m2 + u_mz) - g(ei-e3), (S.62)

1 1 t—u
. .9 - 2
G = ~2iglei-p)(es p) (7o — o) ¢ P e o)

Furthermore, in the center of mass frame F = E' = wj = w9, |k| =w =E, |p| = 8F,

s = 4F? t—m? = —2F%*(1 — fcosh), u—m? = —2E%*(1+ Bcosh),
hence
t —
g [ cos,
s
I B -1
t—m2  u—m2  m2+4p2sin®0’ (5.63)
1 1 B —[cosb
t—m2  u-—-m2  m24p2sin?h’

and therefore

2(eip)(e5p) )
F = —qg2 *oX) — S\TIEJARIE)
g ((elez) m2 + p2sin2f)’
(S.64)

, 2(efp)(esp)
G = 2 * % + 1 2 % 0.
ig (<e1e2> 2t prom2g) X B

Now consider the gluons’ polarization vectors. For the problem at hand it is easier to use
linear polarizations for which the e; and es are real unit vectors. Specifically, for each gluon

there is a choice of two transverse e, one parallel to the (p, k) plane and one perpendicular

12



to it. In the coordinate system where

p = BFE(0,0,1) and k = F(sin6,0,cosf),

the two polarization vectors are

e| = (—cosf,0,+sinf) and e = (0,1,0).

For these vectors
(pe) = BEsing,  (pey) = 0,

so according to egs. (S.64),

forei=es=e;, F = —¢?> and G = ig*Bcosh,
forej =ex=¢, I = —¢*(1—24) and G = ig*(1+24)Bcosf
where
A - p?sin? 6
 m2+p2sin?0’
and finally

for e; = e, ex = e or vice verse, F = G =0.

Problem 2(d):

(S.65)

(S.66)

(S.67)

(S.68)

(S.69)

(.70)

(S.71)

According to eq. (S.71), the two gluons produced in the ®®* annihilation must have similar

polarizations: either both are polarized || to the (p, k) plane of scattering or both are po-

larized L to the plane. Consequently, there are only two polarized partial cross sections to

13



consider, namely

do(L 4 C(r
( d(Q )>C.m. - 647r29Egm_5 dm(l(q)«) X (40(7’) — (1= % cos” G)C(G)>,
(da_ﬂD) gt cy e x(=24)
e ), 642 E2 1, B dim(r) ~0(G) x ((1— 24)? — B2(1 + 24)% cos? 6)
(S.72)

Note that the angular dependence of the || polarized partial cross section is more complicated

than it looks because A is f—dependent according to eq. (S.70).

In the limit of non-relativistic scalar particles, § < 1 leads to A < 1 and hence to the

expected isotropy and polarization independence of the annihilation cross-section,

dU(’) - dO’(J_) N g4 C’(r) (40(’/‘) . C(G))
( ds2 )Cm - ( d )Cm = 256m2m23 dim(r) : (S.73)

In the opposite limit of ultra-relativistic scalars, § a 1 leads to A ~ 1 (except for 6 ~ 0)

and therefore

do(Ll) gt C(r) sin” 0
~ C(r) — C(G
do(|]) gt C(r) 9cos?f — 1 '
~ C cG) ————|.
< a ) .. 16m2E2,, dim(r) (r) + C(G) 4
Problem 3(a—c):
At the one-loop level, the 5§gh) cancels the divergence of a single diagram
(p,0) (. c. 1) (p,a)
rooooocsed  1100p @ hesececces € = oo @KOBEOBOTEOTY@ oo e
Ceeage’
(p + k. d)
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which evaluates (in the Feynman gauge) to

d*k i —i
"y — — g feod k —gfedbpi (875
Flon ) /(27r)4 prREri0 <R < @A R (ST5)

In particular, the group factor here is

chadfcdb _ Z( ng) ‘(- ,LTadJ) _ —tradj(TaTb) = —R(adj) x 6%, (S.76)

c,d c,d
Using R(adj) = C(adj) = C(G) and taking care of all the signs and +i factors, we arrive at

d*k (p+ k)
(2m) (k2 +1i0) x ((p+ k)2 +40)

leoop( ) = _iQQC(G)aba Xpu X/ (877)

