POLARIZED SCATTERING OF EM WAVES

In a polarized scattering problem, we take the incident wave to be 100% polarized and
also detect the polarization of the scattered wave. Specifically, let the incident wave be a

plane wave in direction ng polarized in direction ey L ng, thus
Einc(x,t) = Eopegexp(ikng - x — iwt). (1)

This wave creates harmonic current J (X)e_i“’t in the scattering body, which in turn radiates

the scattered wave. In the far zone of this scattered wave, the electric field is

ikr—iwt
Es(x,t) = —ikZyEy (nx X (ng X F)) (2)
where
F(ng, eo;n,) = —o /d3yJ(y) exp(ikng - y). (3)
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Projecting the scattered electric field onto a particular polarization e 1 n,, we have

ezkr—zwt

Esle] = e"-Ey = —ikZyEy (" (nx (nxF))), (4)

ikr—iwt

Eule] = +ikZoEy (e* - F). (6)

Consequently, comparing the scattered power in the direction n and polarization e

dP(n,e) 9 |Fse(n, e)|2

o % T g, (7)

to the incident power flux Sy = |Fo|?/220, we find the polarized scattering cross-section to



be

4 e sme) = L P _ TllEc(me)?
d<) 0, €0 ) - Sinc dQ - |E0‘2 (8)

= K72 le* - F(no, eo; n)‘z.

For example, consider scattering off a small dielectric sphere of radius a < A. The
incident wave’s electric field is approximately uniform over such a small sphere, so it induces

in the sphere the electric dipole moment
p ~ aE(center) = aEgepe 9)

where « is the sphere’s polarizability,

a = 4ma’ X €0 - (10)

Neglecting the higher electric and magnetic multipole moments compared to this dipole

moment, we have

EoF = f = fodipole = _%pamplitude = —i—:anem (11)
hence
F = —i% eo, (12)
and therefore
g—g(no,eg —n,e) = (kiO:&)Q ’e*~e0‘ (13)

Note that this polarized scattering cross-section depends on the polarization vectors of the
incident and scattering waves but seems to be independent of their directions ng and n; but
there implicit dependence on the two wave’s directions through the constraints ey L ng and

el n.



As to the overall coefficient of the scattering cross-section, for the dielectric sphere

kZowao
4

o e—1 e—1 € —
= ExcZox| — = a® = Ka® ——x(cZyep = 1) = k?a® ——=, (14
Xc 0><<47T a6+260) a 6_f_2><(c 0€0 ) a €_'_2,( )

thus polarized scattering cross-section

do = ka8 el 2 x |e* - eg|? (15)
ds2 polarized - €+2 o

Now let’s work out the polarized cross-sections in the specific basis of planar polariza-
tions: one polarization tangent to the scattering plane and the other normal to that plane,
where the scattering plane is the plane spanning the directions ng and n of both the incident
and the scattered waves. Without loss of generality, let the incident wave run in 2z direction
while the scattered wave run in the (zx) plane at angle 6 to the incident wave. Then in this

coordinate system

ng = (0,0,1), n = (sin#,0,cos6),
eo(]|) = (1,0,0), e(]]) = (cosf,0,—sindh), (16)
eO(J-) = (07170)7 e(J-) = (0717())7

and therefore
cos?0 for |||,
‘e* ) 80’2 _ 0 for ||%J_, (17>
0 for L—|,
1 for L—1.

Consequently, the polarized partial scattering cross-sections (15) come out to be

(&) 1) = ()b =0

do (=) = k*a® el 2 X cos® 6 (18)
ds) B €+2 ’

and do (L—1) = k'a® el 2 ((isotropic! ))
dQ N €t 2 e

What about the un-polarized cross-sections? Suppose the detector of the scattered wave

measure only its total intensity and is blind to the wave’s polarization. At the same time,



the incident wave is un-polarized, meaning: 50% of its power belong to one polarization
and 50% to the other polarization. In this case, we measure the un-polarized partial cross-
section which obtains by summing the polarized cross-sections over the scattered wave’s

polarizations and averaging over the incident wave’s polarizations,
da) 1 (da) 1 (do
D) = () Uany) + 5 (52) (L)
(dQ — 2 \ d2 2 \ d

= 5((F) =0+ (G5) 10+ (G5) o + (55) o)

1 e—1\2
= §Xk4a6(—2> ><<cos29+0+0+1>
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(19)
And the total scattering cross-section obtains by integrating this partial cross-section over

the 47 directions of the scattered waves,

do e—1\%2 s8r
= [*Q( — :#6&—>x—. 20
Tt / (dQ) unpolarized ! €+2 3 ( )

Finally, suppose the incident EM wave is unpolarized, but the detector of the scattered
wave is sensitive to its polarization. In this case, the detector will show the scattered wave to
be partially polarized, because one polarization of the incident wave scatters stronger than
the other. In terms of planar polarizations || and L to the plane of scattering, the degree of

polarization for the scattered wave (in a particular direction) is

_dPL—dPB do(L) —do(])

_ - , 21
dP +dP do(L) +do(]|) (21)
which for the small dielectric ball evaluates to
1 —cos?6
Y = ———. 22
() 14 cos26 (22)

Note the direction dependence of this degree of polarization: the wave scattered backward
or forward is unpolarized (II = 0) while the wave scattered at 90° angle is 100% polarized

1 to the plane of scattering.



