
SPHERICAL WAVES

When a wave travels far enough from its source, it starts spreading in all directions while

its energy flow density S diminishes with distance as 1/r2,

S(r, θ, φ) −−−→
r→∞

F (θ, φ)
n

r2
+ O

(
1

r3

)
(1)

for some general angular power distribution

dP

dΩ
= F (θ, φ). (2)

The fields in such a wave — the E(x, t) and H(x, t) in an electromagnetic wave, or the

over-density δρ(x, t) in a sound wave, or whatever — generally look like

ψ(r, θ, φ; t) =
eikr−iωt

r

(
f(θ, φ) + O

(
1

r

))
. (3)

Waves like these are called divergent spherical waves because their wave-fronts are spheres

spreading out from the center as r = vphaset + const.

In these notes, we shall learn about the the divergent spherical waves that are exact

solutions of the wave equation(s). For simplicity, we shall start with the scalar waves before

turning to the electromagnetic waves. Eventually, we shall see that the electric and the

magnetic multipoles for ℓ = 1, 2, 3, . . . emit spherical EM waves of specific types, and we

shall spell out those waves in both far-, near-, and intermediate-distance zones.
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Spherical Scalar Waves

Let’s start with the waves of a complex scalar field φ(x, t), and focus on the harmonic

waves of a fixed frequency ω, thus ψ(x, t) = ψ(x)e−iωt for ψ(x) obeying the 3D wave equation

(∇2 + k2)ψ(x) = 0. (4)

The scalar analog of the Poynting vector — the flow density of the wave’s energy — is

S = Im
(
ψ∗∇ψ

)
= |ψ|2∇ phase(ψ), (5)

so a divergent scalar wave of a general form

ψ(r, θ, φ) =
eikr

r

(
f(θ, φ) + O

(
1

r

))
(3)

indeed has a radially spreading energy flow

S(r, θ, φ) =
|f(θ, φ)|2

r2

(
kn + ∇ phase(f) + O

(
1

r

))

=
k|f(θ, φ)|2

r2

(
n + O

(
1

kr

)) (6)

for

dP

dΩ
= k|f(θ, φ)|2. (7)

The real problem is finding the exact solutions of the wave equation (4) in the spherical wave

form (3).

The simplest solution is the spherically symmetric wave

ψ(r only) = f0
eikr

r
(8)

for f(θ, φ) = f0 = const. Indeed, for this wave

∇2ψ(r only) =
d2ψ

dr2
+

2

r

dψ

dr
=

1

r

d2

dr2
(
rψ(r)

)
=

1

r

d2

dr2
(
eikr
)
=

1

r

(
−k2eikr

)
= −k2ψ(r).

(9)

But for all other f(θ, φ) 6= const, the exact solutions have not only the leading O(1/r) term

but also the subleading O(1/r2), O(1/r3), etc., terms.
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To find all such subleading terms, let’s use the separation-of-variables method to solve

the wave equation, i.e. look for the solutions in the form

ψ(r, θ, φ) = f(θ, φ)× g(r). (10)

In spherical coordinates, the Laplace operator has form

∇2 =
∂2

∂r2
+

2

r

∂

∂r
− 1

r2
L̂2 (11)

where

L̂ = −ix ×∇ (12)

is the differential operator WRT the angular coordinates θ and φ. You can find its exact form

in any quantum-mechanics textbook where h̄L̂ is the orbital angular momentum operator in

the coordinate basis. For the wave of the form (10),

(∇2 + k2)(fg) = −(L̂2f)× g

r2
+ f × g′′ + f × 2g′

r
+ f × k2g, (13)

hence

r2

fg
(∇2 + k2)(fg) = −L̂2f

f
(θ, φ) +

(
r2g′′

g
+

2rg′

g
+ k2r2

)
(r), (14)

which should vanish for a solution of the wave equation. And since the first term on the

RHS depends only on the angular coordinates (θ, φ) while the second term depends only on

the radial coordinate r, both terms must be constants, thus

L̂2f(θ, φ) = C × f(θ, φ), (15)

r2g′′(r) + 2rg′(r) + k2r2g(r) = C × g(r), (16)

for the same constant C.
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The spectrum of the L̂2 operator should be familiar to all of your from the undergraduate

quantum-mechanics class: eq. (15) has solutions f(θ, φ) that are periodic in φ and non-

singular at the poles θ = 0, π only for

C = ℓ(ℓ+ 1), integer ℓ = 0, 1, 2, 3, . . . . (17)

And for each such ℓ, there are (2ℓ+ 1) independent solutions called the spherical harmonics

f(θ, φ) = Yℓ,m(θ, φ), labeled by another integer m running from −ℓ to +ℓ.

As to the radial equation (16), for C = ℓ(ℓ+1) it becomes the spherical Bessel equation

g′′(r) +
2

r
g′(r) − ℓ(ℓ+ 1)

r2
g(r) + k2g(r) = 0 (18)

whose 2 independent solutions are the spherical Bessel functions jℓ(kr) and nℓ(kr), thus

g(r) = Ajℓ(kr) + Bnℓ(kr). (19)

The spherical Bessel functions are related to the ordinary (cylindrical) Bessel functions with

half-integer indices

jℓ(x) =

J
ℓ+

1
2
(x)

√
2x

, nℓ(x) =

N
ℓ+

1
2
(x)

√
2x

. (20)

More interestingly, the spherical Bessel functions are related to the elementary functions as

jℓ(x), nℓ(x) = sin(x)× Polynomial(1/x) + cos(x)× Polynomial(1/x). (21)

Specifically,

j0(x) =
sin x

x
, (22)

n0(x) = −cos x

x
, (23)

j1(x) =
sin(x) − x cos(x)

x2
, (24)
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n1(x) = −cos(x) + x sin(x)

x2
, (25)

j2(x) =
(3− x2) sin(x) − 3x cos(x)

x3
, (26)

n2(x) = −(3− x2) cos(x) − 3x sin(x)

x3
, (27)

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

jℓ(x) = (−x)ℓ
(
1

x

d

dx

)ℓ(
+ sin x

x

)
, (28)

nℓ(x) = (−x)ℓ
(
1

x

d

dx

)ℓ(− cos x

x

)
. (29)

Asymptotically,

for x→ 0 : jℓ(x) ≈ xℓ

(2ℓ+ 1)!!
, nℓ(x) ≈ −(2ℓ− 1)!!

xℓ+1
, (30)

while for x→ ∞ : jℓ(x) ≈ sin(x− ℓπ2 )

x
, nℓ(x) ≈ −cos(x− ℓπ2 )

x
. (31)

In particular, the regular spherical Bessel function jℓ(kr) is the unique solution of the radial

equation that is regular at the coordinate origin. Therefore, the standing wave modes of the

scalar field in a spherical cavity have general form

ψ(r, θ, φ) = (const)× jℓ(kr)× Yℓ,m(θ, φ) (32)

for discrete values of k for which jℓ(kR) = 0 or j′ℓ(kR) = 0, depending on the Dirichlet v.

Neumann boundary conditions at the cavity’s boundary.

But for a divergent spherical wave, a singularity at the origin is OK because the wave

is must be generated by some compact oscillator at the origin. On the other hand, at long

distances from the center the spherical wave should travel outward rather than inward, or

stand in place. Consequently, its radial profile should be a complex combination of the two

real Bessel functions (for each ℓ), namely the Hankel function

hℓ(x) = jℓ(x) + inℓ(x) = −i(−x)ℓ
(
1

x

d

dx

)ℓ(
e+ix

x

)
.

5



Or rather,

gℓ(kr) = iℓ+1hℓ(kr), (33)

which at long distances kr ≫ 1 behave as

gℓ(kr) −→ iℓ
exp(+ikr − ℓπ2 )

kr
=

exp(+ikr)

kr
. (34)

Consequently, the divergent spherical wave solutions of the scalar wave equation have form

ψ(r, θ, φ) = A× kgℓ(kr)× Yℓ,m(θ, φ) −−−→
r→∞

A× e+ikr

r
× Yℓ,m(θ, φ). (35)

Or rather, all the divergent spherical waves of a given wave number k are linear combi-

nations of specific (ℓ,m) wave modes (35),

ψ(r, θ, φ) =
∞∑

ℓ=0

+ℓ∑

m=−ℓ

Aℓ,m × kgℓ(kr)× Yℓ,m(θ, φ) (36)

for some coefficients Aℓ,m. At large distances, all such waves have form

ψ(r, θ, φ) −−−→
r→∞

e+ikr

r
×
(
f(θ, φ) + O

(
1

kr

))
(37)

for

f(θ, φ) =
∞∑

ℓ=0

+ℓ∑

m=−ℓ

Aℓ,m × Yℓ,m(θ, φ). (38)

Consequently, given the asymptotic angular function f(θ, φ), we may reconstruct all the Aℓ,m

coefficients of the series (36) as

Aℓ,m =

∫∫
d2Ω(θ, φ) f(θ, φ)× Y ∗

ℓ,m(θ, φ). (39)

Finally, for future reference, let me spell out the radial profiles of the divergent spherical

waves for the low ℓ = 0, 1, 2, 3:

g0(kr) =
e+ikr

kr
, (40)
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g1(kr) =
e+ikr

kr

(
1 +

i

kr

)
, (41)

g2(kr) =
e+ikr

kr

(
1 +

3i

kr
− 3

(kr)2

)
, (42)

g3(kr) =
e+ikr

kr

(
1 +

6i

kr
− 15

(kr)2
− 15i

(kr)3

)
. (43)

Note: these radial profiles are exact and valid for all kr: large, small, or intermediate.

Spherical Electromagnetic Waves

Each component of the EM fields E(x) and H(x) obeys the wave equation

(
∇2 + k2

)
(

E

H

)
= 0, (44)

so each component Ei or Hi can be expanded into divergent spherical waves along the lines

of eq. (36). The difficulty here is coordinating the expansions of these 6 components to

maintain the Maxwell equations

∇ · E = 0, (M1)

∇ ·H = 0, (M2)

∇× E = +ikZ0H, (M3)

∇×H =
−ik
Z0

E. (M4)

Fortunately, some of these equations automatically follow from each other and the wave

eqs. (44). Indeed, given any magnetic field H(x) which obeys

∇ ·H = 0 and (∇2 + k2)H = 0, (45)

then this magnetic field and the electric field

E(x) =
iZ0

k
∇×H(x) (46)

obey all the Maxwell equations: (M2) and (M4) by assumption; (M1) follows from E being
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a curl; and (M3) follows as

∇×E =
iZ0

k
∇×∇H =

iZ0

k

(
∇(∇ ·H) − ∇2H

)

〈〈 by assumptions 〉〉

=
iZ0

k

(
0 + k2H

)
= ikZ0H.

(47)

Likewise, given any electric field E(x) which obeys

∇ · E = 0 and (∇2 + k2)E = 0, (48)

then this electric field and the magnetic field

H(x) =
1

ikZ0
∇×E(x) (49)

obey all the Maxwell equations (M1) through (M4).

Thus, from the mathematical point of view, our problem reduces to finding divergent

spherical waves of a single vector field V(x) — which can be either H(x) or E(x) — that

obeys

∇ ·V = 0 and (∇2 + k2)V = 0. (50)

Suppose we have such a vector field V(x), then the scalar field

ψ(x) = x ·V(x) (51)

obeys the wave equation. Indeed,

∇2
(
ψ = x ·V = xiVi

)
= (∇2xi)Vi + 2(∇jxi)(∇jVi) + xi(∇2Vi)

= 0 + 2δij∇jVi + xi(∇2Vi)

= 2∇ ·V + x · ∇2V,

(52)

hence

(∇2 + k2)(x ·V) = 2∇ ·V + x · (∇2 + k2)V = 0 + 0. (53)

Consequently, ψ(x) can be expanded into divergent spherical waves along the lines of eq. (36),
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thus

x ·V(r, θ, φ) =

∞∑

ℓ=0

+ℓ∑

m=−ℓ

Aℓ,m × gℓ(kr)× Yℓ,m(θ, φ) (54)

for some coefficients Aℓ,m, where gℓ(kr) = iℓ+1hℓ(kr), exactly as in eq. (34).

