SEPARATION OF VARIABLES METHOD

Separation of variables is a method for solving partial differential equations — such as
Laplace, Poisson, or Schrodinger equations — is volumes whose boundaries line up with the
coordinate surfaces. For example, a rectangular box in Cartesian coordinates (z,v,z), the
space outside a sphere in spherical coordinates (7,0, ¢), or a cylindrical cavity in cylindrical
coordinates (p, ¢, z). In these notes I focus on the Laplace equation — solving the electrostatic
boundary problem in a suitable volume V, with no charges inside ¥ but unknown charges

outside V or on its surface.

The basic idea of the separation of variables method is to look for the solutions (of the

Laplace equation subject to non-trivial boundary conditions) in the product form

Or,y.2) = Fl2)g(y)h(z). (La)
or &(r,0,6) = f(r)g(6)h(s), (Lb)
or (p,6,2) = F(p)g(@)h(2). (Lo)

More generally, one starts by looking for infinite series of such product solutions to the Laplace
equation subject to the homogeneous boundary conditions (such as ® = 0 at some boundaries),
and then looks for the linear combination of such product solutions that would also satisfy the
remaining non-homogeneous boundary conditions (such as ®(x) = given ®p(x) at the remaining

boundaries).

But instead of developing a general theory of the separation-of-variables method, I am going

to explain it by giving a few specific examples.

A 2D Cartesian Coordinate Example

Let’s start with an effectively 2D problem where the potential ®(z,y, z) depends on the x

and y coordinates but does not depend on the z. Specifically, consider an infinite slot
0<z<a 0<y<oo, —00<z<+00 (2)

between 2 conducting and grounded walls (where ® = 0) at z = 0 and at * = a. There are

no electric charges within the slot, but there are some unknown charges outside the slot, and



also unknown surface charges on the wall. On the other hand, somebody have measured the
potential at the front boundary y = 0 of the slot and found that it depends only on the =z

coordinate across the slot but not on the vertical z coordinate,

Qy =0, ®(x,0,2) = known Dy(z only). (3)

And since the slot’s geometry is symmetries WRT translations in the z direction, we presume

the potential inside the slot to also be independent on z.

Mathematically, this gives us a 2D boundary problem inside the yellow semi-infinite strip

0<z<a,0<y<ooon the following diagram:

&= O

> T
given @y (z)

Specifically, we looking for ®(z,y) which obeys:

>’e 0%
1 Nog® = — — =
1] 2d 12 + Dy 0,
2] Qr=0and Qz=a:® = 0, andfory —4o0:®—=0
3] O(z,y =0) = given Opy(z).

In the separation-of-variables method, we start by focusing on the homogeneous conditions [1]

and [2] — but not the inhomogeneous condition [3] — and look for the solutions of the product



form

For a potential of this form, its 2D Laplacian is

Nog®(z,y) = f'(x)g(y) + f(x)g"(y),

hence

La® _ f@) ")
o f() 9(y)

Consequently, the Laplace equation for the potential requires

f'(x)  g"(y)
f@ g

= 0 Vur,y,

(8)

and since the first term on the LHS here depends only on x while the second term depends only

on y, the only way they can add up to zero for all x and y if both terms are constants. Thus,

1

=

p for the same constant C.
9w _ o

9(y) ’

At the same time, the homogeneous boundary conditions [2] translate into conditions for the

f(x) and g(y) as

lim g(y) = 0.

Yy——+00

(10)

In particular, the f(x) obeys the ordinary differential equation f”(z) + Cf(z) = 0, whose

general solution is a combination of since and cosine waves (for C' > 0) or hyperbolic sinh and

cosh (for C' < 0). However, the boundary conditions requiring nodes at both x = 0 and =z = a



select the sine waves of particular wave numbers, specifically

f(z) = sin —”Z”“" (11)
for an integer n = 1,2, 3, ..., and hence
nm 2
c=+(2) >0 (12)
a

Consequently, the g(y) function obeys ¢”(y) = Cg(y) for a positive C, so the general solution

is a combination of a sinh and a cosh, or equivalently

g(y) = AXxexp (—%) + B X exp <+?> . (13)

However, the asymptotic condition g — 0 for y — 400 forces B = 0 so g(y) is a decaying

exponential only.

