Wigner—Eckart Theorem

The Wigner—Eckart theorem concerns the matrix elements of scalar, vector, and tensor
operators between states |a, j, m) of definite angular momentum — or rather, definite J,

and definite J2. Most generally, the theorem gives us

<o/,j/, m’| A dices la, 5, m) = <a’,j'|| A l|a, 5) x a_known_function_of(j, m, j’, m/, indices)
1)
where ‘indices’ denotes 0, 1, or more vector indices of a scalar, vector, or tensor operator
Aindices; and (o', 5'|| A ||a, j) is the reduced matriz element which does not depend on m/, m,
or the indices of A. As to the ‘known function’ in eq. (1), I shall spell it out in terms of the

Clebbsch—Gordan coefficients later in these notes.

The Wigner—Eckart theorem drastically reduces the number of independent matrix ele-
ments one may need to calculate the hard way. For example, consider the transition in which
the outer-most electron of an aluminum atom moves from the excited L = 2 state down to
the ground L = 1 state while emitting a photon. The transition rate here depends on the

matrix element of the electric dipole operator 61, between the two states,
(ground, L' = 1,m7| d; |excited, L = 2,my,) (2)

Alas, the initial state here can be any one of 5 degenerate states with L = 2 (but different
myp); likewise, the final state can be any one of 3 degenerate ground states with L' = 1; and
the electric dipole vector has 3 components a?i, so altogether there are 5 x 3 x 3 = 45 matrix
elements for the transition in question. For simplicity I ignore the spin here; otherwise we
would need even more matrix elements. But even “only” 45 matrix elements are way too
much work to calculate as explicit integrals. But thanks to the Wigner—Eckart theorem
we do not need to work quite this hard. Instead, it’s enough to calculate any one non-
vanishing matrix element (2) the hard way, and the eq. (1) yields the reduced matrix element
(ground, L' = 1|| d||excited, L = 2) and hence all 45 matrix elements (2) for the transition

in question.



Scalar Case

Let’s start with the matrix elements of a scalar operator A. The scalar operators com-
mute with J and J2, so the state A |, 7, m) has exactly the same j and m as the original

|, 7, m) state. Consequently,

Ala,j,m) = 0 unless j/ = j and m’ = m. (3)

<Oz/,jl, m/

Moreover, since the rotation operators ﬁ(n, ¢) mix up states with different m’s, the matrix

element here does not depend on m’ = m (as long as m’ = m), thus
(o, j',m/| Ala,j,m) = 6 j0m m x function_of (o, o, j, but not m). (4)

Altogether, there is a selection rule — the matrix element of a scalar operator vanishes unless
§' = j, — and for any given o/, o, and j' = 7, all the (25 +1)? matrix elements corresponding

to different m and m’ are related via eq. (4).

Finally, the function of o/, r, and j' = j on the RHS of eq. (4) is called the reduced matriz
element (o, j|| A ||, j) of the scalar operator A. Or rather, in some conventions it’s called
the reduced matrix element, while in other conventions — like in the Sakurai’s textbook —
there is an extra factor of /275 + 1, thus
(o, jl| Alla, j)

NoTES 5)

A|a’j7m> = 6j’7j5m/7m X

! /
<Oé,] , T

Vector Case

Next, consider the matrix elements of the vector operators V. The Cartesian components
Vx’yyz of a vector operator obey [j“ ‘A/J] = z’hei,j7k‘7k, but for our purposes it’s more convenient

to use the so-called spherical components

. +V, — iV, . . . vV,
qu%, Vo =V., Vi = ———2, (6)

inspired by the ¢ = 1 spherical harmonics,
Am +r — 1y Am AT —T — 1y
—rY; —1(0, = —— —1rYi0(0, = z, — Y] 0, = ——.
\ 5 Y1100, 9) 7 5 10(0,9) \ 5 Y1100, 9) 7
(7)

The commutators of the spherical components Vu (= —1,0,+1) with the angular momen-



tum operators J exactly parallels the action of the J operators on the |j,m) states with

j:
[, V] = uhVy, Jlj=1,m) = mhlj=1m),
[ji,f/ﬂ] = 0, ji‘jzl,m::tn = 0,
e, Vo] = V2hVi, Jili=1,m=0) = V2h|j=1,m==+1),
[Ji, V1] = V21V, Jilj=1,m==F1) = V2h|j=1,m=0)

(The proof is a part of your jomework set#17). Consequently, for any unit vector n

(0-3), V) = Y Ve x (G=1,4](@-3)|j=1,p) (9)
‘LL/
and hence for any finite rotation R(¢,n)

R(6,n)V, R (¢ Zv/xp )(¢,n). (10)

(Again, the proof is a part of the fomework set#17).