Note: the p* factor from the outgoing ghost vertex can be pulled outside the integral, which
reduces its UV divergence form quadratic to linear. Moreover, by Lorentz symmetry the lin-
ear divergence cancels out, and the remaining integral becomes p,, x O(log A). Consequently,

the whole amplitude has form

21loop< ) = 5ba X p2 X Hlloop<p) <S78)

and we do not need the ghost-mass counterterm. Also, the logarithmic divergence of II(p)

may be canceled by the 5§gh)

counterterm as

H(p) = Hloop(p) - 5§gh). (8.79)

Indeed, introducing the Feynman parameter z into the momentum integral (S.77), we have

d*k (p+k), d*e b+ (1—2)p
/(2@4 (k2 +i0) x ((p + k)? +40) /dx/ £2+x1—x)p :zo]

de 1
) o/dx (= 2)pu /(%)4 (02 + x(1 — z)p* + 02
(S.80)

where the second equality follows from the ¢ — —¢ symmetry of the integral. Using dimen-

15



sional regularization for the UV divergence of the remaining integral, we have

de 1 (1 2
/( - ! (— + log % + finite constant) ,

2m)4 [02 + 2(1 — z)p? + 40]2 1672 \ € —z(l—2x)p
(S.81)
hence
1
/d(l pux [V = 2P (L K\ finite constant (S.82)
x T)pu = 552\ ¢ og - nite constan :
0
and consequently
ba 920<G) ba, 2 1 ,UQ .
21100p<p) = + 59,0 X 679p* X - + log_—p2 4+ finite constant | . (S.83)
To cancel the UV divergence here, we need
2
(gh) _ L gei6) 1
93> '[Lloop] = + 3oz X T (5.84)
* ok x

Now consider the 5§gh) counterterm. At the one-loop level, it cancels the UV divergence

of two diagrams

(¢, a, 1)
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The first diagram here evaluates to

d*k i y i y —i y
2m)4 (p— k)2 +40 (P — k)2 +40 k2440 (S.86)
x —gf™(p— k)Y x —gf*I (p — k)" x —gf¥ep), .

—igGHabe(18t) = / (

In particular, the group factor on the second line here amounts to

Xizbc = Z fdbefaeffdfc _ Z fdcffafefdeb

d.e.f d.e,f

b
= = " (~itty)? (i) (~iT)* (S.87)
d.e,f

. a cb
- _ZZ adj+adj adJ :

The simplest way to take the last sum here is to use the abstract generators 7% of the Lie

algebra instead of the specific matrices representing them in the adjoint multiplet:
S pafed = S piaga S P 7
d d

_ (Z TW) e R et

d d,h

= CyxT" + Z Fodh s [T, T (S.88)

d,h
~ ~ 1 A

_ a - adh gdhjj

= CoxT : th fAha
d,h,j

= Oy xtn - L g

where the last equality follows from eq. (S.76), 3", 2% f = C(G) x §%. Consequently,

in the adjoint representation of the Lie algebra

C(G) C(G)

Z adj aadj adj — C(adJ) X adJ - T X aadj = ? X z;ldj (889)
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and hence

c(@)

a \cb ac C(G
(1) = + S g = O

2

x fabe, (S.90)

Plugging this group factor into the loop amplitude (S.86) and pulling all the constant

factors outside the integral, we obtain

_Z'gGlhabC(lst) _ _g3i<G) « fabcp/y % HIVM (891)
where
N (p— k)" — k)"
H" = _2/(%)4 [(p— k)2 4140] x [(p' — k)2 4 i0] x [k2 +40] (5:92)

