EM Field Renormalization
Calculating the /”(k) at One Loop Level

In QED, the two-photon 1PI bubble

ISP (k) =

should satisfy Ward identities
kux XM (k) = 0, k, xX*(k) = 0. (2)

Between these identities and the Lorentz symmetry, the k—dependence of the ¥ (k) should

have form

S(k) = TL(K?) x (g™ x k* — kME). (3)

In this section, we calculate the ¥#(k) to one-loop order and verify that it indeed has this

form.

In pure QED, there is only one 1-loop diagram with 2 photonic external legs, namely

K v
(4)
k—
which gives us
i (k) = - / o (i) ey (5)
Hoop (2m) T e —mri0 T g —mrio

where po = p1 + k and the overall minus sign comes from the closed electron loop. To evaluate



the trace here, we use

1 p+m
7= o (6)
Pp—m+i0 P2 —m?2 +i0
hence
2 N[uv
trf-] = e xtr VVXﬂLzm.M“ Qmim. _ N (7)
p; —m=+10 p? —m?+i0 D
where
D = (p§—m?+i0) x (pf — m? +i0) (8)
and

N = (5 (o + )G +m) )
= tr(y" Py ¥1) + mPtr(y") )

= Aplph + 4piph — Alpip2)g"” + 4mPg",

cf. [my traceology noted from the Fall semester.

In the denominator D, we may combine the two factors using the Feynman’s parameter

trick, thus

1

1 1
D :O/dx [(1—2z) x (p? —m?+40) + 2 X (p3 — m?2 +i0)]?
where [---] = (1—2) xp} + o x (pp=p1 +k)*> — m? + 0 (10)
= p} + 2o x (pik) + . xk* — m? + 0
= (p1+ak)? + (z—2%) xk? — m? + 40
= p> — Az) + i0
in terms of
P def p1+xk and A(x) et 2 z(1—z) x k2. (11)
Altogether,
; 2NV
the trace = O/dx 2 = AlD) L0 (12)


http://www.ph.utexas.edu/~vadim/Classes/2024f-qft/traceology.pdf

and therefore

1

d = d 13
/3j p1—|—:1:/<; — A +10]? te /x/ [p? —A+z0] (13)

0
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The second equality here obtains from changing the order of integration over the loop momen-
tum p; and over the Feynman parameter x, followed by shifting the loop momentum variable
from p; to p = p1 + xk. To make full use of this shift, we need to re-express the numerator

NP in terms of p, k, and z rather than p; and ps. Thus, using
p=p—axxk p=p +k=p+ (1-x)xk, (14)

we obtain
vy + phpl = 2p'p” + (1—2z) x (p"k” + k'p”) — 2z(1 —x) x K"k,

15
(pip2) = P2 + (1—21) x (pk) — 2(1—z) x k2, (15)

and hence

NP = 8p'p” + 4(1—2z) x (p'k” + k'p”) — 8x(l—x) x kMK”

+ 49" x <m2 —p? — (1 —2x) x (pk) 4+ z(1 —z) x /<;2>. (16)

There are many terms in this expression, and it is convenient to re-organize them into 3

groups: the good, the bad, and the odd, thus

N' = Nygoa + Maa + Noda (17)
where
NIy = Se(l =) x (g x K2 = KR), (18)
N = s+ 4 x (m? = p? - a(l—a) < KR = Aw) - p2), (19)
N = 41— 20) x (PR + B — g x (ph)). (20)
The purpose of this re-organization is to extract the good terms (18) — which clearly have

the desirable form (3) — while the remaining bad and odd terms should not contribute to the

momentum integral.