Since the electromagnetic waves have two vector fields obeying the conditions (50), we

may apply eq. (54) to both of them. Thus, the most general divergent spherical EM wave

should have

kx · E(x) =

∞∑

ℓ=0

+ℓ∑

m=−ℓ

Eℓ,m × gℓ(kr)× Yℓ,m(θ, φ),

kx ·H(x) =

∞∑

ℓ=0

+ℓ∑

m=−ℓ

Hℓ,m × gℓ(kr)× Yℓ,m(θ, φ),

(55)

for some coefficients Eℓ,m and Hℓ,m. In a moment, we shall see that E0,0 = 0 and H0,0 = 0

— the EM waves have no ℓ = 0 modes, — while all the remaining coefficients Eℓ,m and Hℓ,m

are independent. Consequently, each of these coefficients gives rise to a particular mode of

a divergent spherical wave. Specifically:

• Transverse magnetic waves TMℓ,m with

x · E(x) =
Eℓ,m

k
× gℓ(kr)× Yℓ,m(θ, φ),

x ·H(x) ≡ 0.
(56)

These TM waves are generated by the oscillating electric multipole moments with the

appropriate ℓ and m.

• Transverse electric waves TEℓ,m with

x · E(x) ≡ 0,

x ·H(x) =
Hℓ,m

k
× gℓ(kr)× Yℓ,m(θ, φ).

(57)

These TE waves are generated by the oscillating magnetic multipole moment with the

appropriate ℓ and m.
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No Monopole Waves

Before we study the TM and TE waves in detail, let’s find why neither type of waves

has the ℓ = 0 ‘monopole’ mode. So let V(x) be the electric field E(x) or the magnetic field

H(x); either way it must obey

(∇2 + k2)V = 0 and ∇ ·V = 0. (58)

Let’s Fourier transform this wave in all 3 space dimensions,

Ṽ(q) =

∫∫∫
d3x e−iq·xV(x), V(x) =

∫∫∫
d3q

(2π)3
e+iq·x Ṽ(q). (59)

In terms of the Ṽ(q), the wave equation (58) becomes

(k2 − q2)Ṽ(q) = 0, (60)

so Ṽ(q) must have form

Ṽ(q) = f(nq) ∗ δ(|q| − k) (61)

for some vector-valued function f of the direction nq of q. Furthermore, the zero-divergence

equation (58) translates to

q · Ṽ(q) ≡ 0 =⇒ nq · f(nq) ≡ 0. (62)

Mathematically, this makes f a vector field on the sphere spanned by the nq that’s everywhere

tangent to the sphere. And there is a topological theorem that says that all such fields must

have zeroes or singularities (or both) somewhere on the sphere. In particular, the spherically

symmetric solutions of the f(nq) do not exist!

On the other hand, the would-be ℓ = 0 modes TM0,0 or TE0,0 should involve the Y0,0(θ, φ)

spherical harmonic that is completely uniform in all directions, so these ℓ = 0 modes should

be spherically symmetric. But alas, such spherically symmetric EM waves are topologically

impossible, so the ℓ = 0 modes do not exist. Quod erat demonstrandum.
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Transverse Magnetic Waves

Consider a TM wave with x ·H ≡ 0 while x · E is a partial wave with specific values of

ℓ and m. Besides x ·H = 0, the magnetic field of this wave also obeys

L̂ ·H = −i(x×∇) ·H = −ix · (∇×H)

= − k

Z0
x · E 〈〈 by Maxwell eq. (M4) 〉〉

= − 1

Z0
Eℓ,m × gℓ(kr)× Yℓ,m(θ, φ).

(63)

Note that the operator L̂ acts only on the angular dependence of (whatever it acts upon).

Moreover, when acting on the spherical harmonics Yℓ,m(θ, φ), the L̂ preserves ℓ but may

change m. Specifically,

L̂zYℓ,m(θ, φ) = mYℓ,m(θ, φ),

(L̂± = L̂x ± iL̂y)Yℓ,m(θ, φ) = (coeff)× Yℓ,m±1(θ, φ).
(64)

Consequently, if we want

L̂ ·H = L̂zHz + 1
2L̂+H− + 1

2 L̂−H+ (65)

(where H± = Hx ± iHy) to be proportional to a specific spherical harmonic Yℓ,m(θ, φ), we

need all 3 terms in eq. (65) to be proportional to the same spherical harmonic, thus

Hz(r, θ, φ) = α× gℓ(kr)Yℓ,m(θ, φ),

H+(r, θ, φ) = β × gℓ(kr)Yℓ,m+1(θ, φ),

H−(r, θ, φ) = γ × gℓ(kr)Yℓ,m−1(θ, φ),

(66)

for some coefficients α, β, γ.

To determine these coefficients we use eq. (63) as well as the requirement x ·H = 0 for

all x and hence

α×Yℓ,m(θ, φ)×cos θ + 1
2β×Yℓ,m+1(θ, φ)×sin θe−iφ + 1

2γ×Yℓ,m−1(θ, φ)×sin θe+iφ = 0 (67)

for all θ and φ. A simple solution for the this constraint is H(x) = L̂ψ(x) for some scalar

field ψ(x) because x · L̂ = 0 and hence x ·H = x · L̂ψ = 0 for any scalar ψ. But to make
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sure the components of the H field depend on (r, θ, φ) as in eq. (66), we take

H(r, θ, φ) = C ∗ gℓ(kr) ∗ L̂Yℓ,m(θ, φ) (68)

for some overall constant C. And the value of that constant follows from eq. (63):

L̂ ·H = C ∗ gℓ(kr) ∗ L̂2Yℓ,m(θ, φ) = C ∗ gℓ(kr) ∗ ℓ(ℓ+ 1)Yℓ,m(θ, φ)

and also = − 1

Z0
Eℓ,m ∗ gℓ(kr) ∗ Yℓ,m(θ, φ),

(69)

hence

C = − 1

ℓ(ℓ+ 1)Z0
× Eℓ,m . (70)

Altogether, we may summarize the magnetic field of the TMℓ,m wave as

H(x) = L̂ψ(x) where ψ(r, θ, φ) = − Eℓ,m

ℓ(ℓ+ 1)Z0
∗ gℓ(kr) ∗ Yℓ,m(θ, φ). (71)

As to the electric field,

E(x) =
iZ0

k
∇×H(x) =

Z0

k
(∇× iL̂)ψ(x), (72)

where
(
∇× iL̂

)
i
=
(
∇× (x×∇)

)
i
= ∇jxi∇j − ∇jxj∇i

= xi∇2 + ∇i − ∇ixj∇j − 2∇i

= xi∇2 − ∇i

(
1 + xj∇j = 1 + r

∂

∂r

)
,

(73)

and hence

E(x) =
Z0

k

(
x∇2 − ∇

(
1 + r

∂

∂r

))
ψ(x). (74)
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⋆ ⋆ ⋆

To understand the source emitting a TM wave, let’s consider its EM fields — especially

the electric field (74) — in the near zone of kr ≪ 1. In this zone,

hℓ(kr) ≈ inℓ(kr) ≈ −i(2ℓ− 1)!!

(kr)ℓ+1
=⇒ gℓ(kr) ≈ iℓ(2ℓ− 1)!!

kℓ+1
× 1

rℓ+1
, (75)

hence

ψ ≈ −iℓ (2ℓ− 1)!!

ℓ(ℓ+ 1)

Eℓ,m

Z0kℓ+1
× Yℓ,m(θ, φ)

rℓ+1
, (76)

and

H = L̂ψ ≈ −iℓ (2ℓ− 1)!!

ℓ(ℓ+ 1)

Eℓ,m

Z0kℓ+1
× L̂Yℓ,m(θ, φ)

rℓ+1
. (77)

At the same time,

∇2Yℓ,m(θ, φ)

rℓ+1
= 0,

(
1 + r

∂

∂r

)
Yℓ,m(θ, φ)

rℓ+1
= −ℓYℓ,m(θ, φ)

rℓ+1
, (78)

hence eq. (74) becomes

E(x) ≈ +
Z0

k
ℓ∇ψ(x) = −∇Φ(x) (79)

for

Φ(x) = −ℓZ0

k
ψ(x) =

iℓ(2ℓ− 1)!!

(ℓ+ 1)

Eℓ,m

kℓ+2
× Yℓ,m(θ, φ)

rℓ+1
. (80)

Note: this near-zone electric field looks precisely like the field of an electric 2ℓ–pole moment!

Back in January, I have defined the spherical components of the electric multipole tensors

as

Mel
ℓ,m =

√
4π

2ℓ+ 1

∫∫∫
d3y ρ(y)× rℓyY

∗
ℓ,m(θy, φy), (81)

hence the potential generated by the static multipole moments was

Φ(x) =
1

4πǫ0

∑

ℓ,m

Mel
ℓ,m

√
4π

2ℓ+ 1
× Yℓ,m(θx, φx)

rℓ+1
x

. (82)

For the harmonically oscillating multipole moments Mel
ℓ,m × e−iωt, the near-zone electric

field should oscillate with a similar amplitude E = −∇Φ for exactly the same Φ(x) as in the
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expansion (82), although the medium-zone and the far-zone electric fields would be quite

different.

Thus, the physical meaning of eq. (80) is that an oscillating electric multipole generates

a spherically divergent TM wave with the same (ℓ,m) as the multipole. As to the wave’s

amplitude, eq. (80) gives us

iℓ(2ℓ− 1)!!

(ℓ+ 1)

Eℓ,m

kℓ+2
=

Mel
ℓ,m

4πǫ0
×
√

4π

2ℓ+ 1
, (83)

hence

Eℓ,m =
(ℓ+ 1)(−i)ℓ

(2ℓ− 1)!!
√

4π(2ℓ+ 1)
× kℓ+2

ǫ0
×Mel

ℓ,m . (84)

⋆ ⋆ ⋆

Now consider the far-zone fields of the same TM wave. For kr ≫ 1, the magnetic

field (71) becomes

H(r, θ, φ) = − Eℓ,m

ℓ(ℓ+ 1)Z0
∗gℓ(kr)∗L̂Yℓ,m(θ, φ) −→ − Eℓ,m

ℓ(ℓ + 1)Z0k
∗ e

ikr

r
∗L̂Yℓ,m(θ, φ), (85)

while the electric field obtains from the Maxwell equation (M4) as

E =
iZ0

k
∇×H. (86)

Furthermore, for the far-zone magnetic field (85), ∇eikr = eikrikn, while space derivative of

all other factors carry an extra factor of 1/r, thus

∇×
(
eikr

r
∗ L̂Yℓ,m(θ, φ)

)
=

eikr

r

(
ikn× L̂Yℓ,m(θ, φ) + O

(
1

r

))
, (87)

and therefore

E(r, θ, φ) −→ +
Eℓ,m

ℓ(ℓ+ 1)k
∗ e

ikr

r
∗ n(θ, φ)× L̂Yℓ,m(θ, φ). (88)

In particular, in any local region of space far from the center, the spherical EM wave has

E = −Z0n×H, H = +
1

Z0
n× E, (89)

exactly as for a plane wave traveling in the direction n. Consequently, similar to a plane
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wave, the divergent spherical wave has Poynting vector

S = 1
2 Re

(
E×H∗

)
=

Z0

2
|H|2 n, (90)

which for the magnetic field (85) becomes

S =
|Eℓ,m|2

2Z0 ℓ2(ℓ+ 1)2k2
∗ |L̂Yℓ,m(θ, φ)|2 ∗ n

r2
. (91)

Thus, the wave’s energy indeed flows radially outwards while the flow density diminishes as

1/r2.

