
PHY–387 K. Problem set #10. Due April 8, 2022.

1. Consider a waveguide with a triangular cross-section; specifically, the cross-section is a

right isosceles triangle

a

a

Let’s start by finding the eigenstates of the −∇2
2d operator subject to Dirichlet or Neumann

boundary conditions on all 3 sides of the triangle.

(a) Let’s mirror-reflect the triangle off its long side, so the original triangle plus its image

form a square,

(1)

Suppose ψ(x, y) obeys the eigenstate equation (∇2 + Γ2)ψ = 0 and the Neumann or

Dirichlet boundary conditions on all 3 sides of the triangle. Let’s continue this ψ to

the whole square by mirror reflection off the diagonal side,

ψ(xmirror) = ±ψ(xorig) (2)

where the sign is + for the Neumann boundary conditions and − for Dirichlet.

Show that the extended ψ obeys the eigenstate equation and the Neumann/Dirichlet
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boundary conditions for the whole square. In particular, show that ψ(x, y) and all

its derivatives are continuous across the diagonal line separating the original triangle

from its image.

(b) Using the results of part (a), find all the eigenstates and the eigenvalues for the original

triangle.

(c) Using the results of part (b), describe all the TM and TE waves of the triangular waveg-

uide and calculate their cutoff frequencies. For simplicity, assume that the waveguide

is filled with air or vacuum and let ǫ = µ = 1.

2. Continuing the previous problem of the triangular waveguide, suppose the waveguide’s

walls have small but non-zero resistivity ρ = 1/σ. This causes attenuation of the waves

propagating down the waveguide, and your task is to calculate this attenuation rate for 2

specific waves:

(a) The TE wave with the lowest cutoff frequency (among the TE waves).

(b) The TM wave with the lowest cutoff frequency (among the TM waves).

For simplicity, assume no dielectric inside the waveguide, thus ǫ = µ = 1.

3. Now consider a microwave resonator cavity in the shape for a cylinder of radius R and

length d. For d > 2.03R, the lowest-frequency mode of this cavity is TE1,1,1. Calculate the

quality factor Q of this mode.

For simplicity, assume vacuum inside the cavity and neglect any possible opening in its

surface. Also, assume all sides of the surface have the same surface resistivity Rs.

Use Mathematica (or equivalent software) to calculate the integrals of Bessel functions and

their derivatives.

4. Finally, a reading assignment: §8.10 and §8.11 of the Jackson’s textbook, about the optical

fibers. I have explained some of this material in class, but the textbook goes into far more

detail, so please read carefully.
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