
PHY–387 K. Problem set #3. Due February 11, 2022.

1. Consider a thin spherical shell of radius R with a uniform surface charge density σ. The

sphere rotates about an axis through its center with angular velocity ~ω.

(a) Write down the current density J(x) due to charges moving with the rotating sphere.

(b) To help calculating the magnetic field due to this current density in the nest part (c),

show that
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(c) Now use eq. (1) to calculate the vector potential a(x) and hence the magnetic field

B(x) for all x — both inside and outside the sphere. Also, calculate the rotating

sphere’s magnetic dipole moment.

Now consider two such rotating charged spheres, one inside the other. The two spheres

are concentric, but they rotate around different, non-parallel axes, — thus ~ω1 6‖ ~ω2, —

although both axes go through the common center of the two spheres.

(d) Calculate the torque between the two spheres.

2. Consider the magnetic field inside a tightly wound solenoid of finite length L and finite

radius R.

(a) Using nothing but the rotational symmetry of the solenoid and the analyticity of the

magnetic field as a function of the position x, argue that in the cylindrical coordinates

(z, s, φ),
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Bφ(z, s, φ) = 0, (4)
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for some analytic functions αn(z) and βn(z).

Hint: not only Bz and Bs should be analytic functions of s and z but also Cartesian

Bx and By should be analytic finctions of x, y, z.

(b) Next, use ∇ ·B = 0 and ∇×B = 0 (inside the solenoid) to derive recursive relations

between the functions αn(z), βn(z) and their derivatives. In particular, show that
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In light of parts (a) and (b), given the magnetic field Bz(z, 0) = α0(z) on the axis of the

solenoid as a function of z, we may calculate the field away from the axis as a series
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So let os calcuate the B(z, 0) on the solenoid’s axis as a function of z.

(c) Approximate the winding of the solenoid as a cylindrical current sheet of density

K = IN/L and use the Biot–Savart–Laplace formula to show that along the solenoid’s

axis
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(d) Now consider a solenoid that’s much longer than its radius and focus on the central

region of |z| ∼ R ≪ L. Estimate the magnitudes (up toO(1) factors) of the derivatives

∂nBz/∂z
n of the on-axis field in this region and hence the magnitudes of various terms

in series (6) and (7).

(e) Calculate the leading terms in the series (6) and (7) for the central part of a long
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solenoid and show that

for |z| ∼ R ≪ L and any s < R,
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3. Finally, an easy problem about electrostatic boundary conditions in dielectrics. Two

concentric metal spheres of respective radii a and b act as capacitor plates. Half of the

space between the spheres (say, the lower hemisphere) is filled with a solid dielectric of

dielectric constant ǫ while the other half is vacuum:

Note: the boundary between the dielectric

and the vacuum lies in the same plane as

the common center of the two spheres.

The voltage between the metal spheres is V .

(a) Show that a radial E field between the spheres obeys the boundary conditions at the

dielectric-vacuum interface.

Then find the electric tension field E and the electric displacement field D everywhere

between the spheres.

(b) Find the surface charge densities on the metal spheres, and then the capacitance of

this half-filled capacitor.
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