PHY-396 K. Solutions and mathematical supplement for problem set #1.

Problem 1(a):

Similar to the massless vector field discussed in class, the derivatives 0,4, enter the La-
grangian density only via F,,, so just like for the EM field, 0£/0(0,,A,) = —F". At the
same time, for the massive field dL/9(A,) = +m?AY — J. Thus, the Euler-Lagrange field

equation for the massive vector field is

L, oL oL
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oA Ay = o Tm =0 51

In terms of the AY and their explicit derivatives,
OuFM = 9,0MAY — 0,0"AF = 9*AF — 9Y(0,AM), (S.2)
so the Euler-Lagrange field equation becomes

O?AY — 9"(9,A") + mPAY — JY = 0. (S.3)

Problem 1(b):
Take the divergence 9, of the field equation (S.3); the first two terms cancel out while the

rest becomes
m?9,A" — 9,J" = 0. (S.4)
In the massless case, this equation enforces the current conservation 0,J = 0 regardless of

the 4—vector potential A”(x), but there is no such constraint in the massive case at hand.

Instead, eq. (S.4) simply relates the current divergence to the 4—potential divergence,

9,40 = Lo, (S.5)

m?2

Consequently, eq. (S.3) for the massive vector field becomes
1
(@ +mHA” = JV + —5 0"(0uT"). (S.6)

In particular, when the current happens to be conserved, 0,J" = 0, then — and only then —



eqs. (S.5) and (S.6) become
A" = 0 and (0® +m?)AY = J”. (2)

Quod erat demonstrandum.

Problem 2(a):
For the complex scalar field ®(z) with Lagrangian density (3), we have

oL
2(0,P) oL,
oL
0(0,9%) e,
(S.7)
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Consequently, the Euler—Lagrange equations (4) and (5) become respectively
U * 2 A * *
Q' + (m?+ 5070 ) &* = 0 (S.8)
and
A
0,0"D + (m2+§®*¢)> o = 0. (S.9)

Note that the two equations are complex conjugates of each other.

Separating linear from non-linear parts of the field equations (S.8) and (S.9), we may
rewrite them as
A A

(0% +m*)d = —§®*¢2, (8% + m?)d* = —§<I>*2<I>, (S.10)

then from the linear left-hand sides of these equations we see that both ® and ®* fields have

mass® = m?. Hence, once we quantize the fields, their quanta would be scalar particles of

mass m + quantum corrections.



Problem 2(b):
By definition (6) of the current J#, its divergence is
oIt = —i0,(®*0"P) + 0, (PO DY)
= —i(0,0%) x (O"®) — i®* x (9?®) + i(0,P) x ('®*) + i® x (9?°®*) (S.11)
= —i®* x (0?®) + i x (0*°D").
Now let’s make use of the field equations (S.8) and (S.9). For compactness sake, let’s rewrite

those equations as

PP = —Txd and 020" = —T x O (S.12)
for the same real
A
T = m? + 5@*@. (S.13)

Plugging eqgs. (S.12) into the bottom line of eq. (S.11), we arrive at
IpJV = +i®* xTx® — i®PxT xd* = 0. (S.14)

Thus, when the fields ® and ®* obey their equations of motion, the current J* is conserved,

quod erat demonstrandum.

Problem 3(a):
The definition (7) is manifestly symmetric with respect to cyclic permutations of indices

A, i, v, thus
Hypw = Huwx = Hyyy (S.15)

Hence, to prove the total antisymmetry of the H),, tensor it is enough to show that
Hy,, = —H),, — antisymmetry with respect to other index pairs then follows by the
cyclic symmetry (S.15). And indeed, antisymmetry of the B tensor leads to
Hy, = OBy, + 0uB,\ + 0,8y,
= —O\Byw — 0,By, — 0,By» (S.16)
= —Hyw

and hence total antisymmetry of the H tensor.  Quod erat demonstrandum.



Alternative proof:

Let us redefine the H tensor as
Hyw = 30pBu (S.17)

where [Apv| imply total antisymmetrization with respect to the A, u, v, i.e. summing over all
possible permutations of those indices with appropriate signs. Obviously, this new definition

makes H),,, a totally antisymmetric tensor.