Indeed, consider the odd terms (20) which comprise all the odd powers of the independent
momentum variable p®. Consequently, under the symmetry p® — —p® (for all 4 components
of the p®) the NV éldyd changes its sign. One the other hand, the [ d*p (over the whole momentum

space) is invariant under this symmetry, and so is the denominator [p? — A+i0]2. Consequently,

d'p Nodd
itself Noda = 0. 21
/(27?)4 [p? — A+i0]2 po—p T = / 4 p? — A +i0]? 0 (1)

The momentum integral over the bad terms (19) also vanishes, but proving that takes more
effort. First, let’s Wick rotate the momentum integral from the Minkowski to the Euclidean

space,
P’ = apt, d'p — id'pp, PP — 0%, (22)

and hence

tp NV = 8ph 49" x (A — p?
(bad>_i/<dp bad plp” + 4gM x (A —p*)

- 27)4 [p? — A +140]? (23)
_ _/d4pE 8PPy + 49" X (A +pf)
(2m)4 (A + p2)?

Note: even in the Euclidean momentum space, p and v remain Minkowski-signature vector

indices, so g"” remains the Minkowski metric tensor, and p*]iﬂ and p% should be understood as
(ip*, p", 0%, p?).

Second, let’s use the SO(4) symmetry of the Euclidean momentum space. Thanks to this

symmetry,
dSQ i P
= 0¥ x £ 24
o 7y (24)
and hence for any spherically symmetric function f (pQE)
/ d'pp f(0E) X Pgpy = 67 % / d'pp f(vE) x 7 - (25)
Or in terms of the Minkowski indices p and v,
2
/ d'pe f(ph) x Vgpls = —g" % / d'pp f(vE) x =7 - (26)



More generally, in D spacetime dimensions,

2
P
/deE f(pE) x paphy = —g" x /deE f(p%) x 5E- (27)

Applying this formula to the Euclidean momentum integral in eq (23) gives us

(bad) = — / d'pp —g" x (8p%/D) + 49" x (A + p)

(277)4 (A +p%]2 (28)
_ Wx/d‘lp]; A + (- 5) x v
- enf A+

For the moment D = 4, but we keep the dimension D as explicit parameter in order to allow
for the dimensional regularization of the momentum integral. Indeed, this integral badly needs
DR — or some other UV regulator — because it’s quadratically divergent in D = 4. Thus, we
let

dPpp 4A + (4— 5) x p%
(2m)P [A + pF)?

for generic D, evaluate the integral for D < 2 (which regulates the UV divergence), and then

(bad) = —g x it~ / | (20)

analytically continue the result back to D = 4. As usual, to evaluate the integral for non-integer

D we relate the integrand to an exponential exp(—tp%). Specifically, we let

B+ U-Pxpp (- $A
[A +pp]? A+ph (A4 pE)?
Vi 8 8 (30)
2
0
which leads to
dPpp [ s\ 8
- PE
(bad) = —g" x pt D/(Zw)D dt ((4— 5) + 5A X t) x exp(—t(A —l—p2E)),
0
Fi s\ 8 dP
_ —tA 4-D PE  _ip?
= —g’uVX/dt ((4—5)+5Axt)€ X /We PE (31)
0
= —g“”x/dt 4—§ + éAxt et % =P (4mt) P2,
D D
0
The remaining integral over ¢ here converges for D < 2, and — miracle of miracles — it



happens to vanish identically for any D < 2. Indeed, up to the overall constant factor

—g" P ()P,

8

(bad) o [dte 2% <<4 — %) xt~P/2 4 %A % tl(D/2)>

8 D 8 D
_ = (D/2)-1 _ = = (D/2)-2 _ =
4 )XA F(l 2)+ A X A I<2 2)

(08 D))

_ 3 x AP/2)=1 {—yF(y) +I(y+1) fory =1-— g]

I
(e}
VR

Sl oo

D

= 0 because ['(y+1) — yI'(y) = 0 for any y.

Consequently, analytically continuing from D < 2 to D = 4, we find that the dimensionally-

regulated integral (28) vanishes and hence

dp  Mypa
/@mﬂﬁ—A+m2_O' (33)
DR

In other words, the bad terms in the numerator N** do not contribute to the photon’s X/ Toop(k).