Altogether, a product solution to the conditions [1] and [2] has form
O(z,y) = (const) x sin L x exp <—@) (14)
a a
for an integer n = 1,2,3,.... Note an infinite series of such solutions. And since the condi-

tions [1] and [2] are homogeneous, and linear combination of their solutions is also a solution.

Consequently, the more general solutions to the conditions [1] and [2] have form

o0
O(z,y) = ZA" X sin ? X exp (—%) (15)
n=1

for some real coefficients A,,. In fact any solution to the 2D Laplace equation [1] in the strip
subject to the boundary conditions [2] can be written as a series (15) with some coefficients

A,. But for the sake of brevity, let me simply state this theorem but skip the proof.

Now let’s go back to the complete boundary problem, including the inhomogeneous con-

dition [3] — the known potential ®y(x) at the front boundary y = 0. It is this condition



which determine the coefficients A, in eq. (15). Indeed, for y = 0 all exponential factors in the

series (15) become 1, thus

nnx
@ = = _
(x,y=0) = > A, xsin . (16)
n=1
hence the boundary condition [3] becomes
> nnx
ZA” X sin —— = given ®p(x). (17)
a
n=1

In other words, the A, are the Fourier coefficients of the given boundary potential ®p(x)

expanded into the sine waves,

a
nmwx

5 ¢
A, = —/d.’)? Dy () X sin —— . (18)
a a

0

In particular, for a ®y(x) being a sine wave — or a combination of a few sine waves — there is

only one — or only a few — non-zero coefficients A,,, so the series (15) becomes a finite sum.

For example, consider

®y(z) = Vo x sin® ks
; (19)
3Vo v Vo 3mx
= — Xsin— — —sin—
4 a 4 a
Comparing this boundary potential to the Fourier series (17), we immediately — without
performing any integrals — identify
3Vt %
A = TO’ Az = _ZO’ all other A, = 0, (20)
and therefore, in the interior of the slot
O(z,y) = 3V X sin % exp (—%> _ Y% X sin%—x X exp _3my . (21)
4 a a 4 a

For other kinds of boundary potentials ®p(z), the Fourier series (17) has an infinite number

of terms, and the coefficients A,, obtain as Fourier integrals (18). For an example, suppose the



from wall of the slot at y = 0 is conducting but not grounded and insulated from the side walls

at z = 0 and x = a; instead, it’s held a a constant but non-zero potential
Op(x) = Vo # 0 (same at all 0 < z < a).

In this case, the coefficients A,, obtain as

a nm

2V 2V
A, = 22 da sin 70— 20 [gq sin(«)
a a nm
0 0

2 for odd
= 2—%(1 —cos(mr)) = Q—VOX{ orecet

nm nm 0 for even n.
Consequently, inside the slot
oddn
4Vy nmx nmy
P(z, = — X 8in — X ex (——)
(,y) D , p(——

n=1,3,5,...

There happens to be an analytic formula for this infinite sum, namely

2Vt
O(z,y) = 20 arctan(

™

but it’s easier to understand the physical behavior of the potential (24) with a 3D plot:

(22)

(24)

(26)

And here are the cross-sectional profiles of ®(z) at specific fixed y’s, namely (y/a) = 0.01, 0.11,



0.21, 0.31, 0.41, 0.51, 0.61, 0.71, 0.81, and 0.91:

1.0

(27)

As you can see, at small y < a — near the front of the slot — the profile is almost constant
like the ®4(x) except for the sharp bends down to zero at = 0 and also at x = a. But as we
go deeper into the slot — to larger y — we get lower and more rounded profiles with slower
rises at the x = 0 and z = a ends. And for larger y’s — deeper and deeper into the slot — the

profiles start looking just like the sine wave sin(7wz/a) with smaller and smaller amplitudes.

The reason for this behavior becomes clear when we write the potential as the series (24):
All the exponentials exp(—nmy/a) shrink with increasing y, but the exponentials with larger
n shrink faster that the exponentials with smaller n. Consequently, for large y/a the leading
n = 1 term completely dominates the potential, and we end up with

4V
V = ?0 x exp(—my/a) x sin(mzx/a) fory R a, (28)

a sine wave with a decreasing amplitude, exactly as we see on the plot (27).