To see that the new definition (S.17) is equivalent to the old definition (7) we use the fact
that By, is itself antisymmetric. Consequently, there is no need to antisymmetrize 9B,

with respect to the two indices belonging to the B tensor, thus

Hyw = %(8)\Bw, — a)\Byu) + %(@BUA — aMB)\V) + %(@BM — 8,,Bu>\)

(S.18)
= a/\B;w + auBy/\ + aI/B)\/J,7
exactly as in eq. (7).
Problem 3(b):
Thanks to eq. (S.17),
a[mH)\Mu] = %8[,%8)\3;,61/]? (819>

where all the indices are totally antisymmetrized. In particular, the indices of the two
derivatives are antisymmetrized, which yields 0,0y = [0x,0)] = 0 since the spacetime

derivatives commute with each other. Consequently,
Oty = 0. (S.20)

Mathematically, this is the differential identity for the tensor H),, (x) defined according to
eq. (S.17), or equivalently according to eq. (7).

Note that d;, H),,) stand for the signed sum of 4! = 24 terms according to permutations
of the indices k, A, i1, v. Fortunately, total antisymmetry of the H tensor means that there

is a 6-fold redundancy and only 4 of those 24 terms are different, thus
%a[HH)\uz/] = 8IiH)\,U,l/ - a)\H,uws + aunf)\ - al/HK,)\[L' (S.Ql)

Consequently, the differential identity (S.20) for the H},, () field may be written as (8).



Problem 3(c):

Given the Lagrangian (9) as a function of By, fields and their derivatives, we have

aﬁ_gf}’jB) _ 0 (5.22)
while
OL(B.OB) _ 1 yopy | OHapy
a(a)\Buu) 6 a(a)\B;w)
= L el (5.23)
= $HM.

Consequently, the Euler-Lagrange field equations

0L(B,0B) 0L(B,0B)
_ =) .24
o (Tony) - Som =0 (520
for the B fields become
INHM = 0. (S.25)
Problem 3(d):
Rewriting eq. (10) as
B;W(x) = Bu(z) + O[MAV}(I), (S.26)
we have
Hé\,u/l/<x> = %8[ABLV](x>
= %8[ABW](90) + %8[AQMAV](x) (S.27)
= H)\,uu(x) + 0,

where the last equality follows from 930, = 0. Thus, the tension tensor Hy,, (z) — and

hence the Lagrangian (9) — is invariant under the gauge transforms (10).



Problem 3(e):

Proceeding similarly to part (b), we have

1
NG iy opiy ) () = ﬁa[xam%---um(x) =0 (5.28)

because J\0,,,) = 0. Thus regardless of any equations obeyed or not obeyed by the C (x)

potentials, their very existence implies the differential identity

oG z) = 0 (S.29)

Pz fpt1] (

for the tension fields G(x).

As to the equations of motion, the Lagrangian (12) has derivatives

0L(C,0C) 0
OCuyep,
0L(C,0C) (1) Qo 5 0Gay-apis
I(O\Cy-p,) (p+ 1! 0(0\Cypsy) (S.30)
(_1)]) LR 1 A Lp]
= GO — 6, 0K 0R2 - 660,
(p+ 1)! p! 2as ?
_ (=1)P Ay
p!
Hence, the Euler—Lagrange field equations
0L(C,0C) ) oL(C,0C)
s - ——— =0 S.31
g (a(aAcm...up) OCysy (5:31)
for the Cy, ..., (x) fields become (up to an overall coefficient)
NG (1) = (. (S.32)



Problem 3(f):

Under gauge transformations, the C' tensor potential changes by

1
Aclll"'llp(x) = Ma[ﬂl‘/\ﬁ"?"'ﬂp}(x) (833)

for some arbitrary (p—1)-index antisymmetric tensor Ay,,.,, (z). Hence the G tension tensor

changes by
1 1
AGM1M2"'N1)+1 (l’) = Ha[ﬂlACﬂT“/‘erl](x) = M 8[M18M2Au3...up+1}(x), (834)
which vanishes because 9,0, = 0. Thus, the tension tensor G is gauge invariant, and

hence the Lagrangian (12) is also gauge invariant.  Quod erat demonstrandum.

Problem 4(a):

Let’s start with Maxwell equations in 4D notations: the homogeneous equation(s)

a/\FlW + 8MF,,A + a,/F)\M = 0. (S.35)
— or equivalently
a[/\F;w} = 0, (836)
or even
MY\ Fy = 0, (S.37)

— and the inhomogeneous equation(s)

0, F"' = J” — 0 in the absence of electric currents. (S.38)

In terms of the dual EM tensor (14), the homogeneous equation (S.37) for the original



EM tensor F*(x) becomes
0 = (M EL) = 0\(2F™) = —20\F*", (S.39)

or equivalently

NN = 0, (S.40)
which is the in-homogeneous Maxwell equation for the dual tensor F** (in the absence of a
dual current J*).

