PHY-396 K. Solutions for homework set #4.

Problem 1(a):

Let’s start with the transverse polarizations — A = =1 in the helicity basis — For which
the polarization 3-vectors ey ) are L k and hence L to the boost velocity v = k/wy to the
moving particle’s frame. Consequently, the 4-vector (0, e ) is invariant under the Lorentz

boosts in this direction, thus
BY,(0,ex )" = same(0,ex )" = by the top eq. (2) = f{j/\ (S.1)

OOH, for the longitudinal polarization A = 0, the polarization vector ey ) points in the
direction of k and hence of the Lorentz boost. Consequently, in 2 dimensions spanning the

time and the boost direction, the boosted 4-vector becomes
g 0 g
gl Y _ Y ’ (S.2)
By v 1 gl

(boosted (O,ek7/\))0 = B, (boosted (O,ekA))i = 7nf(. (S.3)

hence in 4D notations

For the boost in question, the velocity is k/wy, hence

Wk k
y= % gy = (S0
m m
and therefore
|k| Wk
for A\=0: (boosted (0 = |—=, — S.5
or (boosted (0, ek »)) (m7 el (S.5)
exactly as the flf ), on second line of eq. (2). Thus altogether, for all 3 polarizations
= (boosted (O,ek7/\))”. (S.6)

Quod erat demonstrandum.



Now consider the normalization equations (4). In the rest frame of the particle — where
fi\ = (0,exx) — the product of two polarization vectors (for the same k but different
N # M) is obviously

since the 3 complex unit vectors ey ) form an orthonormal basis.

As we just saw, the polarization vectors f{j y for k # 0 obtain by Lorentz boosting the
(0,ek,\) 4-vectors to the moving particle’s frame. But since f{j , and f{; y have the same
k, they are both Lorentz-boosted by the same velocity, so their scalar product remains the

same:
g Frfiy = (0.exn)” - (0,e1,) = =y (5-8)

Quod erat demonstrandum.

Problem 1(b):
We may prove Lemma 2 by a direct calculation using eqs. (2) for the flf \» but it’s easier to

use Lemma 1 rephrased as

fﬁ)\ = B*,‘/(el’;/\ = (0,ek,)") for the same boost B, as k' = B (kl.gq = (m,0)").

(S.9)
Consequently, it’s enough to prove that in the rest frame of the quantum
K- kY
Do dadin = —g 4 eyt (S.10)
A

Indeed, eq. (12) immediately follows from egs. (S.10) via the Lorentz boost (S.9) of both

sides of the equation.

So let’s verify eq. (S.10). On its LHS, the three 3-vectors ey (k) for A = —1,0, +1 form



an orthonormal basis of the 3D space, which means

ex(k)-ey(k) = o\

and also

In terms of the purely-spatial 4-vectors e{i y = (0,ex.»), eq. (5.12) becomes

Boookyo
Zemem = {
A

1 forpu=v=1,2,3,
0 for all other u, v,

or in matrix form

0 0 0 O
Z P 01 0 0
e ey =
— AT 00 10
0 0 0 1
At the same time, on the RHS of eq. (S.10)
kﬁestkéjest _ {1 fOI‘,LL:V:O,
m? 0 otherwise,
and therefore
-1 0 0 0 1 0 0 0 0 0 0 O
_guy+kfest]gl?est: 0100+0000:01OO
m? 0 010 0000 00 1 0
0 0 0 1 0 0 0 0 0 0 0 1
By inspection, this is the same matrix as in eq. (S.14), which verifies
S
no kv v rest rest
z)\:ek,Aek,A g+ 2

and hence the Lemma 2
kHrEY
m2

D Rahh = =" +
A

(S.11)

(S.12)

(S.13)

(S.14)

(S.15)

(S.16)

(S.10)



Problem 1(c):

In the operator product A*(z)A(y), both factors are linear combinations of the creation
and annihilation operators according to the expansion (1). Therefore, the product comprises
terms of the form aa, a'al, ata, and aal. The first three kinds of terms have zero zero matrix

elements between vacuum states,

(0laa |0y = (0]a'al |0y = (0|afalo) = 0, (S.17)
while for the fourth kind

(0] Gy o o 10) = 20 (2m)0@) (k — K)oy (S.18)