A 3D Cartesian Coordinate Example

For a 3D example of the separation-of-variables method, consider a pipe with a rectangular
axb cross-section, but unlike a slot from the previous example, all 4 sides the pipe are conducting
and grounded. On the other hand, the length of this pipe is infinite in only one direction, so in

the obvious (z,y, z) coordinates, the interior of the pipe is limited to
0<zx<a, 0O0<y<b 0<z<+o0, (29)

and the pipe has a rectangular opening at z = 0. Similar to the previous example, there are
no electric charges inside the pipe but there unknown charges outside it and on the pipe’s wall,
and we are given the measured potential ®p(x,y, 2z = 0) across the pipe’s opening; our task is

to find the potential ®(z,y, z) throughout the pipe’s interior.

Mathematically, we are looking at the potential ®(z,y, z) in the region (29) which obeys

the following conditions:
[1] ® obeys the 3D Laplace equation, A®(z,y, z) = 0;

[2] ® vanishes on the 4 grounded walls of the pipe,
®(x,y,2) = 0whenz =0, orz=a, ory=0, or y =10, (30)

and deep inside the pipe, the potential asymptotes to zero, ®(z,y,z) — 0 for z — +oc;

[3] at the pipe’s opening z = 0 the potential matches the given boundary potential,

O(z,y,z2=0) = given dp(z,y). (31)

Using the separation-of-variables method, we start by looking at the potentials of the form

(z,y,2) = flz)xgly) x h(z) (32)

which obeys the Laplace equation [1] and the homogeneous boundary conditions [2] — but
don’t worry about the inhomogeneous condition [3]. Eventually, we shall find an infinite series
of such solutions, and then we shall look for a linear combination of these solutions that happens

to obey the condition [3].



So let’s start with the Laplace equation. In 3D,

P N 0*P N P
0?2 Oy? 022
(for @ as in eq. (32))) (33)

= f"(x) x g(y) x h(z) + flx)xg"(y) x h(z) + flz) % g(y) x h"(z),

AP =

hence

NS ) ) W)
& f@ g A

and we want this expression to vanish for all z,y, z. But the first term here depends only on

(34)

the x coordinate, the second — only on the y, and the third — only on the 2, so the only way
they can add up to zero for all independent x,y, z is if each one of these terms is a constant.

Thus,

@)

o) C1 = const,

9"y _ = cons

o) ~ T ot (35)
};l (<Zz)) = ('3 = const,

and C7 + Cy + C3 = 0.

Next, the homogeneous boundary conditions [2] for the potential translate to the boundary

conditions of the f, g, and h functions as

flx=0) = f(xr=a) = 0,
gly=0) = gly=0) = 0, (36)
h(z) — 0 for z — +oo.
Altogether, the f(z) function obeys
@) = Cix f(z) =0, f(0) = f(a) = 0, (37)
exactly as in the previous 2D examples, so it has the same solutions:
f(z) = sin m;m: , Cp = —(mm/a)® < 0, (38)



for an integer m = 1,2, 3,.... Likewise, the g(y) function obeys similar conditions

g"(y) — Caxgly) = 0, ¢(0) = g(b) = 0, (39)

so 1t also has similar solutions:

. nm
gly) = sin=2. G = —(nm/b)?, (40)
for an integer n = 1,2, 3,. ... Note: the two integers m and n in egs. (38) and (40) are completely

independent from each other.

Now let’s pick any particular positive integers m and n. For any choice of these integers,

we have

C3 = —Cy — Cy = +(mn/a)® + (nm/b)? > 0, (41)

so let’s define

fma 2 VT = \/(m/a)? + (nm/b)?. (42)

In terms of this ky, p, the conditions for the h(z) function become

W'(2) — K2, xh(z) = 0, h(z) — 0 for z— 400, (43)

m,n

with the only solution to these conditions being

h(z) = exp(—Kmmn X 2). (44)

Altogether, we see that all the product solutions to the conditions [1] and [2] for the potential

inside the pipe have form

®(z,y,2z) = const X sin * x sin nﬁ:y X exp(—Km,n?) (45)

a

for positive integers m and n. Similar to the 2D example we got an infinite but discrete set of

solutions, although in the present 3D case we got a double series labeled by two independent

10



integers m and n rather than a single series. And since the conditions [1] and [2] are linear
and homogeneous, any linear combination of the product solutions (45) is also a solution, so a

general non-product solution has form

o0 o0
O(r,y,2) = Z Z App X sin ML o sin % X exp(—Km,nZ) (46)

for some constant coefficients A, . Again, a theorem says that any solution to [1] and [2] has
form (46) for some real coefficients A, ,,, but for brevity’s sake let me skip the proof of this

theorem.