On the other hand, reversing eq. (14) we get F'* = —%EW"AF’,{/\. Plugging this relation

into the in-homogeneous Maxwell equation (S.38) for the original EM tensor F*(z), we get
0 = g F" = —Le™9,F,, (S.41)

or equivalently

A, Fry = 0, (S.42)

which is the homogeneous Maxwell equation for the dual tensor F*.

Altogether, the complete set of Maxwell equations for the original EM tensor F*(x) (in
the absence of any electric currents) is equivalent to the complete set of Maxwell equations for

the dual EM tensor F** (also in the absence of dual currents J*). Quod erat demonstrandum.

PS: When the electric charges and/or currents do not vanish, J#(z) # 0, the electric-
magnetic duality (14) turns them into the magnetic charges and currents J*(x) — i.e., the
charge/current densities of magnetic monopoles. In presence of such magnetic monopoles,

the homogeneous Maxwell equation (S.38) stops being homogeneous; instead, it becomes
LMo\ F, = —J8, (S.43)

or equivalently

NFM = J*, (S.44)



while the in-homogeneous Maxwell eq. (S.38) remains the same,
o FM = (S.45)

or equivalently
Lo, Foy = JW (S.46)

Note that the no-longer-homogeneous eq. (S.43) disagrees with F* = gAY — 0¥ A* for any
4-vector potential A*(x). Consequently, the EM fields which couple to both electric and
magnetic charges must be reformulated in a way which does not involve the potentials A*.

Such reformulation is possible but it goes way beyond the scope of this class.

Problem 4(b):
As we saw in problem 3, the antisymmetric tension tensor GH1-Hr+1(z) obeys the Euler—

Lagrange equation

8M1GM1,//42-~-,M17+1 =0 (847)

and the differential identity

0,G = 0. (S.48)

1% V1,...,l/p+1}

The LHS of this differential identity is a (p + 2) index totally antisymmetric tensor, so
contracting it with the Levi-Civita tensor €,, . ,, turns it into a (D —p — 2 = ¢) index

antisymmetric tensor
1

)\1,...,>\q,u,l/1,...,l/p+1a G
p+1)° g

Vi,..yVp+1

so the differential identity (S.48) becomes

1

A 7"'7)‘ sV gy
0 = me 1 @ HsV1 Vp+laﬂEV1,...7yp+1
: > S.49
= 8” <(p+ 1)| 6)\1""7>‘q’ﬂ”/1""”/’7+1Ez/l,...,z/p+1 — G)‘l""v)‘q’ﬂ) ( )

— (_1)qaﬂéu,)\1,...,)\q.

In other words, the differential identity for the original tension tensor G is equivalent to the

Euler-Lagrange equation of motion for the dual tensor G.



In exactly the same way, the Euler-Lagrange equation of motion for the original tensor

G is equivalent to the differential identity for the dual tensor G-

0 — a)\G)‘uu‘lr"nu‘P

+1 -
= sy s op V15 Vg1
e (<p o G) (8.50)
+'1 -
N (p + 1)|e“lvn-,ﬂp,)\,lq,...,yqﬂ a)\Gm,...,l/qH )
or equivalently
a[}\éljl,...,l/q_»rl] = O (851)

Problem 4(c):
As we saw in problem 3, a 2-index tensor potential B*” has a 3-index antisymmetric tension
tensor HM. In 4 Minkowski dimensions, such a 3-index antisymmetric tensor is dual to a

1-index tensor i.e. a vector
vi(z) = LeMVHY L (2) & HM(2) = Mu(a). (S.52)
The H tensor obeys the differential identity
e O HMY = 0 (8.53)
and the Euler-Lagrange equation of motion
INHM = 0. (S.54)
In terms of the v" vector, eq. (S.53) becomes
o™ =0 (S.55)

while eq. (S.54) becomes

MR\, = 0, (S.56)



or equivalently

8)\1% — OgU) = 0. (8.57)

Mathematically, eq. (S.57) is the integrability condition for the vector field v,(z) being a

()

gradient of some scalar field ¢(z). That is, eq. (S.57) is automatically true for v, (z) = Oxp(x
for any scalar field ¢(x), and conversely, if eq. (S.57) holds true at all z, then v (z) = O, 0(x)

for some scalar field ¢(z).