At this point, the only terms in the the numerator N'*¥ that do contribute to the inte-
gral (13) are the good terms (18), thus

1
% 2 d*p Nyooa = 82(1—12) % (9" k* — KMk
(k) = ie” [dx
(2m)*
0

1 loop [P2 — A + iO]Q
1 (34)
_ 82( uyk2_kukl/)x/d (1_ )X/d4p Z
= 8e“(g T x e AT R
0
In other words, the one-loop ¥#” (k) does have the requisite form
Z:li”ljoopaﬁ) = (gﬂykz - kaV) X H1100p<k2> (35)



where
1 d4 )
2 2 D ¢
M 100p(k2) = 8¢% [daz(l — ) x /(%)4 AT (36)
0

It remains to evaluate the momentum integral in the last formula and then integrate over z.
The momentum integral has the form we have seen before in this class, so we evaluate it in the
usual way: Wick rotate p to the FEuclidean momentum space, and then dimensionally regularize

the logarithmic divergence. Thus,

d*p 1 B d4pE -1
/(27T)4 p? = A+d02 /(27T)4 b + AJ?
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0
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Plugging this result into eq. (36), we arrive at

8e? 1 4 A(x)
2y
i 100p(B7) = 162 drz(l—x) x (E — vg + log o R 1 —
1 (38)
2 2
es |1 1 Ay A(x)
= —53 | % (E — vg + log 3 ) — [dzx(1—z)log 3|
0
where % factor comes from
1
1
dez(l—2x) = rE (39)
0
For convenience, let us define
/ A 2 K
= m2— (1l —
I(k? /m?) aof G/dxx (1 —xz) xlog m xg z) X : (40)
m
0
then we may summarize the 1-loop photon propagator insertion as
2 2
oy _ ¢ 1 Ay 2/ 2
M 100p(K°) = TR (E — YE + log R I(k*/m ))- (41)

Thus far, we have focused on the one-loop diagram (4) but ignored the counterterms.

Adding the 03 counterterm to the picture gives us

it (k) = S VAYAYAYAY  \VaVaVaVaH
order e (42)
= X (k) — idgT x (g2 — k),
or in terms of II(k?),
Horder62<k2) _ Hlloop<k2) o 5§rder62. (43)
Consequently, by setting
d 62 1
o5t ore? 1502 % (E + a finite constant) (44)

we may cancel the ultraviolet divergence of the electron loop.



The finite part of the d3 counterterm follows from the requirement

(k% = 0) = 0. (45)
Since I(0) = 0, this means we need
2 2
ordere? _ € l A 47T,u
03 = —1gm3 X <e /e + log 2 ) : (46)
which leaves us with
, 2
I (k) = 5 x I(K/m}). (47)

Energy Dependent Effective QED Coupling «(F)

Consider a process involving a high-momentum virtual photon, for example pair-production
(s-channel virtual photon) or Coulomb scattering (¢-channel virtual photon). Beyond the tree

level, the diagrams contributing to such processes have general form

e
W or } (48)
N

where green disks denote the dressed vertices while the double wavy line denotes the dressed

photon propagator

2 v —q 1
MANNY =
210 1 et (K2)

x (g“” + (E— 1)%) . (49)

Note that while the dressed vertices depend on the specific charged particles involved in the

process, the dressed photon propagator is universal for all processes (48), and this leads to the

universal but energy dependent charge renormalization in QED.



To see how it works, consider Coulomb scattering of some very heavy but slow charged
particles,

1 2/

(50)

1 2

Specifically, we take the limit of the charged particles’ 3-momenta p; and ps — and hence the
momentum transfer q — being much smaller than their masses but at the same time much

larger than the electron’s mass,

me < |p1l, [p2|, o] < M, M. (51)

In this limit, the dressed vertex for a heavy but slow particle becomes similar to the tree-level

vertex (I shall return to this issue in a [later set of noted), which is in term dominated by the

particle’s charge rather than its 3-current or magnetic moment, thus

where () is the particle’s electric charge Consequently, the whole scattering amplitude of the

Coulomb scattering (50) becomes

AN M2Q1Q2 " 1

M = t 1-1(t)’

(53)

where the second factor on the RHS stems from the loop corrections to the photon’s propagator.