In particular, the solution for the full problem — including the inhomogeneous boundary
condition at the z = 0 opening of the pipe — must have the form (46) for some coefficients
Ap o, and the values of such coefficients follow from the given boundary potential V;(z,y) at
z = 0. To find these coefficient, let’s evaluate eq. (46) for z = 0: Since exp(—rmnz) = 1 for

z = 0 regardless of the value of K, ,, we get

oo 0

®(z,y,2=0) = Z ZAm,n X sin T % sin nﬁ:y = should be = given ®y(x,y). (47)

a

m=1n=1

The double sum in this formula looks like a double Fourier expansion of ®,(z, y) into sine waves

of z and of y, so the coefficients A,,, obtain from the corresponding Fourier integrals as

a

4
man = _b/ /dy@bx y)xsmmmy xsinn—zy. (48)
0

Example:
Suppose the pipe has a square cross-section a X a (thus b = a), and the boundary potential at

the pipe’s opening is a double-sine wave

3 4
Oy (z,y) = Vp x sin T sin Y (49)
a a

In this case, we do not need to perform the integrals (48) to find the Fourier coefficients A, .

11



Instead, we simply compare eq. (49) to the Fourier series (47):

4
ZZAmnxsinmﬂxxsin@ = Voxsin%—xxsinﬂ, (50)
’ a b a a
m=1n=1
which immediately tells us that
Asy = Vp while all other A,,,, = 0. (51)

Consequently, the double sum (46) for the potential inside the pipe has only one non-zero term,

thus

V(z,y,2) = Vp X sin 37% X sing“y X exp(—K3.42), (52)
where
K34 = \/(371’/&)2 + (47 /a)? = (7/a) X V3442 = (m/a) x 5. (53)
Altogether,
V(z,y,z) = Vo Xsin 37ij X sini“y X exp (—5;2) . (54)

Separation of Variables in Spherical Coordinates

Boundary problems in volumes V with spherical or conical boundaries are often solved
using separation of variables in spherical coordinates (7,6, ¢). In these notes we shall stick to
the spherical boundaries only, so V can be a spherical cavity, or the space outside of a sphere,

or a shell between two concentric spheres.

Let’s start with a spherical cavity of radius R; there are no electric charges inside the cavity
but there are some unknown charges outside the cavity and on its walls; and we happen to know
the potential at the cavity’s spherical boundary r = R. Thus, we seek the potential ®(r, 6, ¢)
such that

[1] AD = 0,
2] O(r=R,0,¢9) = given ®y(0, ).

12



In addition, there are pseudo-boundary conditions for the potential as a function ®(r, @, ¢) of

the spherical coordinates:

® is periodic in ¢ : P(r, 0,0+ 271) = D(r,0,9),
3] ® is finite and regular at the sphere’s poles at § = 0 and 6 = T,

® is finite and regular at the coordinate center r = 0.

In the separation of variables method, we start by looking at product potentials

®(r,0,0) = f(r) xV(0,¢) (55)

that obey the Laplace equation [1] and the pseudo-boundary conditions [3], but put the outer

boundary condition [2] aside for a moment. In spherical coordinates, the Laplace operator acts

as
o*d 200 1,
where
2 2
12 _ _8 1 0 1 0 (57)

902 tanf 99 sin0 02
is a differential operator in the angular coordinates (6, ¢). Its name L? stems from it being the
vector square of the first-order operator L = —ix x V, which you should recognize from the

quantum mechanics class: L — or rather AL — is the orbital angular momentum operator in

the coordinate basis.

Back to the Laplace operator (56), when acting on the product potential (55) it yields

2f'(r)

r

.0~ L wyes). oy

A(f(r)Y(0,9)) = f'(r) x V(0,¢) +

hence

P2AS () +2rf(r)  L2Y(0,9) (59)

For a potential obeying the Laplace equation this expression should vanish for all r, 6, ¢, but

since the first term on the RHS depends only on the radius r while the second term depends

13



only on the angular coordinates, both terms must be constants. Thus,

r2f'(r) + 2rf'(r) = Cx f(r), (60)
L*Y(0,¢) = Cx Y(8,9), (61)

for the same constant C.