Now let’s treat ¢(z) as an independent scalar potential field whose tension is the vector

field v (). In terms of the ¢(x), eq. (S.57) is automatic while eq. (S.55) becomes
¢ = 0. (S.58)

Physically, this is the equation of motion of a free massless scalar field with the Lagrangian

density
L = 3(0:0)(0"9). (S-59)

And that’s why we say that in 4D, a free two-index antisymmetric tensor field B*(x) is

dual to a free massless scalar field ¢(x).

Mathematical Supplement to Problems 3 and 4
Differential Forms.

Mathematics of various antisymmetric tensor fields becomes much simpler in the lan-
guage of differential forms. Students interested in string theory should master this language
and then go ahead and learn as much differential geometry and topology as they can; take a

class on the subject or at least read a book. Wikipedia has a quick and dirty introduction to

differential forms at ittp://en.wikipedia.org/wiki/Differential forn] and related web pages.

Consider a space or spacetime of dimension D; it can be Euclidean or Minkowski, flat
or curved; it might even be a smooth topological manifold without any metric at all. A

differential form of rank p < D in such a space combines a tensor with p indices and a

11


http://en.wikipedia.org/wiki/Differential_form

differential suitable for integration over a sub-manifold of dimension p (a line for p = 1,

a surface for p = 2, etc., etc.). For example,
A= Ay(x)ds", B = By, (z)ds" Ndx”, C = Chyw(o) de ) Adzt Adzx, .. .. (S.60)

For p = 2, a 2—form should be integrated over an oriented surface, so the order of dz* and
dz” matters; in fact they anticommute so daz# A da¥ = —dx¥ A dz#. Likewise, the volume
differential dz* A dzt A dzV is totally antisymmetric with respect to permutation of indices
Apv. Consequently, in eq. (S.60), the By, (x) tensor is antisymmetric, B,, = —B,,,, while
the C),(7) tensor is totally antisymmetric in all of its 3 indices. And a general form of

rank p

E = Eupyp,(x) deh Ndat? N - N dat'r (S.61)

involves a p-index totally antisymmetric tensor By, p,..., ().

The exterior derivative of a rank-p form E is a form dFE of rank p 4+ 1 defined as
dE = (dEu ey, () Ad A+ Adat? = O\Epy e, () dz* Adat A -+ Ndat?, (S.62)

but this compact formula hides the antisymmetrization due to anticommutativity of the da*

differentials. In the antisymmetric tensor form, J = dE means

p+1

1 i
Jﬂl"’ﬂm-l(w) = ]7!8[#1EM2-"MP+1]($) = Z(_l)] 18#1E,u1"' j"'Hp+1(x)

~ (3.63)

= 9B — OwBupsopyr £ o A (=120, Epyopr

The exterior derivative generalizes the 3D notions of gradient, curl, and divergence. Indeed,
a scalar ¢(x) is a O-form and its gradient V¢ is a vector defining a 1-form (V¢); dz® = dé.
Likewise, for a vector A(z) and its curl B(z) = V x A(z) we have a 1-form A = A;(z)da’
and a 2-form B = Bij(x)dxi A dz? = dA where Bij = 0;A; — 0;A;; note that in 3D this
antisymmetric tensor is equivalent to an axial vector, B;; = €;j;By. Finally, for a vector E (x)
and its divergence f(z) = V- E we have an exterior derivative relation f = dF for the 2-form
E = E;(2)e;jrdx? Adx® equivalent to the vector E;(x) and a 3-form f = f(x)e;jpda’ Adad Ada®

equivalent to the scalar f(x).

12



The most important property of the exterior derivative is its nilpotency: for any dif-
ferential form E, ddE = 0. This rule corresponds to the differential identities for all kinds

of antisymmetric tensors, in particular the vector calculus identities V x (V¢) = 0 and

V- (V x A) = 0. The proof is very simple: If E is a form of rank p, J = dF is a form of
rank p+ 1, and K = dJ is a form of rank p + 2, then applying eq. (S.63) twice, we have

1
m 8[)\Juyl...yp] (fﬂ)

1
= i b))

1
= H a[)\aﬂEyl,,,yp] (SU)

K)\lwl...,,p (l’) =

(S.64)

=0

where the last equality follow from 9,0, = 0.