Next, consider the vector operator Vu acting on states with definite 57 and m, Vu lae, j,m).

When we rotate this state, we get

/\

R(&,m)Vy e, j,m) = )V, RY(¢, ) x R(¢,n)|a, j,m)

= (Z‘O‘ J,m / (van)) (11)
= Z

! !
wm

'>><D () DY), (6m).

This transformation law under finite rotation looks exactly like transformation of two simul-
taneously rotated sets degrees of freedom, in multiplets |j1,m1, j2, m2) where for the case at
hand j; = 1, m1 = pu, j2 = j, and mo = m. Consequently, from the net angular momentum
point of view the state Vu |, 7,m) is a linear combination of states with mpet = p + m

while jpet Tuns from |j — 1| to j 4+ 1 by 1. Moreover, the coefficient of any particular jpet
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component of this state is is the usual Clebbsch-Gordan coefficient C'(jnet, Mnet|1, 12, 4, m)
for adding angular momenta j; = 1 and jo = j. Although once we get the non-rotational

degrees of freedom represented by a’s into account, we get a more general formula

J+1
Vilajom) = > > ol f,m/ = p+m) x C(j',m!|1, u, §,m) x
i=lj-1 «

x function(c/, j', o, 7 but not m’, p, m).
(12)

Or in terms of the matrix elements of the vector operator \7,
CQy',m'|L, p, j,m)

(o, j',m| V|, j,m) = N el (o, 51| Ve, 5) (13)

where the reduced matrix element (¢, 5'|| V||, j) depends on the multiplets (e, j) and
(a/, ') and on the vector operator V but does not depend on the multiplet members m or

m’ of the specific component y of the vector operator.

Also, the Clebbsch-Gordan coefficient in eq. (13) enforces the selection rules: the matrix
elements of vector operators vanish unless [j — 1| < 5/ < j 4+ 1 — or equivalently |j' — j| =

(0Oor 1) and 5+ 7 >1,— and also m’ = pu+ m.
Spherical Tensors

Similar to the scalar and vector operators, there are Wigner-Eckart theorems for the
tensor operators Tij, Tijk; etc., with any numbers of indices. However, such tensors form
reducible multiplets of the rotation group SO(3), so they need to be reorganized into ir-
reducible multiplets, and then each irreducible multiplet re-expressed in terms of spherical

rather than Cartesian components.
For example, the irreducible parts of a general two-index tensor T;; are:
1. The trace S = tr(T") = Tj; (implicit ) ,), which is a scalar.

2. The antisymmetric part TA = %(T —Ty) = -T ]“Z‘, which is equivalent to a vector
V = El]kT]k = Ez]kT T e]ka



3. The traceless symmetric part,

S 1 1 S S S
T = 5T +T5) — 50;5t0(T), T = +T5, tr(T°) = 0. (14)
For the higher-rank tensors, their irreducible parts are also scalars, vectors, and traceless
symmetric tensors of various ranks. For example, a general 3-index tensor Tj;; decomposes
into a 3-index traceless totally-symmetric tensor, 2 different 2-index traceless symmetric

tensors, 3 different vectors, and one scalar.