According to eq. (91), the wave power radiated in a particular direction (θ, φ) is

dP

dΩ
=

|Eℓ,m|2
2Z0 ℓ2(ℓ+ 1)2k2

× |L̂Yℓ,m(θ, φ)|2. (92)

The angular dependence of this power follows from

|L̂ Yℓ,m(θ, φ)|2 = |L̂zYℓ,m(θ, φ)|2 + 1
2 |L̂+Yℓ,m(θ, φ)|2 + 1

2 |L̂−Yℓ,m(θ, φ)|2

= m2|Yℓ,m(θ, φ)|2 + 1
2(ℓ−m)(ℓ+ 1 +m)|Yℓ,m+1(θ, φ)|2

+ 1
2(ℓ+m)(ℓ+ 1−m)|Yℓ,m−1(θ, φ)|2.

(93)

For example, for ℓ = 1 and m = 0 (linear dipole in z direction)

|L̂ Yℓ,m(θ, φ)|2 =
3

4π
× sin2 θ (94)

while for ℓ = 1 and m = ±1 (circular dipole in xy plane)

|L̂ Yℓ,m(θ, φ)|2 =
3

4π
× 1 + cos2 θ

2
. (95)

As to the net wave power radiated in all 4π direction, eq. (92) leads to

Pnet =
|Eℓ,m|2

2Z0 ℓ2(ℓ+ 1)2k2
×
∫∫

d2Ω(θ, φ) |L̂Yℓ,m(θ, φ)|2, (96)
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where ∫∫
d2Ω |L̂Yℓ,m|2 =

∫∫
d2Ω

(
L̂Yℓ,m

)∗ ·
(
L̂Yℓ,m

)

〈〈 by Hermiticity of the L̂ = −ix×∇ operator 〉〉

=

∫∫
d2ΩY ∗

ℓ,m ∗ L̂2Yℓ,m

=

∫∫
d2ΩY ∗

ℓ,m ∗ ℓ(ℓ+ 1)Yℓ,m

= ℓ(ℓ+ 1)

∫∫
d2Ω|Yℓ,m|2

= ℓ(ℓ+ 1)× 1,

(97)

hence

Pnet =
|Eℓ,m|2

2Z0 ℓ(ℓ+ 1)k2
. (98)

Or in terms the multipole amplitude Mel
ℓ,m generating the wave — cf. eq. (84), — the net

power becomes

Pnet =
1

2ℓ(ℓ+ 1)Z0k2
×
∣∣∣∣∣

(ℓ+ 1)kℓ+2Mel
ℓ,m

(2ℓ− 1)!!
√
4π(2ℓ+ 1) ǫ0

∣∣∣∣∣

2

= Cℓ ×
k2ℓ+2|Mel

ℓ,m|2

Z0ǫ20

(99)

where

Cℓ =
(ℓ+ 1)

8πℓ
× 1

(2ℓ− 1)!! (2ℓ+ 1)!!
. (100)

In particular,

C1 =
1

12π
, C2 =

1

240π
, C3 =

1

9450π
, . . . . (101)

Also,

1

Z0ǫ20
= Z0c

2, (102)

so we may rewrite eq. (99) as

Pnet = CℓZ0ω
2k2ℓ × |Mel

ℓ,m|2. (103)

As a cross-check, let’s compare this formula to what we have learned a few lectures ago

16



for the electric dipole and the electric quadrupole radiation, cf. my notes. Relating the dipole

moment vector and the quadrupole moment tensor to the spherical tensors Mel
ℓ,m for ℓ = 1, 2

according to
∑

m

|Mel
1,m|2 = |p|2,

∑

m

|Mel
2,m|2 = 2

3 tr(Q
†Q),

(104)

we bring eq. (103) to the form

P dipole
net =

Z0

12π
ω2k2 × |p|2, (105)

P quadrupole
net =

Z0

240π
ω2k4 × 2

3
tr
(
Q†Q

)
, (106)

which is precisely what we had earlier in class. FYI, for the higher electric multipoles

∑

m

|Mel
ℓ,m|2 =

ℓ!

(2ℓ− 1)!!

(
Mel

ℓ

)∗
j1,...jℓ

(
Mel

ℓ

)j1,...jℓ , (107)

— thus, p∗i p
i for the dipole, 2

3Q∗
ijQij for the quadrupole, 2

5O∗
ijkOijk for the octupole, etc.,

— hence net power radiated by an oscillating electric multipole moment is

P
(ℓ)
net = CℓZ0ω

2k2ℓ × ℓ!

(2ℓ− 1)!!

(
Mel

ℓ

)∗
j1,...jℓ

(
Mel

ℓ

)j1,...jℓ
. (108)

Transverse Electric Waves

The TE waves work very similarly to the TM waves, except that the electric and the

magnetic field swap their roles. Indeed, consider a TE spherical wave with x · E ≡ 0 while

x · H(x) is a partial wave with specific values ℓ and m. Besides the x · E condition, the

electric field of this wave also obeys

L̂ · E = −i(x×∇) · E = −ix · (∇×E)

= kZ0 x ·H 〈〈 by the Maxwell eq. (M3) 〉〉

= Z0Hℓ,m ∗ gℓ(kr) ∗ Yℓ,m(θ, φ).

(109)
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As in the TM case, the solution to this equation as well as x · E ≡ 0 is

E(r, θ, φ) = C ∗ gℓ(kr) ∗ L̂Yℓ,m(θ, φ) (110)

for some constant coefficient C, whose values obtains from

L̂ · E = C ∗ gℓ(kr) ∗ L̂2Yℓ,m(θ, φ) = C ∗ gℓ(kr) ∗ ℓ(ℓ+ 1)Yℓ,m(θ, φ)

and also = Z0Hℓ,m ∗ gℓ(kr) ∗ Yℓ,m(θ, φ),
(111)

hence

C = +
Z0

ℓ(ℓ+ 1)
×Hℓ,m . (112)

Altogether, this gives us

E(x) = L̂ψ(x) for ψ(r, θ, φ) =
Z0Hℓ,m

ℓ(ℓ+ 1)
∗ gℓ(kr) ∗ Yℓ,m(θ, φ), (113)

while

H(x) =
−i
kZ0

∇×E(x) =
−1

kZ0

(
∇× iL̂)ψ(x)

=
−1

kZ0

(
x∇2 − ∇

(
1 + r

∂

∂r

))
ψ(x).

(114)

To understand the source of a TE wave, let’s look at the EM fields — especially the

magnetic field (114) — in the near zone kr ≪ 1. In this zone

gℓ(kr) −→ iℓ(2ℓ− 1)!!

kℓ+1
× 1

rℓ+1
, (115)

hence

ψ(r, θ, φ) −→ iℓ(2ℓ− 1)!!

ℓ(ℓ+ 1)
∗ Z0Hℓ,m

kℓ+1
∗ Yℓ,m(θ, φ)

rℓ+1
, (116)

where

∇2

(
Yℓ,m(θ, φ)

rℓ+1

)
= 0 (117)

and

∇
(
1 + r

∂

∂r

)(
Yℓ,m(θ, φ)

rℓ+1

)
= −ℓ∇

(
Yℓ,m(θ, φ)

rℓ+1

)
. (118)

Consequently, in the near kr ≪ 1 zone, the magnetic field (114) of the TE wave becomes a
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gradient field, specifically

H(r, θ, φ) −→ −∇
(
iℓ(2ℓ− 1)!!

(ℓ+ 1)
∗ Hℓ,m

kℓ+2
∗ Yℓ,m(θ, φ)

rℓ+1

)
. (119)

Apart from the (implicit) time dependence e−iωt, this gradient field looks exactly like the

magnetostatic field of a magnetic 2ℓ-pole. Indeed, in terms of the spherical components

Mmag
ℓ,m of such a 2ℓ-pole tensor, its magnetic field is

H(r, θ, φ) = −∇
(

Mmag
ℓ,m√

4π(ℓ+ 1)
∗ Yℓ,m(θ, φ)

rℓ+1

)
. (120)

For an oscillating rather than stationary magnetic multipole Mmag
ℓ,m ∗e−iωt, the magnetic field

would oscillate with an amplitude that looks just like (120) in the near zone, although in

the intermediate and the far zones it would look quite different. Thus, comparing eqs. (119)

and (120), we may identify the near-zone TEℓ,m wave with the near-zone radiation emitted

by an oscillating magnetic multipole Mmag
ℓ,m ∗ e−iωt. Consequently, we may go beyond the

near zone and identify the TEℓ,m divergent spherical wave — at all distances from the origin,

short, long, or intermediate — with the wave emitted by the oscillating magnetic 2ℓ-pole.

As to the amplitude of the TE wave emitted by a specific Mmag
ℓ,m multipole, it also follows

from the comparison of eqs. (119) and (120):

iℓ(2ℓ− 1)!!

(ℓ+ 1)
× Hℓ,m

kℓ+2
=

Mmag
ℓ,m√

4π(2ℓ+ 1)
, (121)

hence

Hℓ,m =
(−i)ℓ(ℓ+ 1)

(2ℓ− 1)!!
× 1√

4π(2ℓ+ 1)
× kℓ+2Mmag

ℓ,m . (122)
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⋆ ⋆ ⋆

Similar to the TM waves, in the far zone kr ≫ 1 of a TE wave, the EM fields locally

look like the fields or a plane wave that happens to travel in the radial direction n,

E = −Z0n×H, H = +
1

Z0
n× E, (123)

To see how this works, let’s go back to eq. (113) for the electric field and take the far-zone

limit

gℓ(kr) −→ e+ikr

kr
, (124)

hence

E(r, θ, φ) −→ +
Z0Hℓ,m

ℓ(ℓ+ 1)k
∗ e

ikr

r
∗ L̂Yℓ,m(θ, φ). (125)

As to the magnetic field H, it follows from the Maxwell eq. (M3),

H =
−i
kZ0

∇× E (126)

where in the far zone ∇ = ikn+O(1/r). Consequently,

H ≈ +
1

Z0
n× E (127)

and hence the other eq. (123).