The application of the differential form language to electromagnetic fields and to the
antisymmetric tensor fields in this homework is completely straightforward. In electromag-
netism we work in Minkowski spacetime and identify the 4-vector potential A,(x) with a
1-form A = A, (z)dz" and the tension tensor F,(x) with a 2-form F' = F},, (z)dz'dx”.

Clearly, F' is the exterior derivative of A:
F = dA <+ FIW = 8[uAy] = 8MA,, — 6,,AM. (8.65)

The differential identity d[yF},,) = 0 is simply dF" = 0, which follows from F' = dA and
dF = ddA = 0 by nilpotency of d. The gauge transform of the potentials is A’ = A + dA
(where A is a O—form, i.e. a scalar field), and the gauge invariance of the tension fields is

simply

F' = dA = dA + ddA = F + 0 (S.66)

because ddA = 0.

Similarly, for the tensor potential By, (r) and the tension tensor H),, in parts (a)
through (d) of problem 3, we have a 2-form B = B, (x)dz"dz” and a 3-form H =
Hy(z)darda#da”. Clearly, eq. (7) for the tension tensor translates to H = dB, which

13



immediately gives rise to the differential identity dH = 0 because ddB = 0. Translating
back to the tensor language, dH = 0 means eq. (8). And the gauge transform (10) is simply
B’ = B + dAW where AD is an arbitrary 1-form; the tension form H is gauge invariant

because ddA(M) = 0.

Finally, in parts (e) and (f) of problem 3, the totally-antisymmetric tensor potential
Cuy-p, () with p indices corresponds to a form C of rank p and the tension tensor (11)
corresponds to a form G = dC of rank p + 1. The differential identity is dG = 0, which
follows from ddC = 0. And the gauge transform (13) is ¢’ = C + dA®P=D for an arbitrary

rank p — 1 form A®~1); the tension form G is gauge invariant because ddA®~1) = (.

The Lagrangians and the equations of motion for the EM and tensor fields may also be
written in the differential form language, but they — as well as the electric-magnetic duality
of in problem 4 — require an additional mathematical tool, the Hodge duality. There is a

quick and dirty introduction to this subject at the Wikipedia page

https://en.wikipedia.org/wiki/Hodge_star_operatoi|.

Note: while the differential forms as such can be put on any smooth topological manifold
even if it does not have a metric, the Hodge duality requires an orientable Riemannian
manifold with some metric g, () — which can be Euclidean or Minkowski — and the

volume form

V = VEgeu, . ppdatt - dat?. (S.67)

In the antisymmetric tensor language, the Hodge duality works like this: First raise all
the indices of a (p = p + 1)-index tensor Gm,,_,#p,, and then contract it with the volume
tensor (S.67); the remaining (un-contracted) ¢’ = D — p' indices of the volume tensor yield

a (¢ = q + 1)-index antisymmetric tensor

~ 1 ! !
Gyl,...,u - E :tg €v1,...,up X qu +bgr 'gl/D“D X Gﬂpl+1,...,u[) . (868>

q/

In particular, in the flat Minkowski space, this formula becomes simply eq. (16).

In the differential form language, the Hodge duality (S.68) is denoted by the Hodge
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star x:

for G = Gy, dot - dat' . we define x G = Gy, ., de" -+ da"’,  (S.69)

q

where the Gy, ..., iy and the C:Yl,hu_?,,q, tensors are defined exactly as in eq. (S.68). It is this
Hodge star which allows us to write the the field equations for all kinds of antisymmetric

tensor fields in a very compact form.

Indeed, take a p-index antisymmetric tensor field C),, ., (x); as we saw in problem (3),

its tension tensor Gy, 4,1 (x) satisfies the differential identity

e =0 (S.48)

1/17"'7VP+1]

and the Euler-Lagrange equation
O, GH1H2betL - — ), (S.47)

In the differential form language the tension tensor is G = dC', the differential identity (S.48)
becomes dG = 0, but the Euler-Lagrange equation (S.47) takes extra care. Fortunately, in
problem 4(b) we saw that the Euler-Lagrange equation for the original tension tensor G is
equivalent to the differential identity for the dual tensor G; in the differential form language,
this means that the Hodge-dual tension form xG obeys d « G = 0. Thus altogether, the field

equations for the tension form G = dC' of a free p-form field C' are

dG = 0 and dxG = 0. (S.70)

In particular, in 4 Minkowski dimensions the Maxwell eqgs. for the free EM tension field

F, () in the differential form language become

dFf = 0 and dxF = 0. (S.71)
In presence of an electric current J#(z) # 0, these equations become

dFF = 0 and dxF = *J, (5.72)
where xJ is a 3-form dual to the 1-form J = J,(x) dz*. Note that it this 3-form we should

15



integrate over the 3D space to obtain the net electric charge

Q- / ) (S.73)

3D space

Finally, when both electric and magnetic charges and currents are present, the Maxwell

equations become

dF = *xJmag and d*F = Jg, (S5.74)

and since dF # 0 we may no longer write F' = dA for a 1-form potential A, (z) dx*.