Next, consider the spherical harmonics, or rather fy,,(x) = reYam(Q, ¢). In terms of

Cartesian coordinates x,y, z, each fy,, is a homogeneous polynomial of degree ¢:
ff,m(x) _ Tf}/&m(e’ ¢> — Tﬁ,ig,...,igxill,iz . xi57 (15>

where the coefficients T2 form a totally symmetric ¢-index tensor. Moreover, all such

tensors are traceless since the fy,,(x) obey the Laplace equation:
O e szé,m(x) — €<£ _ 1>Tj7jai3a"'7ie :CZB oo :L-ZZ _— Tjajvi?»a'"yiz — 0 (16)

Also, the number of independent components of such an /—index traceless symmetric tensor
is (2 4 1), same as the number of independent spherical harmonics for a given ¢. Indeed,
in 3D a generic totally symmetric /-index tensor has (“2'2) = %(f + 1)(¢ + 2) independent
components, while the zero trace condition amounts to %(ﬁ—Q—l—l) (¢—2+2) linear constraints,

so a traceless symmetric tensor has only
S+ +2) — F(—2+1)(0—-2+2) = 20 + 1 (17)

independent components. Thus, eq. (15) provides a one-to-one map between the Cartesian

components 7% and the spherical components = —¢, ..., +{. For example, for £ = 2
% r?Ys 19(0,0) = 3(Fz —iy)?,
Tun(6.0) = (Fr—iy) (18)
?—g 7“2}/27()<97 ) = % (222 2 — yz),



so for any traceless symmetric 2-index tensor 7;; we define its spherical components as

2 .
T = UTp —Tyy) + iThy,
7% = ¥T,. — iT)., (19)

7 = \/g (2T — Tow — Tyy).

The bottom line of this exercise is that any ordinary tensor is equivalent to one or
several spherical tensors Tg) which transform under rotations like the spherical harmonics

Yym(0, ¢), namely

R:TYW —» Y (ij?m,(mf x T (20)

similarly to
Yym(Rn) = (Rn|l,m) = <n|7A€T(R):7A€(R_1)|E,m>
= S (njt,m’) x DY) (R

= 3" (nlt,m') x (DW(R))T (21)

- Z (fofm/(RU Vi (n).

Tensor Operators

A spherical tensor operator T®) has 2k + 1 components bek) which transform into each

other under rotations according to

RIRTOR(R) = 3= (D) x 7 (22)
w
or in reverse direction
RIRTORI(R) = S°1® x ¥ (R), (23)
,LI/



exactly as the quantum states in a (j = k) multiplet,
5 . . k
R(R)|j=km=p) = > |j=km=u)x DV (R). (24)
w

By the Baker-Hausdorff lemma, the transformation laws (23) are equivalent to the commu-

tation relations with the angular momenta,

0] = nd®

(25)
[Je 1) = VEF 0 1=,
similarly to the action of the J operators on |7,m) states in a (j = k) multiplet,
Jolj=km=p) = phlj=km=p),
i (26)

Jelj=km=p) = JEFW)k+1Ep)h|j=km=p+1).

(k)

When the spherical tensor operators 7,,”" act on the |o, j,m) states, the resulting states

transform under rotations R according to

R(R)T |a, j,m) =

which works exactly like a (j; = k) x (jo2 = j) multiplet of two separate (but simultaneously
rotated) sets of degrees of freedom. Similar to what we had in eq. (11) for the vector
operators, this reducible multiplet splits into irreducible multiplets of definite jnet ranging
from |j — k| to j + k, and the decomposition of states with definite p and m into states with
definite jpet and mypey = p + m follows the Clebbsch—Gordan coefficients

C'(Jnets Mnet|j1 = k,m1 = p,j2 = j,me = m). Allowing for an overall (u, m)-independent



coefficient — as well as changing & — o/ — due to a non-trivial action of the tensor operator

T(k), we end up with

Jj+k
T o jom) = 30 S| gm! = ptm) x O |k, i, j,m) x
J'=li—kl o
x function(c’, j', o, 7 but not m’, u, m).
(28)
Or in terms of matrix elements of the spherical tensor operator,
. : : C(j,m/|k, p, j,m

o, i m 7 a,j,m) = ’ = L x {« 7% o 29
(o, ', m! | T |a, j, m) TS (51| T™ o, j) (29)

where the reduced matrix element (o, j’|| T*) ||av, 7) depends on the multiplets (e, j) and
(/") and on the vector operator V but does not depend on the multiplet members m or

m’ of the specific component y of the tensor operator.