Consequently;,

. A Bk 1 Pk 1 ik
O A @AW ) =[5 93 [ g o

)\/
X (<0\ i\, 10) = 2 (2m)%6) (k — k’)éM,>

Pk 1 b
_ - —ik(x—y) gt prv
/(27‘(‘)3 2wy ; |:6 fk’)‘fk’/\} k0 =—wx

3 v
/ d’k 1 [(_guv X ﬁ) eik(wy)]
(271')3 2wk m? kO =+wy

3
_g/w_i 0 9 /d k 1 [e—ik(m—y)]
m? 0z, 0z, (2m)3 2wy kO=—+wi

(S.19)
precisely as in eq. (6).

Problem 1(d):

Let é(w) be a free scalar field of the same mass m as the vector field in question. In class



we saw that

o A D(x —y) when 20 > 90,
GEslar (o —y ©E 0] Td(2)d y)[0) = S.20
Py OTh@e) 0 = (0T T sa)

We also saw that
VG (1 — ) = (0| T(8%°D(2))D(y)[0) — 0P (x —y) (S.21)

while the single time derivative of the propagator does not have a d—singularity. The space

derivatives also do not produce é—singularities, thus for the second-order differential operator

v def v oroY
ZH = g — — (S.22)
we have
ZIVGERT (g ) = (0| T(2M D (2))D(y) [0) + #5%05%0&4)(3;—;/). (S.23)

For the first term on the RHS here, we have two possibilities, depending on the sign of
20 —y% When 29 > 0,

(OIT (21 () @(y) 0) = (0] (2 ())(y)[0)
(

= Z;7 (0] @(2)®(y) |0) (5.24)
= ZWD(x —y)
= (0] A*(2) A" (y) |0)
where the last equality follows from eq. (6). Likewise, when 2V < 3° we have
(O] T (2" ()b (y) [0) = (0] d(y) (2" D(x)) |0)
= Z1V (0] (y)®(2) |0)
= ZMD(y —x) (S.25)

= 2Dy — )
= (0] A () A1) [0).



Altogether, we may summarize both cases as

(0] T (2" ®(2))D(y) [0) = (0] TA*(2)A"(y)]0) (5.26)

Plugging eq. (S.26) into eq. (S.23) and spelling out the Z#” operator, we immediately

arrive at

1 0 0 . A i
oo - Y scalar (. _ I v b o0, 05(4) ),
( 9 m? Oz, 8%) Gp™ (z—y) (0] TA*(z)A"(y) 0) + 3 PR\ (x—y). (8)

Quod erat demonstrandum.

Problem 1(e):
In light of eqgs. (8), (9), and (10), we can immediately relate the vector field’s Feynman
propagator to the scalar propagator of the same mass,

Lo o

e = (L

Y scalar/,.
2 Oz, 8:1:,,) GF (x —y). (S.27)

Meanwhile, in class we have derived the momentum-integral formula for the scalar Feynman
propagator,
Ak iefik‘(xfy)
Gscalar _ — . S.28
F e = [ (3.28)

Plugging this formula into the relation (S.27), we obtain

v % 1 a 8 scalar
G (z—vy) = (—g“ — )GFl (z—y)

2 B, By
_ 72 L o 0 /d4/{7 Z'e—ik(x—y) (11)
B g m? 0z, 0z, ) | (2m)% k2 — m? +i0

d*k krkY je~k(z—y)
= —gh + X :
(2m)4 m? k2 —m? 40

Quod erat demonstrandum.




Problem 1(f):

The free massive vector field has classical Lagrangian density
L= -1F,F" + Im?A,A"
= —1(0A, — 0uA) (0" AF — OMAY) + fmP A AF
= —L(0,A,)(0"A") + L(0,A,) (0" AY) + Im? A,Ar
= 10,(A,0" A" + 14,0°Ar — 19,(A4,0"A") — 1A,0,0MA” + im? A, AF

= Oy(stuff) + %AMD’“WAV,
(S.29)

where
D = (9 +m?)g" — OO (13)

When we integrate [ d*z the Lagrangian density (S.29) to obtain the classical action, the

total derivative term on the RHS integrates to zero, which leaves us with
S = / d'z L =1 / d'z A, D" A, , (S.30)

precisely as in eq. (12).