The Poynting vector of a locally-plane-like wave (123) is

S = 1
2 Re

(
E∗ ×H) =

|E|2
2Z0

n, (128)

which for a far-zone TE wave (125) becomes

S =
Z0

2k2
∗ |Hℓ,m|2
ℓ2(ℓ+ 1)2

∗ |L̂Yℓ,m(θ, φ)|2 ∗ n

r2
. (129)

Similar for the TM wave, the energy of the TE wave spreads out radially so the flow density

diminishes as 1/r2, so the relevant feature of this energy is the power emitted into a particular

20



direction,

dP

dΩ
=

Z0

2k2
∗ |Hℓ,m|2
ℓ2(ℓ+ 1)2

∗ |L̂Yℓ,m(θ, φ)|2. (130)

Note that the direction dependence of this power is exactly the same as for the TM wave

with similar ℓ and m, namely

dP

dΩ
= (const)×




m2 × |Yℓ,m(θ, φ)|2

+1
2(ℓ−m)(ℓ+ 1 +m)× |Yℓ,m+1(θ, φ)|2

+1
2(ℓ−m)(ℓ+ 1−m)× |Yℓ,m−1(θ, φ)|2


 . (131)

For example, a linear magnetic dipole pointing in z direction corresponds to ℓ = 1, m = 0,

hence

dP

dΩ
∝ sin2 θ. (132)

Finally, the net power of a divergent spherical TE wave is

Pnet =
Z0

2k2
× |Hℓ,m|2
ℓ2(ℓ+ 1)2

×
∫∫

d2Ω|L̂Yℓ,m|2 (133)

where the integral over the directions evaluates to ℓ(ℓ+ 1), cf. eq. (97), hence

Pnet =
Z0

2k2
× |Hℓ,m|2
ℓ(ℓ+ 1)

. (134)

Or in terms of the magnetic multipole amplitude that generates the TE wave — cf. eq. (122),

— the net power is

Pnet = Cℓ × Z0k
2ℓ+2 ×

∣∣Mmag
ℓ,m

∣∣2, (135)

where

Cℓ
def
=

(ℓ+ 1)

8πℓ
× 1

(2ℓ− 1)!! (2ℓ+ 1)!!
, (136)

exactly as in the similar eq. (103) for the radiation of the electric multipole. For example, a
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magnetic dipole oscillator — for which

∑

m

∣∣Mmag
1,m

∣∣2 = |m|2, (137)

emits net power

Pmag.dipole
net =

Z0k
4|m|2
12π

, (138)

exactly as in my my notes on multipole radiation.

Intermediate zone

In the intermediate zone of kr ∼ 1 — also known as the induction zone — we may no

longer approximate the radial profile gℓ(kr) as either e
ikr/(kr) or (coeff)/(kr)ℓ+1. Instead,

we need to know

gℓ(kr) = iℓ+1hℓ(kr) =
e+ikr

kr
× Polynomial of degree ℓ in

i

kr
(139)

in all its details. For low ℓ = 1, 2, 3,

g1(kr) =
e+ikr

kr

(
1 +

i

kr

)
, (41)

g2(kr) =
e+ikr

kr

(
1 +

3i

kr
− 3

(kr)2

)
, (42)

g3(kr) =
e+ikr

kr

(
1 +

6i

kr
− 15

(kr)2
− 15i

(kr)3

)
, (43)

while for higher ℓ, they can be obtained as

gℓ(x) = xℓ
(−i
x

d

dx

)ℓ
e+ix

x
. (140)

Given such radial profiles, the TMℓ,m wave has fields

H(r, θ, φ) = − Eℓ,m

ℓ(ℓ+ 1)Z0
∗ gℓ(kr) ∗ L̂Yℓ,m(θ, φ),

E(r, θ, φ) =
iZ0

k
∇×H(r, θ, φ),

(141)
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while the TEℓ,m wave has fields

E(r, θ, φ) =
Z0Hℓ,m

ℓ(ℓ+ 1)
∗ gℓ(kr) ∗ L̂Yℓ,m(θ, φ),

H(r, θ, φ) =
−i
Z0k

∇×E(r, θ, φ).

(142)

Or if you know the multipole source of the wave in a tensor form, you may replace the

spherical harmonics Yℓ,m(θ, φ) — or rather than their combinations with the amplitudes

Eℓ,m or Hℓ,m with tensor products

∑

m

Eℓ,mYℓ,m(n) −→ E
(ℓ)
i1,...,iℓ

ni1 · · ·niℓ ,
∑

m

Hℓ,mYℓ,m(n) −→ H
(ℓ)
i1,...,iℓ

ni1 · · ·niℓ ,
(143)

for the appropriate symmetric traceless tensors E
(ℓ)
i1,...,iℓ

or H
(ℓ)
i1,...,iℓ

.

Sometimes it’s convenient to separate the intermediate-zone EM fields into their longitu-

dinal (radial) and transverse (angular) components. For a TM wave, the magnetic field (141)

is purely transverse while the electric field has both longitudinal and transverse components.

Specifically,

Er = n · E =
iZ0

k
n · (∇×H) = −Z0

rk
L̂ ·H

= +
Eℓ,m

ℓ(ℓ+ 1)kr
∗ gℓ(kr) ∗ L̂2Yℓ,m(n)

= Eℓ,m ∗ gℓ(kr)
kr

∗ Yℓ,m(n),

(144)

while

Et = −n× (n×E) = −iZ0

k
n× (n× (∇×H)) =

i

k
n× (n× (∇× L̂))ψ (145)

for

ψ(r, θ, φ) =
Eℓ,m

ℓ(ℓ+ 1)
gℓ(kr) Yℓ,m(θ, φ). (146)
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The differential operator in eq. (145) includes

[
n× (∇× L̂)

]
i
= nj∇iLj − nj∇jLi (147)

where

nj∇iLj = ∇i(njLj) − (∇inj)Lj = ∇i(n · L̂ = 0) − δij − ninj
r

Lj

= −Li

r
+

ni
r
(n · L̂ = 0) = −Li

r

(148)

while

nj∇jLi =
∂

∂r
Li , (149)

so altogether

n× (∇× L̂) = −
(
1

r
+

∂

∂r

)
L̂. (150)

In the context of eq. (145), this means

Et =
−i
k

(
1

r
+

∂

∂r

)
n× L̂ψ

= −i Eℓ,m

ℓ(ℓ + 1)
∗ 1

k

(
1

r
+

∂

∂r

)
gℓ(kr) ∗ n× L̂Yℓ,m(n).

(151)

Altogether, the TMℓ,m wave has fields

Hr = 0, (152)

Ht = − Eℓ,m

ℓ(ℓ + 1)Z0
∗ gℓ(kr) ∗ L̂Yℓ,m(n), (153)

Er = +Eℓ,m ∗ gℓ(kr)
kr

∗ Yℓ,m(n), (154)

Et = −i Eℓ,m

ℓ(ℓ + 1)
∗
(

1

kr
+

∂

∂(kr)

)
gℓ(kr) ∗ n× L̂Yℓ,m(n). (155)

24



As to the TE waves, we get similar formulae after swapping the electric and the magnetic

fields with each other, or rather

ETE = Z0H
TM, HTE =

−1

Z0
ETM, (156)

thus the TEℓ,m wave has fields

Er = 0, (157)

Et = +
Z0Hℓ,m

ℓ(ℓ+ 1)
∗ gℓ(kr) ∗ L̂Yℓ,m(n), (158)

Hr = +Hℓ,m ∗ gℓ(kr)
kr

∗ Yℓ,m(n), (159)

Ht = −i Hℓ,m

ℓ(ℓ + 1)
∗
(

1

kr
+

∂

∂(kr)

)
gℓ(kr) ∗ n× L̂Yℓ,m(n). (160)

PARTIAL WAVE ANALYSIS OF SCATTERING

Partial Scalar Waves

Consider scattering of a scalar wave ψ(x) off some spherically symmetric obstacle. In

quantum mechanics, this obstacle is usually a short-ranged central potential V (r), although

it can also be a reflective — or partially reflective — sphere with non-trivial boundary

conditions. In any case, far away from the obstacle the scalar field ψ(x) obeys the free wave

equation, thus

(
∇2 + k2

)
ψ(x) −−−→

r→∞
0, (161)

and we are looking for solutions of the form

ψ(x) = ψincident(x) + ψscattered(x) −−−→
r→∞

exp(ikz) + f(θ)
exp(ikr)

r
. (162)

Note: by the spherical symmetry of the scattering object, the direction of the incident

plane wave does not matter, so without loss of generality we make that direction the z axis.

Likewise, the scattering amplitude f(n) depends only on the angle between the incident

wave and the direction n of the scattering, thus in the spherical coordinates f(θ) rather than

f(θ, φ).
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To understand the physical meaning of the scattering solution (162), consider a Gaussian

wave packet

Ψ(x, t) =

∫
dk√
2πδk

e−(k−k0)
2/2δk2 × ψk(x)e

−iω(k)t (163)

where ψk(x) is as in eq. (162) and δk is very small. Consequently, at large r we get

ψinc(x, t) −−−→
r→∞

exp(ik0z − iω0t)× exp
(
−(z − vt)2/a2

)
, (164)

ψsc(x, t) −−−→
r→∞

exp(ik0r − iω0t)

r
× f(θ)× exp

(
−(r − vt)2/a2

)
, (165)

where a =
1

δk
(166)

and v =
dω

dk
. (167)

Thus, the incident wave packet moves steadily forward at the group velocity v, the scattered

wave does not exist at early times t≪ −a/v, while at late times t≫ +v/a it spreads out in

all directions. At late times, the incident wave packet and the scattered wave packet move

at the same speed but in different directions, so they stop overlapping for

t ≫ a/v

1− cos θ
=⇒ zinc − zsc = vt − vt cos θ ≫ a. (168)

Consequently, at large distances — and hence late times — we may ignore the interference

between the incident and the scattered waves but calculate their energy flow densities Sinc

and Ssc as if they were independent waves. Thus,

Sinc = kẑ, Ssc =
k|f(θ)|2
r2

n (169)

and hence the scattering cross-section

dσ

dΩ
= |f(θ)|2. (170)
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Going back to the scalar wave equation and its scattering solutions, let’s use the spherical

symmetry of the equation to separate the variables in spherical coordinates,

ψ(r, θ, φ) =
∑

ℓ,m

Cℓ,m

√
4π(2ℓ+ 1)Yℓ,m(θ, φ)× ψℓ(r). (171)

Moreover, thanks to the axial symmetry of the scattering solutions (162), — ψ should depend

on r and θ but not φ, — the expansion (171) should not include any modes with m 6= 0.

For the remaining m = 0 modes, we may use Yℓ,0(θ, φ) =
√
(2ℓ+ 1)/4π Pℓ(cos θ) — where

Pℓ(x) are the Legendre polynomials — to rewrite the expansion (171) as

ψ(r, θ) =
∞∑

ℓ=0

Cℓ(2ℓ+ 1)Pℓ(cos θ)× ψℓ(r). (172)

The individual terms in this expansion are called the partial waves.

The radial functions ψℓ(r) of these partial waves obey the ordinary differential equations

ψ′′
ℓ (r) +

2

r
ψ′
ℓ(r) − ℓ(ℓ+ 1)

r2
ψℓ(r) + k2ψℓ(r) =

(
perturbation by

the scatterer

)
−−−→
r→∞

0. (173)

Consequently, outside the scatterer the radial functions become linear combinations of the

spherical Bessel functions jℓ(kr) and nℓ(kr), and if the perturbation potential or boundary

condition (on the surface of some reflecting sphere) are real, then for each ℓ we should have

a real linear combination

ψℓ(r) = cos δℓ × jℓ(kr) − sin δℓ × nℓ(kr) (174)

for some angle δℓ called the phase shift. The reason for this name is the asymptotic behavior

of the radial solution at large r, — meaning both r ≫ Rscatterer and kr ≫ 1. For kr ≫ 1,

the spherical Bessel functions asymptote to

jℓ(kr) −−−→
kr≫1

sin
(
kr − ℓπ2 )

kr
, nℓ(kr) −−−→

kr≫1
−cos

(
kr − ℓπ2 )

kr
, (175)

hence for large radii

ψℓ(r) −−−→
r→∞

cos δ
sin
(
kr − ℓπ2 )

kr
+ sin δ

cos
(
kr − ℓπ2 )

kr
=

sin
(
kr − ℓπ2 + δℓ

)

kr
. (176)

In this formula, δℓ shifts the phase of the asymptotic sine wave from the no-scattering
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asymptotic behavior

ψfree
ℓ (r) = jℓ(kr) @ all r 〈〈 because ψfree

ℓ (r) should stay finite for r → 0 〉〉

−−−→
kr≫1

sin
(
kr − ℓπ2 )

kr
.