Note that thanks to the k-independent factor p!, of the left vertex which we pulled out
from the momentum integral, the remaining integral H*" is only logarithmically divergent.
Consequently, the infinite part of H* depends only on the leading terms of the numerator

and the denominator (as polynomials in k), thus

[H’W} / d*k kYEF 4 - /d4k3E Kkl + -
= —1 - = -
LS (2m)* (k2 +i0)3 + - - - (2m)* (k%)3 + - - (5.93)
i /d4l<;E k% + - gv 1 1 '
= 4= X = +7— X —= X —.
4 (2m)* (K2)3 + - - 4 1672 €
Altogether, the divergent part of the first diagram amounts to
2
A abe (18t — _, frabc ru g C(G) 1
[—igGP (1)) g feep't x ez X T (S.94)

Note that its dependence on the colors of the 3 external particle, on the index p of the gluon,

and on the ghosts’” momenta have just the right form to be canceled by the 5§gh) counterterm
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vertex,

—igGH% (counterterm) = —gf*p* x 5§gh). (S.95)

In particular, to cancel just the first diagram we need

2
(gh) /st 9 C<G> 1
1) = ——="x—. .
o (1) 12872 € (5-96)
Now consider the second diagram (S.85), which evaluates to
igGrabe(ondy / oy — y —i S
g et p—k2+i0 " (f —k)Z+i0  KZ+i0
% —gfebdk?y « _gffdcp/ «
A (S.97)

g"Mq — (k= p"))”
x —gf* | +gM((k—p) — (p— k)*
+g" ((p — k) — q)*

Despite other complications, the group factor here is the same as in the first diagram,

aoc € C rae e rae C aoc C G aoc
Xghe = 37 pertprepeet = 3 g poet pite — xgre — OO pe (g gy)
d,e,f d,E,f

Pulling this group factor — as well as other k-independent factors outside of the inte-

gral (S.97), we obtain

3
—igGH’abc(2nd) _ 9 g(G) « fabcp/A % HQ)\M (899)
where
M H/ Ak Ry x [gM(q+p — k) + g2k —p—p)" + ¢ (p—q— k)]
? (2m)* (0 — B2+ 0] x [(/ — k)2 1 i0] x [K2 + 10)] :
(S.100)

Again, thanks to the k-independent factor p/\ of the left vertex which we pulled out from the

momentum integral, the remaining integral HQA #is only logarithmically divergent. Although
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the numerator in the integral (S.100) is much messier than in the integral (S.92) for the first

diagram, its leading term for k — oo is fairly simple

(numerator) = g™ x (=k?) + kN x (k)" + K x (k)N + - = —gME2 + B 4 -
(S.101)
and that’s all we need to get the infinite part of the integral. Specifically,

4 A2 A
- H/dk — g2 R
2 Jeo (2m)t (k2 +1i0)3 + ---
(2m)4 (KE)? + -+ (S.102)

B w1y d*kg kg + - -
= T\ 9Mink ~ 7 IMink | X @m)T kS + -
3o L1

X
1672~ €
and hence the infinite part of the second diagram’s amplitude

, n abe 3¢°C(G) 1
[—ZgGu’abc(2 d)}oo = —gf bp/ux g ( )xg

T (S.103)

Again, this divergence has exactly the right form to be canceled by the 5§gh) counterterm
vertex. This time, to cancel just the divergence of the second diagram we need
3¢°C(G) 1

X —. (S.104)

(gh) fondy _
0 (2") = 12872 €

Finally, combining the two diagrams’ contributions, we get the net one-loop counterterm

coefficient

2 2 2
56| 0@ 1 3¢°C(@) 1 g'0(@) 1 (S.105)
12872 €

11 =
oop] 12872 € 3272 €

Comparing to the 5§gh) for the ghosts” wave function renormalization

9’C(G) 1

h
5§g )[1 loop] = +7327r2 X =,

(S.84)
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we immediately obtain the difference

2
g°C(G 1
16;2) x . (S.106)

(ﬁgh)[l loop] — 5§gh)[1 loop] = —

As promised, this difference agrees with the d; —dy difference for the quarks we had calculated

in class

2
(@ _ 5@ __gee) 1
97 [1loop] d5 " [1loop] = 62 N o (S.107)
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