PHY-396 K. Problem set #4. Due September 25, 2024.

The first problem of this set continues the story of the massive vector field. The other two
problems (2) and (3) are about the SO(N) symmetry of the quantum theory of N scalar
fields.

. Consider the massive vector field A#(z) from all the previous homework sets 1-3. In

particular, in problem 1 from the [ast homework#3 you (should have) expanded the free

vector field into creation and annihilation operators multiplied by the plane-waves according

to

(1)
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The A here labels the independent polarizations of a vector particle (for example, the
helicities A = —1,0,+1), while f}' | are the polarization vectors obeying k, f*(k,X) = 0.
Specifically, in the helicity basis

for \=41: fy =0, fir = ey(k),
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In this problem, we are going to calculate the Feynman propagator for the massive vector
field (1).

(a) First, a lemma about the polarization 4-vectors (2). Show that these 4-vectors obtain
obtain by Lorentz boosting of the purely-spatial vectors (0,ey(k)) into the frame of

the wave moving with the velocity v = k/wy,

fir = BL(V)(0,ex(k))". (3)

Also, verify that the f{ | are normalized to

{(for the same k) : gu,,fﬁ’)\flff’)\, = —Ox\n- (4)


http://web2.ph.utexas.edu/~vadim/Classes/2024f-qft/hw03.pdf

(b) Next, another lemma: show that
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(c) Now use these lemmas to calculate the “vacuum sandwich” of two vector fields (1) and

show that
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Please note: no time ordering in the “vacuum sandwich” (6).

(d) Next, consider a free scalar field (of the same mass m as the vector field) and its

Feynman propagator Gi?alar(a: —y). Show that
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To avoid the d—function singularity in formulae like (8), the time-ordered product of the

vector fields (or rather, just of their A° components) is modified” according to
* AL AV _ AL AV i 10 510 5(4) .
T*A*(2)AY (y) = TA*(2)A"(y) + mé 36\ (x — ). (9)

Consequently, the Feynman propagator for the massive vector field is defined using the

* See Quantum Field Theory by Claude Itzykson and Jean—Bernard Zuber.



modified time-ordered product of the two fields,

G (x —y) (0] T A () A" (y) |0) (10)

(e) Show that this propagator obtains as
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The classical action for the free vector field can be written as
S =1 / d*z A, (x) DM A, () (12)
where DH is a differential operator

pv (2 L m2)gm — oy (13)

(f) Check that the action (12) is correct, then show that the Feynman propagator (11) is

a Green’s function of the operator (13),

DGE\(w —y) = +idhdW(z —y). (14)

2. Now let’s change the subject and consider N interacting real scalar fields ®1,..., ®n with

the O(N) symmetric Lagrangian
N 2
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Next week, we shall learn the Noether theorem — here is the [ink for the impafienf], —

according to which the continuous SO(N) subgroup of the O(N) symmetry gives rise to

$N(N — 1) conserved currents
Jh(x) = —J (x) = Dy(x) HPy(x) — Pp(z) O Py(x). (16)

(a) Verify that all these currents are conserved, d,J!, = 0, when the fields ®“(z) obey

their classical equations of motion.


http://web2.ph.utexas.edu/~vadim/Classes/2024f-qft/Noether.pdf

In the quantum field theory, the currents (16) become operators

jab(x7 t) = _jba(xa t) = _qA)CL(Xv t)qu)b(Xv t) + (i)b(x7 t)v(i)a(x7 t)v (17>
j((z)b(x7t) = _jé)a(X? t) = (i)a(X, t>ﬂb(X7 t) - (i)b<X, t)ﬁa<xa t)v

and the rest of this problem is about the net charge operators

Qult) = ~Qu®) = [dxJx.t) = [dx (Balx O, 0) — By(x Oulx. 1)
(18)
(b) Write down the equal-time commutation relations for the quantum $, and T, fields.

Also, write down the Hamiltonian operator for the interacting fields.

(c) Show that

~

[Qab(w,éc(x, same t)} = i0pba(x,t) + i0aey(x, 1),
(19)

~

[Qab(t),ﬂc(x, same t)} = i lla(x, 1) + i0aelly(x, 1),

(d) Show that the all the Qa commute with the Hamiltonian operator H. In the Heisen-

berg picture, this makes all the charge operators Qg time independent.

(e) Verify that the Qg obey commutation relations of the SO(N) generators,

[Qaln@cd] = —i0pQad] = —104cQad + 10acQua + 10aQac — 1044Qpc-  (20)

3. Continuing the previous problem, let’s turn off the interactions (i.e., take A = 0) and focus

on the free fields.

(a) Expand all the fields into linear combinations of the creation and annihilation oper-
ators &L,a and apg, (@ = 1,...,N), then show that in terms of these operators the

charges (18) become
. d*p ot At A
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For N = 2, the two real scalar fields combine into one complex field ® = (&1 + idy)/+/2
and its conjugate ®* = (&1 —i®s)/v/2, while the SO(2) symmetry becomes the U(1) phase



symmetry
O(x) = e Po(x), *(z) — e"0d*(x). (22)

In the Fock space, the corresponding quantum fields é(x) and (i)T(l‘) give rise to particles
and anti-particles of opposite charges; the creation and annihilation operators for such

particles and antiparticles are

Up 1 + g o

ap = T are particle annihilation operators,
2 CAlp 1 Z.&p 2 . . 1y
bp = T are antiparticle annihilation operators,
al | —ial (23)
~F p,1 P,2 . .
al, = ————= are particle creation operators,
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(b) Show that in terms of the operators (23),
A A N “ dgp At s 24
Q21 = —Q12 = Nparticles — Nantiparticles = (2r)92E, (Cbpap - bpbp>' (24)

(¢) In terms of ® and ®f, the commutation relations (19) become

~

[Qa1,8(2)] = —®(2), [Qu, ()] = +T(2). (25)

Verify these commutators, then use the Campbell identity
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to show that the charge Qzl generates the phase symmetry (22) according to

exp(+i0Qa1)®(z) exp(—ifQ21) = e P d(x),

. . - (27)
exp(+i0Q21 )P (2) exp(—ifQa1) = 0o ().

Now let’s go back to N > 2 and show that the charges Qab generate the SO(N) symmetry of

the quantum fields. Any SO(V) rotation matrix R can be written as a matrix exponential



of an antisymmetric matrix, R = exp(A) for AT = —A. For this matrix A, let’s define a

unitary operator in the Fock space

(d)

(e)

U = €eXp (_% ZAaanb) - (28)
ab

Verify that this operator is indeed unitary for any real antisymmetric matrix A.

Hint: check and use the hermiticity of the generators Qab-

Show that U implements the SO(N) rotation R in the scalar field space,

qua(x)ffr = ZRabéb- (29)
b

Hint: use the commutation relations (19) and the Campbell identity (26).

Argue that [Qu, H] = 0 and eq. (29) for the action of the U symmetries on the
quantum fields together imply similar transformation laws for the creation and the

annihilation operators

Uy U =" Rgay, and Ual U = > Rgal . (30)
b b

Finally, show that when U acts on a multi-particle state, it rotates the species index

of each particle by R,

A~

U |TL : (p17 (11), CICEI) (pn; CL’I’L)> — Z Ral,b1 T Ran,bn ’TL : (p17 b1)7 CICEI) (pn; bn)> .
b1,....bn

(31)
Note: for simplicity assume that all particles have different momenta, p; # p2, etc.,

then use part (f).