Implicit in the Clebbsch—-Gordan coefficient in eq. (29) is the selection rule for the matrix
elements of the spherical tensor operator: The matrix element vanishes unless m' = p +m

while 7, 7/, and k obey the triangle rule,

j+ 3 >k o+ k> § 4+ k> (30)

Equation (29) is the general form of the Wigner—Eckart theorem, the scalar operators
and the vector operators we have discussed earlier in these notes are simply special cases of

k = 0 for the scalars and £ = 1 for the vectors.
Projection Theorem

The Wigner—Eckart theorem for the vector operators has a very useful corollary for their

matrix elements between states with the same ;' = j:

(o, 3,m| (T - V)|, j,m
_l’_

x {j,m’ j, ,Mm) 31
G ) (gym!| Ji |3, m) (31)

(o, j,m/| Vi |, j,m) =

This formula is known as the projection theorem because for o/ = avand |¢0) =Y ¢ |, 7, m)



eq. (31) becomes

W),

IVl = 25t Wl ), (32)

i.e., the expectation value of the vector V is the projection of V onto the direction of the

angular momentum.

Proof: By the Wigner-Eckart theorem
(o g,/ | VP, jym) = (oI Ve, ) x Cpy (i) (33)

where the C;l,7m(j) factor combines the Clebbsch C(j, m/|1, i, j, m), the 1/4/25 4+ 1 factor,
and the translation from the spherical basis V), for the vectors to the Cartesian basis V. ..
Eq. (33) apples to matrix elements of any kind of a vector operator, including the angular

momentum J itself, thus
o[ 1gom) = (G 115) % Chrn () (34)

for exactly the same matrices C? ,  as in eq. (33).

Next, for the dot product J - V we have

(o, 5.m| (- V) |a,jm) = (o, 5,m| J'V' |a, 5,m)
((inserting a complete basis of states between J¢ and V)

= Z <o/,j,m

A /
a’,gn,m

A

JZ

alluj/7m/> X <O//7j/7m/’ VZ |a7j> m>

{( where the first factor vanishes uness o/ = o’ and j' = j))

= Y GomlJ|jm') x (o j,m! | Ve, j,m)

m’ only

S GNI ) Chrgr () % (1| V (v, 5) % Cii 1 (5)

m/

(& GV e 7)< GG %D Cy o (5) Clr (),



and in exactly similar fashion
(Gom| 32 jm) = GII5) < Gl Z () (36)

Consequently, taking the ratio of the last two formulae, we arrive at

<O/7j7m| (j v) |a,j,m> o <o/,j||\7||a,j> '

(gym| J2{5,m) Gl
Finally, taking the ratio of eqs. (33) and (34), we get
(o g | Vilagom) (ol IV lland) (ol goml (- V) fa g, m) (38)

(G, m!| Jt|j,m) Gl 1) (,m| J2 |, m)
and therefore

R /- j— -V— .
(ol G| Vil gomy = T N IOT 0 g ijomy . (39)
(J,m|J?[j,m) =h (J+1

Quod erat demonstrandum.

Example: The magnetic moment of an electron is approximately

— —e ~ ~
1 = —(L+2S 40

so the magnetic moment operator for a whole atom is

- —e

floet = 2_mc(13net +2Spet). (41)

Now consider the expectation value of this operator in a state of definite net orbital angular

momentum L, definite net spin S, and definite net angular momentum J. The m; quantum

10



number can have any value, or we can have a linear combination of states with different m ;.

By the projection theorem, in such a state

) <ﬁ.j> ) ., <(I:+2S)-j> )
(&) () )= 2 (¥ (7). (42)
or in short,
PN 9% /5
<“> - 2me <J> (43)
where
<(ﬁ +28)-3 >
g = - (44)
()
is the gyromagnetic factor of the atom.
To evaluate eq. (44), we notice that
(L+25)-3J=0+9-3=3+8S.J (45)
and
2§83 =3+ 8 - 3-S=1)? (46)
thus
3 S 32 &2 f 2
(L+28)-3 = 332 + 38 - IL (47)
Consequently, in a state with definite values of L, S, and J,
<(E +28) j> = 312 +1) + WSS+ 1) — LKPL(L+1) (48)
and therefore
3 S(S+1)—L(L+1)
= = : 49
9=5* 2J(J + 1) (49)

For example, an oxygen atom in its ground state has L =1, S =1, J = 2, and hence g = %
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