The angular equation (61) is the eigenvalue/eigenstate equation for the L? operator. Specif-
ically, it’s the eigenvalue/eigenstate equation in the space of functions that are periodic in ¢
and regular at the poles § = 0 and # = 7. In principle, we should solve this equation using
one more factorization Y(6, ¢) = g(0) x h(¢), turning the PDE (61) into ODEs for ¢(#) and
h(¢), and applying the pseudo-boundary conditions. But in the interest of brevity, let me skip
all this process and simply use what you (should) already know from the quantum mechanics

class: The spectrum of the orbital angular momentum? operator L? comprises

C = ((l+1) forinteger £ =0,1,2,3,.... (62)

And for each such ¢, there are 2/ + 1 independent eigenstates Yy, (6, ¢) called the spherical
harmonics labeled by integer m running from —¢ to +¢ by 1. Here are some important features
of the spherical harmonics:

e The Yy,, have form Yy ,,(0,¢) = (const) X Py, (cosd) X exp(im¢) where the Py,)(x)
are called the associate Legendre polynomials, even though some of them are not really
polynomials. Instead, Py,)(cosf) = (sin 0)!" x degree (¢ — |m/|) polynomial of cos 6.

e For m # 0 the spherical harmonics are complex; by convention, Y/ = (=1)"Y, _ .

Also, all the harmonics with m # 0 vanish at the poles § =0 and 6 = .

e The only harmonics which do not vanish at the poles are the Yy . These harmonics are

independent of ¢ and are proportional to the regular Legendre polynomials Py(cos @), but
have different normalization: Yy (6, %) = /(20 + 1) /47 x Py(cosf).

e The spherical harmonics are orthogonal to each other and normalized to 1. That is
/ / Y (0,0) Yy i (0,0) d*Q0,0) = 00.06mm - (63)

e Any smooth, single-valued function g(6, ¢) can be decomposed into a series of spherical

14



harmonics,

oo +L

90.6) =3 Y Condin(®,0) for Coo = [[9060.0)Y7,,(60.0)00,0). (61

{=0 m=—4

o Let F'(r,0,¢0) = TEX}/&m(Q, ¢). Then in Cartesian coordinates, F'(x,y, z) is a homogeneous
polynomial in xz, y, z of degree £. Moreover, F(x,y, z) obeys the Laplace equation AF = 0.

Now consider the radial equation (60) for C' = ¢(¢ + 1):
r2x f'(r) + 2r x f'(r) — L+ 1)f(r) = 0. (65)

This differential equation is invariant under rescaling of the radius, » — const x r, so let’s look

for the solutions f(r) that are eigenstates of this symmetry, namely
fr) = r® (66)
for a constant power a. For such radial profiles
rx flir) = axr®, r2x f"(r) = ala—1) x r®, (67)
hence eq. (65) becomes
ala—1) X% + 2ax 7% — Ll+1) xr® = (a(a—l—l) - e<e+1)) X% =0, (68)
which makes f(r) = r® a solution provided

ala+1) —Ll+1) =0 <= a=+L or a=—(l+1). (69)

1

This, we have two independent solutions — ¢ and r—¢~! — of the linear second-order equa-

tion (65), so a general solution is a linear combination

f(r) = (const A) x r* 4+ (const B) x (70)

L
Altogether, a general product solution of the Laplace equation in the spherical coordinates

15



has form
0,0.0) = (Axr' 4 ) X Vin(6.0) ()

for some integer ¢ and m. And since the Laplace equation [1] and the pseudo-boundary con-
ditions [3] for the spherical coordinates are all linear, any linear combination of the product

solutions (71) —

- By
O(r,0,6) = Z (Aemxr +T”f)><n7m<9,<z>> (72)
{=0 m=—¢
is also a solution. Moreover, any solution of [1] and [3] has form (72) for some constant

coefficients Ay, and By,,, but again I am going to skip the proof of this theorem.

SPHERICAL CAVITY

The values of the coefficients Ay ,,, and By, for the specific solution of the complete bound-
ary problem follow from the given boundary potential ®(6,¢) at the spherical boundary or
boundaries. Let’s start with a particularly simple case of V being a spherical cavity of radius R.
In this case, there is only one spherical boundary at » = R but there is also a pseudo-boundary
at the coordinate center r = 0. Since there are no electric charges inside the cavity — and
in particular no charges at the center — the potential ®(r, 6, ¢) must be finite and regular at

r = 0. In terms of eq. (72), this means

all By,, = 0 (73)
and therefore
o
(r, 0, ) ZZAgmxergm(M) (74)
(=0 m=—¢

where the remaining coefficients Ay, follow from the given boundary potential at r = R.