Likewise in problem 4(c) we have a duality between a free 2-form field B and a free
massless scalar field ¢(x) which we may treat as a O-form ¢. The corresponding tension
forms H = dB and v = d¢ are Hodge-dual to each other (in 4D), H = v and v = xH, and
obey field equations

dH = dxv = 0 and dxH = dv = 0. (S.75)

As the last subject of this mathematical supplement, consider the Lagrangians for the
various p-form fields. Let’s start with the EM field in 4 Minkowski dimensions and consider

the wedge product

FA(%F) = Fenda® Ada? A Ey, dat A da?. (S.76)
In 4D, a wedge product of four dx®’s amounts to

_ RAuV
dz® A da Adat Ade? = —éM x did ANdat Ada? Adat = —— xV  (S.77)

V=9
where V = /—gd*z is the 4D volume form. (The factor \/—g allows for a curved spacetime,
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if you ever care for the EM fields in such a background.) Consequently,

_ RV 5
FAGF) = V x ;__g Fox Fo (S.78)
where
_Em\,uy B _En)\,uy )
V=g e = e B XV g B

v A S.79
P [y = wesl] O
= F2F \FA
Altogether, we have
FAGF) = 2E\F*xV = —8Lpy X V, (S.80)
which allows us to write the EM Lagrangian £ = —%FK A FF* — or rather the action integral
S = / Lx (V=,/gd) (S.81)
spacetime
as
-1
S = / 3 F A (xF). (S.82)
spacetime

Likewise, for a p-form C' in D Minkowski dimensions, let’s take a wedge product of the

(p+1) form G = dC and its Hodge-dual (¢ +1 =D — p — 1) form xG:

GAGG) = Gupoogpey AT Ao Azt NGy ey, ™ Ao A da¥e (S.83)
and since (p+1) 4+ (1 4+ 1) = D, we have
(_1)D—1
de™ A - AdrMP A AT N - AdrPett = XL M Bt Ve Vatl o ) (8.84)

V=9
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where V = /=g dPz is the D-dimensional spacetime volume form. Consequently,

-1 D—-1 ~
G A (*G> = Vx % My Hp+1,M1505Vg+1 Gﬂla-~-7ﬂp+1 G*th’l/q+1
(_1)D71 M1yeee Up+1,V1 5.3V 41
= VX —= f—g6 R C TR
X _g 61/1 ey Vg1 )\1 oA 1 G>\1,--~>\p+1
(p_I_ 1)] seesg+1sALy s Apt
(=Pt A A (5.85)
=V (p—l— 1)! X Gﬂl»-u,ﬂpﬂ Gt
_ A A
X (~)PTH ) (g 1 g

=y (e ED )

.. G)\l,...7)\p+1
<p+1)| H1 Hp+1 K1y pt1

= VX (S (1)) Gy G

Comparing this formula to the Lagrangian density (12) for the p-form field C' and its tension
G,

L(C,G) = =D

2<p + 1)' H1seeespt1 Gluhm”uﬁl? (12)
we see that
GAKG) = V x Lx2p+ D(g+ 1)(=1)PHErDla+D), (S.86)
Therefore, the action integral becomes
S = / LxV = £l / G A (+G) (S.87)
B  2(p+1D)!(g+ 1) '
spacetime spacetime
where the overall sign is
41 = (—1)PHErDEr) { —1  foreven D, (S.88)
(=1)? for odd D.

In particular, for the free EM field in D dimensions

spacetime
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while for the 2-form B and its tension H = dB,

 \D-1
s - b 5 / H A (). (S.90)

12(D —

spacetime

Even a free massless scalar field ¢(z) fits the pattern since we may treat it as a zero-form ¢

with a 1-form tension v = d¢, thus

(~1)P

5= 2(D — 1)

/ de A (xd). (S.91)

spacetime
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