(177)

Next, let’s assemble the partial waves for different ℓ’s into the sum

ψ(r, θ) =

∞∑

ℓ=0

Cℓ(2ℓ+ 1)Pℓ(cos θ)× ψℓ(r)

=

∞∑

ℓ=0

Cℓ(2ℓ+ 1)Pℓ(cos θ)×
(
cos δℓ × jℓ(kr) − sin δℓ × nℓ(kr)

) (178)

and choose the coefficients Cℓ such that the net wave has asymptotic behavior (162) at large

distances. The key to this choice is the following Lemma:

+1∫

−1

eikrc Pℓ(c) dc = 2iℓjℓ(kr). (179)

Since the Legendre polynomial form a complete orthogonal basis of functions of c ∈ [−1,+1]

normalized to

+1∫

−1

dc Pℓ(c)Pℓ′(c) =
2

2ℓ+ 1
δℓ,ℓ′ , (180)

the Lemma (179) leads to

eikrc =
∑

ℓ

2ℓ+ 1

2
Pℓ(c)×

+1∫

−1

dc′ Pℓ(c
′)× eikrc

′

=
∑

ℓ

(2ℓ+ 1)iℓjℓ(kr)× Pℓ(c). (181)

Identifying c in this formula with cos θ, we see that the incident wave decomposes into the
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spherical waves as

ψinc = exp(ikz) = exp(ikr cos θ) =
∞∑

ℓ=0

(2ℓ+ 1)iℓjℓ(kr)× Pℓ(cos θ). (182)

At the same time, the scattered wave is purely divergent: its asymptotic behavior is

ψsc(r, θ) =
f(θ)

r
× e+ikr without an e−ikr term, (183)

so for each partial wave we should have

ψsc
ℓ (r) −−−→

r→∞
Aℓ ×

e+ikr

r
(184)

for some overall complex coefficient Aℓ, or in terms of the spherical Bessel functions

ψsc
ℓ (r) = Aℓk × iℓ+1hℓ(kr) = Aℓki

ℓ+1 ×
(
jℓ(kr) + inℓ(kr)

)
−−−→
kr≫1

Aℓ ×
e+ikr

r
. (185)

Altogether, the scattered wave should have form

ψsc(r, θ) =

∞∑

ℓ=0

(2ℓ+ 1)iℓPℓ(cos θ)× ikAℓ

(
hℓ(kr) = jℓ(kr) + inℓ(kr)

)
, (186)

hence adding the incident wave (182) we build

ψnet(r, θ) =

∞∑

ℓ=0

(2ℓ+ 1)iℓPℓ(cos θ)×
(
(1 + ikAℓ)× jℓ(kr) − kAℓ × nℓ(kr)

)
. (187)

Comparing this formula to eq. (178), we find the same general behavior provided

Cℓ × cos δℓ = ikAℓ + 1 and Cℓ × (− sin δℓ) = −kAℓ . (188)

Solving these equations gives us

Cℓ = exp(iδℓ), Aℓ =
1

k
sin δℓ × exp(iδℓ) =

e2iδℓ − 1

2ik
. (189)
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Coming back to the scattered wave, eq. (186) leads to

ψsc(r, θ) =

∞∑

ℓ=0

(2ℓ+ 1)AℓPℓ(cos θ)× iℓ+1khℓ(kr)

−−−→
kr≫1

∞∑

ℓ=0

(2ℓ+ 1)AℓPℓ(cos θ)×
e+ikr

r

=
e+ikr

r
×

∞∑

ℓ=0

(2ℓ+ 1)AℓPℓ(cos θ)

=
e+ikr

r
× f(θ)

(190)

for the scattering amplitude

f(θ) =
∞∑

ℓ=0

(2ℓ+ 1)AℓPℓ(cos θ)

=

∞∑

ℓ=0

e2iδℓ − 1

2ik
× (2ℓ+ 1)Pℓ(cos θ).

(191)

The partial scattering cross-section follows from the amplitude (191) as

dσ

dΩ
= |f(θ)|2 , (192)

where

|f(θ)|2 =
∑

ℓ,ℓ′

(exp(+2iδℓ)− 1)(exp(−2iδℓ′)− 1)

4k2
×(2ℓ+1)(2ℓ′+1)Pℓ(cos θ)Pℓ′(cos θ). (193)

Consequently, integrating this partial cross-section over the 4π directions to obtain the total
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cross-section, we obtain

σtot =

∫∫
d2Ω |f |2

=

π∫

0

|f |2 × 2π sin θ dθ

=
∑

ℓ,ℓ′

(exp(+2iδℓ)− 1)(exp(−2iδℓ′)− 1)

4k2
×

× (2ℓ+ 1)(2ℓ′ + 1)

π∫

0

Pℓ(cos θ)Pℓ′(cos θ) 2π sin θ dθ

(194)

On the last line here

π∫

0

Pℓ(cos θ)Pℓ′(cos θ) 2π sin θ dθ = 2π

+1∫

−1

Pℓ(cos θ)Pℓ′(cos θ) d cos θ =
4π

2ℓ+ 1
× δℓ,ℓ′ , (195)

hence

σtot =
∑

ℓ

∣∣∣∣
exp(2iδℓ)− 1

2k

∣∣∣∣
2

× 4π(2ℓ+ 1)

=
4π

k2

∞∑

ℓ=0

(2ℓ+ 1) sin2(δℓ).

(196)

Curiously, the same combination of phase shifts also govern the imaginary part of the

forward scattering amplitude f(θ = 0). Indeed, for θ = 0 all Pℓ(cos 0) = Pℓ(1) = 1, hence

f(θ = 0) =
∞∑

ℓ=0

(2ℓ+ 1)× e2iδℓ − 1

2ik
=

1

k

∞∑

ℓ=0

(2ℓ+ 1)× eiδℓ sin δℓ , (197)

and therefore the imaginary part of this forward amplitude is

Im f(θ = 0) =
1

k

∞∑

ℓ=0

(2ℓ+ 1)× sin2 δℓ . (198)

Comparing this formula to eq. (196) for the total cross-section, we immediately see that

σtot =
4π

k
Im f(θ = 0). (199)

This relation is knows as the Optical Theorem.
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Scattering off a Small Hard Sphere

A hard sphere is a spherical surface which cannot be penetrated by a particle or a wave.

In quantum mechanics, its implemented by the infinite-wall potential

V (r) =

{
0 for r > R,

+∞ for r < R.
(200)

Consequently, the wave-function ψ(r, θ, φ) obeys the un-perturbed wave equation outside the

sphere,

(∇2 + k2)ψ(r, θ, φ) = 0 for r > R, (201)

but also the Dirichlet boundary conditions on the sphere’s surface

ψ(r, θ, φ) = 0 for r = R and any θ, φ. (202)

Separating the variables in the spherical coordinates, we see that outside the sphere we

have the usual

ψ(r, θ) =
∑

ℓ

Cℓ(2ℓ+ 1)Pℓ(cos θ)× ψℓ(r) (203)

where the radial ψℓ are solutions of the free radial wave equations and hence linear combi-

nations of the spherical Bessel functions. Specifically,

ψℓ(r) = cos δℓ × jℓ(kr) − sin δℓ × nℓ(kr) (204)

for some phase shift δℓ, which obtains from the Dirichlet boundary condition

ψℓ(r = R) = 0, (205)

hence

tan δℓ =
jℓ(kR)

nℓ(kR)
. (206)

Alas, this formula is not particularly transparent, so let us explore the particularly simple

limit of a small hard sphere, R ≪ (1/k).
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In this limit,

jℓ(kR) ≈ (kR)ℓ

(2ℓ+ 1)!!
, nℓ(kR) ≈ −(2ℓ− 1)!!

(kR)ℓ+1
, (207)

so eq. (206) for the phase shifts yields

tan δℓ = − (kR)2ℓ+1

(2ℓ− 1)!! (2ℓ+ 1)!!
. (208)

In particular,

tan δ0 ≈ −(kR), tan δ1 ≈ −(kR)3

3
tan δ2 ≈ −(kR)5

45
, . . . . (209)

Note that for kR ≪ 1, all the phase shifts are negative and small, and their magnitudes

rapidly decrease with ℓ. Thus, to the leading order in (kR) we may approximate

δ0 ≈ −kR, other δℓ ≈ 0. (210)

In this approximation, the scattering amplitude becomes

f(θ) ≈ e2iδ0 − 1

2ik
× P0(cos θ) + 0 ≈ 2iδ0

2ik
× 1 ≈ −R, (211)

hence isotropic scattering cross-section

dσ

dΩ
= |f |2 ≈ R2 in all directions, (212)

and the total scattering cross-section is

σtot = 4πR2. (213)

Note: this total scattering cross-sections is 4 times larger than the geometric cross-section

σgeom = πR2 of the sphere in question. However, this discrepancy does not raise a paradox

since one should not expect the geometric optics to work around objects of size R ≪ λ.
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Partial Electromagnetic Waves

Now consider scattering of the electromagnetic waves from a spherically symmetric tar-

get. Again, at large distances from the target the EM field obey the free Maxwell equations,

and we are looking for solutions of the form

(
E

H

)
(x) −−−→

r→∞

(
E

H

)

inc

(x) +

(
E

H

)

sc

(x) (214)

where the incident wave is a plane wave traveling in z direction, while the scattered wave is

a divergent spherical wave. For a spherically symmetric problem we separate the variables

in spherical coordinates, hence a most general solution of the wave equation becomes a

superposition of the spherical TE and TM waves with all possible ℓ and m,

E(r, θ, φ) =

∞∑

ℓ=1

+ℓ∑

m=−ℓ

[
CTE
ℓ,mFℓ(r) ∗ L̂Yℓ,m(θ, φ) +

i

k
CTM
ℓ,m ∇×

(
Fℓ(r) ∗ L̂Yℓ,m(θ, φ)

)]
,

Z0H(r, θ, φ) =

∞∑

ℓ=1

+ℓ∑

m=−ℓ

[
CTM
ℓ,mFℓ(r) ∗ L̂Yℓ,m(θ, φ) − i

k
CTE
ℓ,m∇×

(
Fℓ(r) ∗ L̂Yℓ,m(θ, φ)

)]
,

(215)

where the radial profiles Fℓ(r) obey the spherical Bessel equation,

(
d2

dr2
+

2

r

d

dr
− ℓ(ℓ+ 1)

r2
+ k2

)
Fℓ(r) = 0, (216)

Or rather, they obey it outside of the scattering target. Consequently, outside the target, the

Fℓ(r) are a linear combination of spherical Bessel functions jℓ(kr) and nℓ(kr), or equivalently

of the spherical Hankel functions hℓ = jℓ+ inℓ and their conjugates h∗ℓ = jℓ− inℓ. Physically,
the hℓ(kr) account for the divergent part of the radial wave (energy moves from the center

outward) while the h∗ℓ(kr) account for the convergent part (energy moves from the infinity

to the center). For a perfectly reflecting target, these two components must have equal

magnitudes, so we should have (up to an overall factor)

Fℓ(r) = h∗ℓ(kr) + e2iδℓhℓ(kr) 〈〈 for some real phase shift δℓ 〉〉

= eiδℓ
(
eiδℓhℓ(kt) + e−iδℓh∗ℓ(kr)

)
= 2eiδℓ

(
cos δℓ × jℓ(kr) − sin δℓ × nℓ(kr)

)
.