Now let’s verify that the Feynman propagator (11) for the massive vector field is a
Green’s function of the differential operator (13). Using eq. (S.27) for the vector propagator

in terms of the scalar propagator and acting on it with the operator D*” we obtain

1
DUGH(e 1) = (@) 90) (~an ~ 50,0 ) GF (o)
— 8 x (0 +m?)  + 9"9)

_ 9 9 9 « Gscalar<x_y)
_Odm x@“@,\+8ux%x@ g

m? (S.31)
- (—5§ x (02 +m?) + 0 x aﬂaA) X GSGAlar (7 )
= =& x (@ +mA)GE (@ — y) = —i6 Wz —y))
= +i5§f5(4) (x —y)

in accordance with eq. (14). This means that the Feynman propagator of the massive vector

fields is indeed a Green’s function of the differential operator (13).



Problem 2(a):
For the classocal Lagrangian density (15),

oL oL A
_ n _ 2 A 2
P, G5 me, — = (§ <1>C> X,

For convenience, let me rewrite this equation as
Va: 0°0(x) = —T(2)Pa(z) = 0

where

A
T(z) = m? + BZCI)E(J:), same for all a.
&

Now consider the currents (16) and their divergences:

ot = 9, <<I>a6“<1>b _ cpbaﬂcba)
= Fposc' Ty, + Dy x 20 — Tplpedl®, — Py x 07D,
= P, X PP, — Py x I*D,
((by the Euler-Lagrange eqs. (S.34) )
= &, x (=T®) — ¥ x (=TP,)
((for the same T as in eq. (S.35) in both terms ))
= T x (—~0,®p + ByPs) = 0.

(S.32)

(.33)

(S.34)

(S.35)

(S.36)

Thus, as long as the field obey their Euler-Lagrange equations, all the currents (16) are

conserved.  Quod erat demonstrandum.



Problem 2(b):

Classically, for each scalar field ®,(x,t) there is a canonically conjugate field

L
I, (x,t) = .5

B, by (x,1). (S.37)

t

Consequently, the classical Hamiltonian density is

2
: 1 5 1 2 m? 5 A 9
M=) b, — £ = 5211& + 5Z(wpa) + 72% + o0 (Zcba (S.38)
a a a a a
while the Poisson brackets involve 3, as well as [d3x:

0A 0B 0A 0B
[4.5] = [¢x3 (sortatts ~ smm) (559

In particular,

[@a(x), @6(y)] = 0, [[Ma(x), ()] = 0, [[@a(x),IH(y)]] = usd® (x—y). (S:40)

Consequently, in the quantum theory the corresponding quantum fields éa(x, t) and f[a(x, t)

obey similar equal-time commutation relations:

[
[
[

And the Hamiltonian operator of the quantum theory follows from the classical Hamilto-

nian (S.38):

K>

a(x,t),cfb(y,same t)] = 0,

=

o(x, 1), II(y, same t)] = o, (S.41)

K>

o(x, 1), ITy(y, same )] = 5,50 (x — y).

H :/d?’xﬁ(x,t) where

H(x,1) = %Zﬁﬁ(xat) 52 (Vea(x 1)’ (5.42)

a

m? X A X ?
+ T;q)a(xat) + ﬂ §(I>a(x,t) .

—_



Problem 2(c):
Applying the Leibniz rule to the equal-time commutators (S.41), we have

~ ~

(I)a(ya t)ﬂb(ya t)v (i)c(xv t) = (I)a(Y7 t) ﬂb(Y? t)7 (iDC(X7 t)] + |:(i>a(y7 t)v (i)C(X, t) ﬂb(Y? t)
= By(y,t) x (—1)6e0P) (y —x) + 0x I(y, 1)

= —i0pePu(y) x 0¥ (y — x)
(S.43)

and likewise
By Olla(y. 1), Belx,t)] = —iducbyl(y. 1) x 69 (y — ). (3.44)

Hence, for the net charge operator Qg as in eq. (18),

[Qun(t) Bl )] = [ay [Ruly. Ou(yt) = Doy, O3 ), B, 1)

2y
:/ ( —i0pe Py ) + l5ac¢b(y, )) 5(3)(y—x) (S.45)
— —l5bc‘i> (x,t) + Zaacq)b(X t).