In terms of the effective Coulomb potential between the particles (1) and (2), the scattering
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amplitude (53) corresponds to

T/ € —igx 1
Tt * [ vat = ($2)  * gy o

Note that the loop correction to the effective Coulomb potential does not depend on the specific
particles in question but only on the momentum transfer q between them, and even the particles’
electric charges Q1 = n1 X eppys and Q2 = N2 X eppys enter only as overall factors. Consequently,
the effective potential (54) can be interpreted as the momentum-dependent renormalization of

the electric charge unit e:

.2

egﬂ(qQ) = #?—012)’ (55)

where eq is the usual electric charge unit measured in electrostatic (or low-frequency) experi-

ments.

Now, suppose the only particles in our theory that are much lighter than the heavy particles
we scatter are the electrons and the photons. In this case, the 1 — II(—q?) factor in eq. (55)
obtains from the electron and electron-photon loops in pure QED. In particular, at the one-loop

level of analysis

2
11 2 € 2
where
; 2 2
1—
I(—q?/m2) = —6 /dxx(l _z) x log Mt d ‘g( 7). (40)
0 e
cf. the first section of these notes. For q? > m2, we may approximate
2 2 2 2
mg + g z(l — o) q-z(l — ) q
1 = ~ log———— = log— 1 1— 56
0g = - 82 F og(x(1 —x)), (56)
and hence
1
@ 5
I(—q?/m2) ~ / x(1—2) xlog((z(1l —x)) = —logm + 3 (57)
e

0
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Consequently, for g% > m?

2 6(2) q2 5 4
het(=) = 152 g2 —3) + Olep) (58)
and therefore
1 1 — Tpet(—q®) 1 ( % 5) )
- - — =5 (log— — 5] + Ofe 59
e?eff<q2) ed et 2 m2 3 (€0) (59)
Or in terms of o = 62/47'("
1 1 Log L - 2) 4 O(a) (60)
= — — Z\eg— — 3 Q).
et (9?) Qp 3 gmg 3

Although the above example focused on the Coulomb scattering of heavy but slow particles,
similar arguments work for other high-energy QED processes. In general, any QED amplitude
involving energy or momentum transfers £ > m, involves an energy-dependent effective QED
coupling — also called the running coupling aeg(F),

1 1 1 E* 5
oo (B T 3—7T<1og—2 — —) + O(a). (61)

Note however that eq. (61) applies only for E >> m,. For smaller energies I(q?/m2) = O(q?/m?)

and therefore

1 1 1
~ — — OE*/m?) ~ —. 62
Y o - OEmd) ~ (©2)
Graphically,
1/aeg(E)
A
1
(&7} I
I
I
I
I
I
I
I
: (63)
l
' > log K
10g6me)
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which means that the effective coupling stays constant for £ < m, and then starts increasing

for F > m, according to eq. (61).

Oéeﬂ'(E)
A

o) | (64)

log (Ime)

> log K

As written, eq. (61) applies to the simplest version of QED comprised of photons and
electrons but no other fields. In real life, the EM fields couples to electrons, muons, taus, and
several species of quarks. At the one-loop level, each of these charged fermions has a similar

effect to the electron, except for a different mass and charge. Altogether, they yield

1 1 1 fermions
2 2/, 2
T o | 3¢ x N, I(E 0)
Oéeff(E) @ T 3 Z (Q/e) colors X ( /m ) + (Oz)
1 1 fermions E2 -
away from thresholds — Oé_o - 3 Z (Q/€)2 % Noojors X (logm B g) L 0)

m<kE
(65)

In particular, at £ = Mz = 91 GeV, aeg ~ 1/128 instead of the low-energy ag ~ 1/137.
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