(217)

But if the target both absorbs and scatters the incident EM power, then the convergent
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component should have a larger magnitude than the divergent component. Thus, in terms

of the spherical Hankel functions

Fℓ(r) ∝ h∗ℓ(kr) + αℓ × hℓ(kr) −−−→
kr≫1

iℓ+1 × e−ikr

kr
+ αℓi

−ℓ−1 × e+ikr

kr
, (218)

where αℓ is a complex number of magnitude |αℓ| ≤ 1.

The values of the reflection coefficients αℓ depend on the details of the scattering target

and its surface, for example the radius and the surface impedance of an opaque sphere. By

spherical symmetry, the αℓ depend on ℓ but not onm of a spherical wave. On the other hand,

the TE wave and the TM wave with the same ℓ may have different reflection coefficients

αTE
ℓ 6= αTM

ℓ . (219)

In the Appendix to these notes, I calculate the αTE
ℓ and the αTM

ℓ for an opaque sphere of

radius R and surface impedance Zs, but for the moment let me simply write them down:

αTM
ℓ =

[
d
dx + 1

x + iZs

Z0

] (
nℓ(x) + ijℓ(x)

)
[

d
dx + 1

x + iZs

Z0

] (
nℓ(x)− ijℓ(x)

) @ x = kR,

αTE
ℓ =

[
d
dx + 1

x + iZ0

Zs

] (
nℓ(x) + ijℓ(x)

)
[

d
dx + 1

x + iZ0

Zs

] (
nℓ(x)− ijℓ(x)

) @ x = kR.

(220)

Note: for Zs = 0 (a perfectly conducting sphere), or for Zs = ∞ (a perfect insulator), or for

any purely imaginary Zs, there is no absorption of the EM waves but only reflection, and

indeed, for all these cases eqs. (220) yield

|αTM,TE
ℓ | = 1 =⇒ αTM,TE

ℓ = exp
(
2iδTM,TE

ℓ

)
(221)

for some phase shifts δTM,TE
ℓ . But for all other values of the sphere’s surface impedance,

there is both reflection and absorption, and eqs. (220) yield

|αTM,TE
ℓ | < 1. (222)

In particular, for a small opaque sphere with kR ≪ 1 and finite Zs/Z0 ratio — so that we
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may assume not only kR ≪ 1 but also kR≪ |Zs/Z0| and kr ≪ |Z0/Zs|, — eqs. (220) yield

αTM
ℓ = 1 +

2(kR)2ℓ+1

(2ℓ− 1)!! (2ℓ+ 1)!!
×
[
ℓ+ 1

ℓ
i − (2ℓ+ 1)

ℓ2
(kR)× Zs

Z0
+ O

(
(kR)2

)]
, (223)

αTE
ℓ = 1 +

2(kR)2ℓ+1

(2ℓ− 1)!! (2ℓ+ 1)!!
×
[
ℓ+ 1

ℓ
i − (2ℓ+ 1)

ℓ2
(kR)× Z0

Zs
+ O

(
(kR)2

)]
, (224)

and hence

1 −
∣∣∣αTM

ℓ

∣∣∣
2

≈ 4(kR)2ℓ+2

[(2ℓ− 1)!! ℓ]2
× Re

(
Zs

Z0

)
,

1 −
∣∣∣αTE

ℓ

∣∣∣
2

≈ 4(kR)2ℓ+2

[(2ℓ− 1)!! ℓ]2
× Re

(
Z0

Zs

)
.

(225)

Note: these formulae do not apply to spheres of very large or very small surface impedances

for which Z0/Zs or Zs/Z0 ratio could be smaller than kR. For such spheres, eq. (223) and

(224) should be replaced with more general formulae

αTM
ℓ ≈ 1 +

2i(kR)2ℓ+1

(2ℓ− 1)!! (2ℓ+ 1)!!
× (ℓ+ 1)Zs + i(kR)Z0

ℓZs − i(kR)Z0
, (226)

αTE
ℓ ≈ 1 +

2i(kR)2ℓ+1

(2ℓ− 1)!! (2ℓ+ 1)!!
× (ℓ+ 1)Z0 + i(kR)Zs

ℓZ0 − i(kR)Zs
, (227)

⋆ ⋆ ⋆

Anyhow, given the complex reflection coefficients αTM
ℓ and αTE

ℓ , we may decompose

the most general harmonic EM wave outside the scattering target into a superposition of

spherical TE and TM waves,

E(r, θ, φ) =
∞∑

ℓ=1

+ℓ∑

m=−ℓ




CTE
ℓ,m

(
h∗ℓ(kr) + αTE

ℓ hℓ(kr)
)
∗ L̂Yℓ,m(θ, φ)

+
i

k
CTM
ℓ,m∇×

((
h∗ℓ(kr) + αTM

ℓ hℓ(kr)
)
∗ L̂Yℓ,m(θ, φ)

)


 ,

Z0H(r, θ, φ) =

∞∑

ℓ=1

+ℓ∑

m=−ℓ




CTM
ℓ,m

(
h∗ℓ(kr) + αTM

ℓ hℓ(kr)
)
∗ L̂Yℓ,m(θ, φ)

− i

k
CTE
ℓ,m∇×

((
h∗ℓ(kr) + αTE

ℓ hℓ(kr)
)
∗ L̂Yℓ,m(θ, φ)

)


 ,

(228)

for some general coefficients CTE
ℓ,m and CTM

ℓ,m .
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To find these coefficients for the scattering solution (214), we start by decomposing the

incident plane wave into spherical TM and TE waves. Since the incident wave is regular at the

origin, in its decomposition all the radial profiles are also regular at the origin, which means

they must be proportional to the jℓ(kr). As to their angular dependence, the transverse EM

wave does not have the axial symmetry which in the scalar case has allowed us to exclude all

the m 6= 0 modes. However, the φ-dependence of the incident EM wave stems only from its

polarization vector E0, and in terms of the angular dependencies of the L̂Yℓ,m(θ, φ) of the

individual (ℓ,m) modes, we see that the incident wave includes only the partial waves with

m = ±1. Furthermore, for the circularly polarized incident wave we have only one allowed

value of m:

for E0 =
E0√
2
(1,+i, 0), only m = +1,

for E0 =
E0√
2
(1,−i, 0), only m = −1.

(229)

Thus,

Einc
L,R(x) =

E0√
2
(1,±i, 0)eikr cos θ

=

∞∑

ℓ=1

[
ATE
ℓ jℓ(kr) ∗ L̂Yℓ,±1(θ, φ) +

i

k
ATM
ℓ ∇×

(
jℓ(kr) ∗ L̂Yℓ,±1(θ, φ)

)]
,

Z0H
inc
L,R(x) = ∓iEinc

L,R(x)

=

∞∑

ℓ=1

[
ATM
ℓ jℓ(kr) ∗ L̂Yℓ,±1(θ, φ) − i

k
ATE
ℓ ∇×

(
jℓ(kr) ∗ L̂Yℓ,±1(θ, φ)

)]
,

(230)

for some coefficients ATE
ℓ and ATM

ℓ . Let me skip the calculation of these coefficients; it’s

spelled out in §10.3 of Jackson’s textbook. Translating Jackson’s formulae into the notations

of these notes, we have

ATE
ℓ = E0Nℓi

ℓ , ATM
ℓ = E0Nℓi

ℓ∓1 , for Nℓ =

√
2π(2ℓ+ 1)

ℓ(ℓ+ 1)
, (231)
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hence

Einc(r, θ, φ) = E0

∞∑

ℓ=1

Nℓi
ℓ

[
jℓ(kr) ∗ L̂Yℓ,±1(θ, φ)±

1

k
∇×

(
jℓ(kr) ∗ L̂Yℓ,±1(θ, φ)

)]
,

Hinc(r, θ, φ) =
E0

Z0

∞∑

ℓ=1

Nℓi
ℓ∓1

[
jℓ(kr) ∗ L̂Yℓ,±1(θ, φ)±

1

k
∇×

(
jℓ(kr) ∗ L̂Yℓ,±1(θ, φ)

)]
,

(232)

As to the scattered EM wave, it has the same (ℓ,m) modes as the incident wave: all

ℓ = 1, 2, 3, . . ., but only m = +1 or only m = −1, depending on the incident wave’s helicity.

Also, the scattered wave is purely divergent, so the radial profiles of all the modes are

proportional to the hℓ(kr) without any contribution from the h∗ℓ(kr). Altogether, this means

Esc(r, θ, φ) = E0

∞∑

ℓ=1

Nℓi
ℓ




iBTE

ℓ ∗ hℓ(kr) ∗ L̂Yℓ,±1(θ, φ)

± i

k
BTM
ℓ ∗ ∇ ×

(
hℓ(kr) ∗ L̂Yℓ,±1(θ, φ)

)



 ,

Hsc(r, θ, φ) =
E0

Z0

∞∑

ℓ=1

Nℓi
ℓ∓1




iBTM
ℓ ∗ hℓ(kr) ∗ L̂Yℓ,±1(θ, φ)

± i

k
BTE
ℓ ∗ ∇ ×

(
hℓ(kr) ∗ L̂Yℓ,±1(θ, φ)

)


 ,

(233)

for some complex coefficients BTE
ℓ and BTM

ℓ . Altogether, the net incident + scattered wave

is

Enet(r, θ, φ) = E0

∞∑

ℓ=1

Nℓi
ℓ




(
jℓ(kr) + iBTE

ℓ × hℓ(kr)
)
∗ L̂Yℓ,±1(θ, φ)

± 1

k
∇×

((
jℓ(kr) + iBTM

ℓ × hℓ(kr)
)
∗ L̂Yℓ,±1(θ, φ)

)


 ,

Hnet(r, θ, φ) =
E0

Z0

∞∑

ℓ=1

Nℓi
ℓ∓1




(
jℓ(kr) + iBTM

ℓ × hℓ(kr)
)
∗ L̂Yℓ,±1(θ, φ)

± 1

k
∇×

((
jℓ(kr) + iBTE

ℓ × hℓ(kr)
)
∗ L̂Yℓ,±1(θ, φ)

)


 .

(234)

At the same time, this scattering solution should have form (228) where the radial profile

of each TM or TE mode has the right ratio αTEorTM
ℓ between the incoming and the outgoing
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waves. Thus, for each mode we should have

E0Nℓi
ℓ
(
jℓ(kr) + iBTE

ℓ × hℓ(kr)
)

= CTE
ℓ,±1 ×

(
h∗ℓ(kr) + αTE

ℓ × hℓ(kr)
)
,

E0Nℓi
ℓ∓1
(
jℓ(kr) + iBTM

ℓ × hℓ(kr)
)

= CTM
ℓ,±1 ×

(
h∗ℓ(kr) + αTM

ℓ × hℓ(kr)
)
.

(235)

Using

jℓ(kl) = 1
2hℓ(kr) + 1

2h
∗
ℓ(kr) (236)

and matching the coefficients of h∗ℓ(kr) and hℓ(kr) on both sides of eqs. (235), we find all

the Cℓ and Bℓ coefficients in terms of the αℓ. Specifically,

CTE
ℓ,±1 = 1

2E0Nℓi
ℓ, CTM

ℓ,±1 = 1
2E0Nℓi

ℓ∓1, (237)

while

BTE
ℓ =

αTE
ℓ − 1

2i
, BTM

ℓ =
αTM
ℓ − 1

2i
. (238)

Plugging these coefficients back into eq. (233) for the scattered wave, we arrive at

Esc(x) = E0

∞∑

ℓ=1

Nℓi
ℓ+1




αTE
ℓ − 1

2i
∗ hℓ(kr) ∗ L̂Yℓ,±1(θ, φ)

± αTM
ℓ − 1

2ik
∗ ∇ ×

(
hℓ(kr) ∗ L̂Yℓ,±1(θ, φ)

)




Hsc(x) =
E0

Z0

∞∑

ℓ=1

Nℓi
ℓ



±α

TM
ℓ − 1

2i
∗ hℓ(kr) ∗ L̂Yℓ,±1(θ, φ)

+
αTE
ℓ − 1

2ik
∗ ∇ ×

(
hℓ(kr) ∗ L̂Yℓ,±1(θ, φ)

)




(239)

where Nℓ is as in eq. (231).