Indeed,

O(r=R,0,0) = Y Agm x R' x Yy;(0,¢) = should be = given ®y(0,¢),  (75)

{m

and since the spherical harmonics form a complete orthonormal basis for functions of the angular

16



coordinates, we have
oo +4
B0.0) = > D Com¥inl0.0) for o = [[06,0) x ¥iyu(6.0) P020,0). (60)

{=0 m=—/

Comparing the last two formulae, we immediately see that

A&m X RE = C&m (76)
and hence
Cﬂ,m 1 * 2
Af,m = F = ﬁ (I)b<97 (b) X Y'E,m<97¢> d Q<97 (b) (77)

In particular, if the boundary potential ®(6,¢) happens to be a polynomial function of
sinfet™® sinfe @, and cosf, then it’s a linear combination of a finite number of spherical
harmonics with coefficient obtaining by inspection without any integrals. In such a case there
are only a finite number of non-zero Ay, coefficients, and the series (74) has only a finite
number of terms. But for more general boundary potentials, the series (64) and hence (74) do
have infinitely many non-zero terms, and to obtain their coefficients we do have to evaluate the

integrals (77).

SPACE OUTSIDE A SPHERE

For a different example, let V span the whole space outside a sphere of radius R, with a
known boundary potential ®(r = R,0,¢) = ®3(0, ¢) on that sphere’s surface. Again we have
only one spherical boundary here, but we must supplement it with an asymptotic condition for

the potential at r — oco. The simplest asymptotic condition is zero potential at infinity,

lim ®(r,0,¢) = 0 V0,0, (78)

r—00

which immediately requires all the Ay, coefficients in the series (15) to vanish. Hence,

Bom
(r,0.6) = D 77 x Yim(0.0). (79)

lm
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where the remaining coefficients By ,, follow from the boundary potential on the sphere’s surface:

Bim
O(r=R0,0) = Y. Rﬁll X Yy m(6,6) = should be = given (6, ). (80)

l,m
To find these coefficients, we again expand the boundary potential into spherical harmonics
oo 4
B0.0) =D D Com¥inl0.0) for Com = [[6,0) x V7,0 (6.0) P020,0), (64

{=0 m=—/4

and comparing the last two formulae we see that this time we need
Bt = R Gy = B [[04(6,0) % ¥i,0(60,0) 22006.0) (51)

But a different asymptotic condition at » — co may lead to a different solution with some

of the Ay, # 0 to make

o(r,0,0) m KZ A&mrEY&m(Q, ¢) = should = given Pasymptotic (r,0,9). (82)
m

For example, in problem 2(c) of the homework set#1], the asymptotic electric field is uniform

Eg. Assuming the direction of this asymptotic field is 4z, this means

(I)asymptotic<$7y7 Z) = —Fkp x Z, (83)
or in spherical coordinates

47
Pasymptotic(r, 0, 9) = —FEg xr xcosf = —FEyxr x 3 1,000, ). (84)

Matching this asymptotics to eq. (82), we see that for this problem we need

1
Arg = —y/ EWEO, while all other Ay, = 0. (85)

As to the By, coefficients, they follow from the given boundary potential at » = R, but now

you need to account A1 # 0 when calculating the By ,.
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SPHERICAL SHELL

Finally consider a shell between two concentric spheres of radii Ry < Rp. This time we
don’t have to worry about the limits » — 0 or r — oo, but instead we have two boundary

potentials

O(r=Ry1,0,0) = Pp1(0,90) and P(r = Ra,0,0) = Dpa(0, ). (86)

Let’s expand both boundary potentials into spherical harmonics:
Oy (6 chmnm

for Zm //q)b1 ><ng(9,¢)d29<9,¢),

(87)
Ppp(6, ¢ C YZm(e ?)
for ¢ = / [ 01206, x Y0 0.0 206.0).
Then matching these expansions to the expansion of the potential between the spheres
By,
o(r,0,¢) Z Z Aggn X1+~ ) X Y (0, 0) (72)

{=0 m=—4

in the limiting cases of r = Ry and r = Ry, we see that for each (¢, m) the coefficients A, and

By, obtain from solving a couple of linear equations

1 *
REx A + g x B = O = [[00100.6) < ¥7,000.0) #926.6),
1
(33)

1 2 *
Ry X A + =i % Bran = € = [[00a(0,0) x ¥730(6.6) 20,0)
2
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