PHY-387 K. Problem set #6. Due March 4, 2022.

1. In three space dimension, the retarded solution of the wave equation with an instant point
source for example, a light flash at x =0 and ¢t = 0 — is a spherical shell disturbance of

radius R = ct and zero thickness,

ot —
Ov(x,t) = 6)6%(x) = U(xt) = ot = Ixl/e). (1)
47 |x]|
In spaces of other odd dimensions d = 3,5, 7, ... (but not d = 1), we have similar behavior,
but in even space dimensions d = 2,4,6, ..., the wave of an instant point source has a

wake behind the light front. For example, in two space dimensions

cO(ct — |x])

OU(x,8) = 60300 = V) = —Tmmg

(2)

where O is the step function.
(a) Derive the 2D wave (2) from the 3D wave generated by an instant line source.

In one space dimension, the disturbance spreads out at light speed, but then does not go

away; instead,

OU(z,t) = §(t)d(z) = U(x,t) = g@(ct—|x|). (3)

(b) Again, derive this 1D wave from the 3D wave generated by an instant source on an

infinite plane.
2. In the Coulomb gauge V - A = 0, the potentials ® and A obey
1
—V2(I)<X7 t) = _p<X7 t)7 DA(X7 t) = MOJT<X7 t)v (4)
€0

where the transverse current Jp is

1 |
Jr = J + V<v2 (V- J)) be Jrlnt) = Jt) + Ve /// 47r\x—y|

As I've explained in class, the scalar potential ® and the part of the vector potential

()

A due to the second term in the transverse current (5) both respond instantaneously to



the charges and currents, but these instantaneous terms cancel out from the electric and
magnetic fields. In this exercise, we shall see how this works for a particularly simple

source, namely an electric dipole p which turns up for just a moment and then turns back
off,

px,t) = =8(t) (p- V)0 (%), J(xt) = &'(t) pd™(x). (6)

Note: derivatives of the delta functions are defined via integration by parts,
def
/dtf(t) x0'(t—tg) = — /dt flt) xo(t —to) = —f'(to) (7)

and likewise for the V6®) (x — xg).

(a) As a warm-up trivial exercise, verify the continuity equation for the dipole flash (6)

and calculate the scalar potential ®(x,¢) in the Coulomb gauge.
(b) Calculate the transverse current Jr(x,t) and show that

Irix.0) = 0() (0900 + Vo9 (o)) 5)

A7r

_ &) <§p5(3)(x) ML L p). (9)

(c¢) Next, prove a couple of lemmas you would need in the following parts.

Lemma 1: for any smooth function of position F(z),

///d3z W F(z) = O {(1 + 7’%) #d29n Flz = rn)] .

whole
space

(10)
where O is the step-function.
Lemma 2:
1 9 1 1

d=Q = :
A7 " |x + Rn| max(|x|, R)

(11)



(d) Use the retarded Green’s function to solve the wave equation OA = poJr for the

vector potential under initial condition A(x,¢ < 0) = 0. Show that

for + < ‘X|/C, A(X, f;) = M002@(t) V<p ’ V) ( : )

A7|x]|

(12)
_ @(t) 3(Il ) p)n — P .
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Hints: (1) use eq. (8) rather that eq. (9) for the transverse current; (2) after applying
the retarded Green’s function, change the integration variable from y to z = y — x,

then turn 0/0y derivatives into 0/0x at fixed z; (3) use lemmas (10) and (11).

(e) Use vector potential (12) and the scalar potential you have computed in part (a) to

verify that the electric and the magnetic fields do not propagate faster than light,

for t < c|x|, E(x,t) = B(x,t) = 0. (13)

(f) Now calculate the vector potential A(x,t) for t > |x|/c, including the light front
t = |x|/c itself.

(g) Finally, use the vector potential from part (f) to find the electric and magnetic fields.

3. In class I have discussed electromagnetic energy, momentum, and related quantities for

the vacuum. In a uniform linear medium we have similar formulae:

power density: P = J-E, (14)
force density: f = pE + J x B, (15)
energy density: u = %E D + %H - B, (16)
energy flux density: S = E x H, (17)
momentum density: g = DxB = Ec_/; S, (18)



stress tensor: T,; = E;D; + H;B; — 30;(E-D+H-B). (19)

(a) Verify the local energy and momentum conservation laws

ou

. P = 2
5+ VS + 0, (20)
0gi
—éi — VjTZ'j + fi = 0. (21)

Hint: for a linear medium E;D; = D;F; and H;B; = B;H;.

Now consider a linear but non-uniform medium where € and p vary with x (but not with

time or frequency),

D(x,t) = e(x)eE(x,t), B(x,t) = p(x)uoH(x,1), (22)

For such a medium, the force density equation (15) has additional terms involving gradients
Vi and Ve, while the remaining equations (14) and (16) through (19) remain exactly as

for a uniform medium.

(b) Verify the local conservation laws (20) and (21) for a non-uniform medium and a
modified force density equation. Also, write down the modified force density equation

and explain the physical meaning of the extra terms.