In the far zone of kr ≫ 1, we may approximate

iℓ+1hℓ(kr) ≈ eikr

kr
, same for all ℓ,

∇×
(
iℓ+1hℓ(kr) ∗ L̂Yℓ,±1

)
≈ eikr

kr
∗ ikn× L̂Yℓ,±1 .

(240)
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Consequently, the far-zone scattered fields (239) become

Esc = E0
eikr

r

∞∑

ℓ=1

Nℓ

[
αTE
ℓ − 1

2ik
∗ L̂Yℓ,±1(n)±

αTM
ℓ − 1

2ik
∗ in× L̂Yℓ,±1(n)

]
,

Hsc =
E0

Z0

eikr

r

∞∑

ℓ=1

Nℓ

[
∓iα

TM
ℓ − 1

2ik
∗ L̂Yℓ,±1(n) +

αTE
ℓ − 1

2ik
∗ n× Yℓ,±1(n)

]
,

(241)

or in other words,

Esc = E0
eikr

r
∗ f(n), Hsc = −E0

Z0

eikr

r
∗ n× f(n), (242)

for the scattering amplitude

f(n) =

∞∑

ℓ=1

Nℓ

[
αTE
ℓ − 1

2ik
∗ L̂Yℓ,±1(n) +

αTM
ℓ − 1

2ik
∗ (±in)× L̂Yℓ,±1(n)

]
. (243)

In terms of this scattering amplitude,

Ssc =
|E0|2
2Z0

|f |2 n

r2
(244)

while Sinc = (|E0|2/2Z0), hence partial scattering cross-section

dσ

dΩ
=

r2Ssc · n
Sinc

= |f(n)|2. (245)

For an example, consider an opaque sphere of moderate surface impedance Zs and small

radius kR ≪ min(|Zs|/Z0, Z0/|Zs|). As we saw in eqs. (223) and (224), for such a sphere

αℓ − 1 = O
(
(kR)2ℓ+1

)
, (246)

so the ℓ = 1 partial waves dominate the scattering. Consequently, to the leading order in
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(kR),

αTM
1 − 1 ≈ αTE

1 − 1 ≈ 4i

3
(kR)3,

all other αℓ − 1 ≈ 0,
(247)

hence

f(n) ≈ 2N1

3k
(kR)3

(
L̂Y1,±1(n)± in× L̂Y1,±1(n)

)
. (248)

Consequently,

dσ

dΩ
= |f(n)|2 =

4

9k2
(kR)3 ×

(
N2

1 = 3π
)
×
∣∣L̂Y1,±1(n)± in× L̂Y1,±1(n)

∣∣2, (249)

where the direction-dependent factor amounts to

∣∣L̂Y1,±1(n)± in× L̂Y1,±1(n)
∣∣2 =

3

4π
(1 + cos θ)2. (250)

Indeed, using

L̂zY1,±1 = ±Y1,±1 , L̂±T1,±1 = 0, L̂∓Y1,±1 =
√
2Y1,0 , (251)

and the explicit form of the spherical harmonics Yℓ,m for ℓ = 1, we get

L̂Y1,±1(θ, φ) =

√
3

8π




cos θ

±i cos θ
− sin θe±iφ


 , (252)

and hence — via a straightforward but tedious exercise in vector algebra — eq. (250).

(Mathematica helps!). Consequently, the partial cross-section for scattering of EM waves off

a small opaque sphere is

dσ

dΩ
= k4R6(1 + cos θ)2, (253)

while the total scattering cross-section is

σnetscattering = k4R6 ×
∫∫

(1 + cos θ)2 d2Ω = k4R6 × 16π

3
. (254)

The above analysis assumes moderate surface impedance Zs of the small sphere. But if

the surface impedance is either very low, |Zs| ≪ Z0 ∗ (kR), or very high, |Zs| ≫ Z0/(kR),
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then we get different formulae for the αTM
ℓ and αTE

ℓ and hence different cross-sections.

Specifically, for kR ≪ 1 we get

for Zs ≈ 0 : αTM
1 − 1 ≈ +

4i

3
(kR)3, αTE

1 − 1 ≈ −2i

3
(kR)3,

for Zs ≈ ∞ : αTM
1 − 1 ≈ −2i

3
(kR)3, αTE

1 − 1 ≈ +
4i

3
(kR)3,

(255)

and in both cases

all αTMorTE
ℓ>1 − 1 ≈ 0. (256)

Consequently, the scattering amplitude for such a sphere is

f(n) ≈ 2N1

3k
(kR)3





either
(
L̂Y1,±1(n)∓ i

2n× L̂Y1,±1(n)
)

or
(
−1

2 L̂Y1,±1(n)± in× L̂Y1,±1(n)
)
,

(257)

hence (after some algebra)

dσ

dΩ
= |f |2 = k4R6

(
5
8 − cos θ + 5

8 cos
2 θ
)

(258)

and

σnetscattering =
10π

3
k4R6. (259)

⋆ ⋆ ⋆

Now let’s go back to a general spherically symmetric scatterer with a scattering amplitude

f(n) =
∞∑

ℓ=1

Nℓ

[
αTE
ℓ − 1

2ik
∗ L̂Yℓ,±1(n) +

αTM
ℓ − 1

2ik
∗ (±in)× L̂Yℓ,±1(n)

]
, (243)

for some general values of the αTE
ℓ and αTM

ℓ . To get the total scattering cross-section for

such a system, we need to integrate the partial cross-section |f(θ, φ)|2 over the directions n.
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In this integral, the sum over modes in eq. (243) becomes a double sum

∫∫
d2Ω

(
f(n) =

∑
terms

)∗
·
(
f(n) =

′∑
terms′

)
=
∑ ′∑∫∫

d2Ω(term)∗ ·(term′), (260)

where all individual terms are proportional to

∫∫
d2Ω

(
L̂Yℓ,±1(n)

)∗ ·
(
L̂Yℓ′,±1(n)

)
= δℓ,ℓ′ × ℓ(ℓ+ 1),

∫∫
d2Ω

(
L̂Yℓ,±1(n)

)∗ ·
(
in× L̂Yℓ′,±1(n)

)
= 0,

∫∫
d2Ω

(
in× L̂Yℓ,±1(n)

)∗ ·
(
in× L̂Yℓ′,±1(n)

)
= δℓ,ℓ′ × ℓ(ℓ+ 1).

(261)

In particular, all the off-diagonal terms in the double sum (260) vanish, while the diagonal

terms add up to

∞∑

ℓ=1

N2
ℓ ×ℓ(ℓ+1)×



∣∣∣∣∣
αTE
ℓ − 1

2ik

∣∣∣∣∣

2

+

∣∣∣∣∣
αTM
ℓ − 1

2ik

∣∣∣∣∣

2

 =

2π

4k2

∑

ℓ

(2ℓ+1)
(
|αTE

ℓ −1|2+ |αTM
ℓ −1|2

)
.

(262)

Altogether, the net scattering cross-section of EM waves is

σnetscattering =
2π

4k2

∞∑

ℓ=1

(2ℓ+ 1)
(
|αTE

ℓ − 1|2 + |αTM
ℓ − 1|2

)
. (263)

In particular, if there is no absorption but only scattering, then

αTE
ℓ = exp

(
2iδTEℓ

)
, αTM

ℓ = exp
(
2iδTMℓ

)
, (264)

for some phase shifts δTEℓ and δTMℓ , and consequently

σnetscattering =
2π

k2

∞∑

ℓ=1

(2ℓ+ 1)
(
sin2

(
δTEℓ

)
+ sin2

(
δTMℓ

))
. (265)

On the other hand, suppose some (or all) |αℓ| < 1, and let’s calculate the net absorption

43



cross-section

σnetabsorption
def
=

Pabsorbed

Sincident
. (266)

Let’s go back to a single partial wave TEℓ,m or TMℓ,m with

(
E or

Z0H

)
(x) = Cℓ,m

(
h∗ℓ(kr) + αℓ × hℓ(kr)

)
∗ L̂Yℓ,m(n)

−−−→
kr≫1

Cℓ,m

kr

(
iℓ+1e−ikr + αℓ × i−ℓ−1e+ikr

)
∗ L̂Yℓ,m(n).

(267)

In the wave-packet analysis, the convergent wave e−ikr appears at early times t ≈ −r/c
while the divergent wave appears at later times t ≈ +r/c, so we may ignore the interference

between the two waves. Instead, we may treat their respective wave powers separate from

each other. Thus, for kr ≫ 1,

Sconv ≈ |Cℓ,m|2
2Z0k2

−n

r2
∗ |L̂Yℓ,m(n)|2,

Sdiv ≈ |Cℓ,m|2
2Z0k2

+n

r2
∗ |L̂Yℓ,m(n)|2 ∗ |αℓ|2,

(268)

hence after integrating over the directions

Pconv =
ℓ(ℓ+ 1)|Cℓ,m|2

2Z0k2
,

Pdiv =
ℓ(ℓ+ 1)|Cℓ,m|2

2Z0k2
∗ |αℓ|2.

(269)

The difference between the convergent and the divergent powers is absorbed by the scattering

target, thus

Pabs =
ℓ(ℓ+ 1)|Cℓ,m|2

2Z0k2
∗ (1− |αℓ|2). (270)

Next, consider a superposition of several (or infinitely many) spherical TM or TE waves

with different (ℓ,m). The interference between these waves causes complicated angular

dependence of the convergent and divergent wave powers. But thanks to eqs. (15), once we
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integrate over the directions, all the interference terms cancel out, and the net convergent

and divergent powers (269) simply add up,

P net
conv =

∑

ℓ,m

∑

TE,TM

ℓ(ℓ+ 1)|Cℓ,m|2
2Z0k2

,

P net
div =

∑

ℓ,m

∑

TE,TM

ℓ(ℓ+ 1)|Cℓ,m|2
2Z0k2

∗ |αℓ|2,
(271)

and likewise, the net absorbed power is

P net
abs =

∑

ℓ,m

∑

TE,TM

ℓ(ℓ+ 1)|Cℓ,m|2
2Z0k2

∗ (1− |αℓ|2). (272)

In the context of the scattering solution — the plane incident wave plus the scattered

wave — the amplitudes Cℓ,m are

CTE
ℓ,±1 = 1

2E0Nℓi
ℓ, CTM

ℓ,±1 = 1
2E0Nℓi

ℓ∓1, (237)

hence the net convergent power is

P net
conv =

|E0|2
8Z0k2

∞∑

ℓ=1

ℓ(ℓ+ 1)N2
ℓ × 2, (273)

while the net divergent power is

P net
div =

|E0|2
8Z0k2

∞∑

ℓ=1

ℓ(ℓ+ 1)N2
ℓ ×

(∣∣∣αTE
ℓ

∣∣∣
2
+
∣∣∣αTM

ℓ

∣∣∣
2)
. (274)

Depending on both magnitudes and phases of the reflection coefficients αTE,TM
ℓ , some of

this divergent power rejoins the incident wave while the rest becomes the scattered wave.

Finally, the difference between the net converging power and the net diverging power is the
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net absorbed power, thus

P net
abs =

|E0|2
8Z0k2

∞∑

ℓ=1

ℓ(ℓ+ 1)N2
ℓ ×

(
2 −

∣∣∣αTE
ℓ

∣∣∣
2
−
∣∣∣αTM

ℓ

∣∣∣
2)
. (275)

In this formula

ℓ(ℓ+ 1)N2
ℓ = 2π(2ℓ+ 1) (276)

while

|E0|2
2Z0

= Sinc , (277)

hence

P net
abs =

2πSinc
4k2

×
∞∑

ℓ=1

(2ℓ+ 1)×
(
2 −

∣∣∣αTE
ℓ

∣∣∣
2
−
∣∣∣αTM

ℓ

∣∣∣
2)

(278)

and therefore the net absorption cross-section

σnetabs =
2π

4k2

∞∑

ℓ=1

(2ℓ+ 1)×
(
2 −

∣∣∣αTE
ℓ

∣∣∣
2
−
∣∣∣αTM

ℓ

∣∣∣
2)
. (279)

For example, for a small opaque sphere,

1 − |αℓ|2 ≈ 2(1 − Reαℓ) = O
(
(kR)2ℓ+2

)
, (280)

so the ℓ = 1 modes dominate the net absorption cross-section. Specifically, according to

eqs. (225),

1 − |αTM
1 |2 ≈ 4(kR)4 × Re

(
Zs

Z0

)
,

1 − |αTE
1 |2 ≈ 4(kR)4 × Re

(
Z0

Zs

)
,

all other (1− |αℓ|2) are O((kR)6) or smaller,

(281)
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so to the leading order in kR, the net absorption cross-section is

σnetabs ≈ 2π × 3

4k2
×
[
4(kR)4 × Re

(
Zs

Z0

)
+ 4(kR)4 × Re

(
Z0

Zs

)]

= 6πk2R4 × Re

(
Zs

Z0
+
Z0

Zs

)
.

(282)

Note: for a small opaque sphere with a finite (and not totally imaginary) surface wave

impedance Zs, this absorption cross-section is much larger than the net scattering cross-

section (254),

σnetabs ∼ k2R4 ≫ k4R6 ∼ σnetsc . (283)

⋆ ⋆ ⋆

For other types of scattering targets, the scattering and the absorption cross-sections

often have comparable magnitudes. In a continuous medium of such scattering targets, both

scattering and absorption contribute to the attenuation of the incident wave:

Sinc(z) = S0 exp(−nσinterceptionz), (284)

where n is the volume density of the scattering bodies, and σinterception is the total cross-

section — scattering and absorption — by a single body. In terms of partial waves,

σinterception = σnetsc + σnetabs

=
2π

4k2

∞∑

ℓ=1

(2ℓ+ 1)
(∣∣∣αTE

ℓ − 1
∣∣∣
2
+
∣∣∣αTM

ℓ − 1
∣∣∣
2)

+
2π

4k2

∞∑

ℓ=1

(2ℓ+ 1)
(
2 −

∣∣∣αTE
ℓ

∣∣∣
2
−
∣∣∣αTM

ℓ

∣∣∣
2)

=
π

k2

∞∑

ℓ=1

(2ℓ+ 1)
(
2 − ReαTE

ℓ − ReαTM
ℓ

)
.

(285)

And it is this total cross-section that is related to the forward scattering amplitude by the

optical theorem:

σinterception =
4π

k
Im
(
e∗0 · fE(θ = 0)

)
. (286)
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Indeed, for a circularly polarized incident wave with e0 = (1,±i, 0)/
√
2 and n = n0 =

(0, 0, 1), we have

e∗0 · L̂ =
1√
2
L̂∓ and e∗0 ·

(
±in× L̂

)
=

1√
2
L̂∓ . (287)

Consequently,

e∗0 · fE(θ = 0) =

∞∑

ℓ=1

Nℓ√
2

(
αTE
ℓ − 1

2ik
+
αTM
ℓ − 1

2ik

)
L̂∓Yℓ,±1(θ = 0), (288)

where

L̂∓Yℓ,±1(θ, φ) =
√
ℓ(ℓ+ 1)Yℓ,0(θ, φ) =

√
ℓ(ℓ+ 1)

√
2ℓ+ 1

4π
Pℓ(cos θ). (289)

Furthermore, for θ = 0 all Pℓ(cos θ) = 1, hence

Nℓ√
2
L̂∓Yℓ,±1(θ = 0) =

√
2π(2ℓ+ 1)

2ℓ(ℓ+ 1)
∗
√
ℓ(ℓ+ 1)

√
2ℓ+ 1

4π
=

2ℓ+ 1

2
, (290)

and therefore

e∗0 · fE(θ = 0) =
1

4ik

∞∑

ℓ=1

(2ℓ+ 1)
(
αTE
ℓ + αTM

ℓ − 2
)
. (291)

Taking the imaginary part of this forward scattering amplitude, we get

Im
[
e∗0 · fE(θ = 0)

]
=

1

4k

∞∑

ℓ=1

(2ℓ+ 1)
(
2 − ReαTE

ℓ − ReαTM
ℓ

)
, (292)

and comparing this formula to eq. (285) for the total interception cross-section we immedi-

ately see that

σinterception =
4π

k
Im
(
e∗0 · fE(θ = 0)

)
. (286)

Quod erat demonstrandum.
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APPENDIX

In this Appendix I calculate the reflection coefficients αTM
ℓ and αTE

ℓ for spherical EM

waves reflected from an opaque sphere with surface impedance Zs. By opaque I mean that

the waves inside the spherical surface die off at a depth d much smaller than the wavelength

λ or the sphere’s radius R, so we may approximate the EM fields near the surface as having

an abrupt discontinuity at r = R: For r > R we have the EM fields of a spherical TM or

TE wave with the radial profile

Fℓ(kr) = h∗ℓ(kr) + αℓhℓ(kr), (293)

but for r < R we have E = 0 and H = 0. Also, the tangential electric field Et(r = R+0, θ, φ)

immediately outside the sphere induces a surface current of density

J(r, θ, φ) = δ(r −R)K(θ, φ)

for K(θ, φ) =
Et(r = R + 0, θ, φ)

Zs

(294)

where Zs is the surface impedance of the sphere. This surface current is what makes the

magnetic field discontinuous: zero inside the sphere but non-zero immediately outside it.

Specifically, the tangential magnetic field immediately outside the sphere should be

H(r = R + 0, θ, φ) = −n(θ, φ)×K(θ, φ). (295)

Combining this formula with eq. (294), we get a boundary condition for the EM wave outside

the sphere:

ZsHt + n× Et = 0 @r = R. (296)

It is this boundary condition which determines the reflection coefficients αTM
ℓ and αTE

ℓ for

the spherical EM waves.

Indeed, let’s go back to eqs. (152) through (160) for the EM fields of spherical waves.

Except that those formulae were written for the purely divergent spherical waves with radial
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profiles

gℓ(kr) = iℓ+1hℓ(kr) −−−→
kr≫1

e+ikr

kr
, (297)

but now we want a combination of the convergent wave and the reflected divergent wave,

so the radial profile should be as in eq. (293). But the way eqs. (152) through (160) were

derived, all they cared about the radial profile is that it obeys the spherical Bessel equations,

so we may simply replace the gℓ(kr) in these equations with the Fℓ(kr) without making any

other changes. Thus, for a TMℓ,m wave we now have

Et = −i Eℓ,m

ℓ(ℓ + 1)
∗
(

1

kr
+

∂

∂(kr)

)
Fℓ(kr) ∗ n× L̂Yℓ,m(n),

Ht = − Eℓ,m

ℓ(ℓ + 1)Z0
∗ Fℓ(kr) ∗ L̂Yℓ,m(n),

(298)

and for a TEℓ,m wave

Et = +
Z0Hℓ,m

ℓ(ℓ+ 1)Z0
∗ Fℓ(kr) ∗ L̂Yℓ,m(n),

Ht = −i Hℓ,m

ℓ(ℓ + 1)
∗
(

1

kr
+

∂

∂(kr)

)
Fℓ(kr) ∗ n× L̂Yℓ,m(n).

(299)

Now let’s apply the boundary condition (296) to these waves. For the TM wave (298),

this condition becomes

ZsHt + n× Et = − Eℓ,m

ℓ(ℓ+ 1)
∗ Zs

Z0
∗ Fℓ(kr) ∗ L̂Yℓ,m(n)

− i
Eℓ,m

ℓ(ℓ+ 1)
∗
(

1

kr
+

∂

∂(kr)

)
Fℓ(kr) ∗ n× n× L̂Yℓ,m(n)

〈〈where n× n× L̂Yℓ,m(n) = −L̂Yℓ,m(n) 〉〉

=
Eℓ,m

ℓ(ℓ+ 1)
∗ L̂Yℓ,m(n) ∗

(
1

kr
+

∂

∂(kr)
+
iZs

Z0

)
Fℓ(kr)

should vanish for r = R,

(300)

thus
(

1

kr
+

∂

∂(kr)
+
iZs

Z0

)(
Fℓ(kr) = h∗ℓ(kr) + αℓhℓ(kr)

)
= 0 for r = R, (301)
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or in terms of x = kr

(
d

dx
+

1

x
+
iZs

Z0

)(
h∗ℓ(x) + αℓhℓ(x)

)
= 0 for x = kR. (302)

Solving this equation for the αℓ, we have

(
d

dx
+

1

x
+
iZs

Z0

)
h∗ℓ(x) + αℓ ×

(
d

dx
+

1

x
+
iZs

Z0

)
hℓ(x) @x = kR, (303)

hence

αTM
ℓ = −

[
d
dx + 1

x + iZs

Z0

] (
h∗ℓ(x) = jℓ(x)− inℓ(x)

)
[

d
dx + 1

x + iZs

Z0

] (
hℓ(x) = jℓ(x) + inℓ(x)

) = +

[
d
dx + 1

x + iZs

Z0

]
(nℓ(x) + ijℓ(x))

[
d
dx + 1

x + iZs

Z0

]
(nℓ(x)− ijℓ(x))

at x = kr,
(304)

exactly as in the first eq. (220).

Finally, consider the TE wave (299). This time,

ZsHt + n×Et = −iZs
Hℓ,m

ℓ(ℓ+ 1)
∗
(

1

kr
+

∂

∂(kr)

)
Fℓ(kr) ∗ n× L̂Yℓ,m(n)

+ Z0
Hℓ,m

ℓ(ℓ+ 1)
∗ Fℓ(kr) ∗ n× L̂Yℓ,m(n)

= −iZs
Hℓ,m

ℓ(ℓ+ 1)
∗ n× L̂Yℓ,m(n) ∗

(
1

kr
+

∂

∂(kr)
+
iZ0

Zs

)
Fℓ(kr)

and this should vanish at r = R,

(305)

hence
(
d

dx
+

1

x
+
iZ0

Zs

)(
h∗ℓ(x) + αℓhℓ(x)

)
= 0 for x = kR. (306)

Note reversal of the Zs

Z0

→ Z0

Zs
ratio between eq. (302) for TM waves and eq. (306) for

TE waves. Consequently, the reflection coefficient αTE
ℓ for a TE wave obtains similarly to

eq. (304) for a TM wave, except for the reversed Zs/Z0 ratio, thus

αTE
ℓ = +

[
d
dx + 1

x + iZ0

Zs

]
(nℓ(x) + ijℓ(x))

[
d
dx + 1

x + iZ0

Zs

]
(nℓ(x)− ijℓ(x))

at x = kR, (307)

exactly as in the second eq. (220).
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