Similarly,

A

Paly, Oy, 0, TLe(x,0)] = @ally, ) [Ty, 0, T1ex )] + [ @aly, 1), e, 0)] TIy(y, 1)
= By, t) X 0 4 6.6 (y — x) x IIy(y, 1)
= +iba Il (y, 1) x 0¥ (y — x)

(S.46)
and likewise
By DMLy, 1), Lo, 0)]| = 0o TTa(y. ) x 69 (y =), (S.47)
hence
Qu®). 11.6] = [y [@uly. Oy, 1) = Byl Oy ). (1)
= [dy (4ibul(y.t) = iBnlla(y.0) x 6Oy —x) (49

= _Zébc a(X, t) + Zéacﬂb<xa t)

Quod erat demonstrandum.

10



Problem 2(d):

The Hamiltonian operator (S.42) is SO(NV) invariant — in fact, each of the 4 terms compris-
ing the Hamiltonian density #(x, ) is separately SO(N) invariant — and that makes them
commute with all the Qab charges. Indeed, suppose some N operators V. satisfy commutation

relations similar to egs. (19), namely
[Qu(t), Velsame 1)] = ~idVa(t) + idacVi(t) (3.49)

then the ), VCQ operator commutes with all the charges Qab (at equal times). Here is the

proof:
0037 = S [0un 2] = {0 [0 7]}
= Y {V (<ol + i0ach) } S50)

~

In particular, letting V. = f[c(x), or V, = CT)C(X), or V. = V@C(X) — which also satisfy

~ A ~

Qab@),vq)c(x,t)] - V[Qab(t),ic(x,t)} = 0 Vba(x,1) + 0, VBy(x,1)  (S.51)
— we immediately obtain

[Qab(t)vzcﬂg(xat): = 0,
(Qu(t), " Va2x.1)] = 0, (S.52)
Qul®). Y, 2. t)

hence also

Qute) (3, #x0)] = o (5.53)

and therefore [Qab(t),ﬂ } = 0. Quod erat demonstrandum.

11



Problem 2(e):

The commutations relations (20) between the charges follow from expanding ch into quan-
tum fields according to eq. (18) and then using the commutators (19) of those fields with
the Qab charge:

Qo] = [ [ (20014030 — 2a91L())]

Il
S }
w w

= 84 [Qun 160)] — [ Ba(0] )
_ /d3x(<i>c<—i5bdfla + iéadﬂb> + (—z’ébcci)a + z'aacci)b)fld
_ ci>d<—i(sbcﬁa + z’éacﬁb) _ (—i(sbdéa + z’éadéb)ﬁc) ax
— by % /d3x (elly — Ball,) @x + idug x /d3x (el — @41 ax
b idy, x /dsx (Bally — bl1y) @x — it x /d3x (a1, — dy11,) ax
= —i0pg X Qea + 10aqg X Qe + 10pe X Qda — 100 X Qap

= _iébc X C?ad + Z.(Sac X de + 'L.ébd X C?ac - 'l.éad X ch-
(S.54)

Quod erat demonstrandum.

Note: since the charges are time independent, the fields in the above formulae may be

evaluated at any time ¢, as long as it’s the same time for all the operators.

Problem 3(a):

In class, we have expanded a single free scalar fields ®(x) and its canonical conjugate II(z)
into creation and annihilation operators d;r) and ap, see for details. In the present
N-field case, we may proceed exactly like in class, except that the creation and annihilation

operators are labeled by the species index a = 1, ..., N in addition to the momentum mode

12


http://web2.ph.utexas.edu/~vadim/Classes/2024f-qft/expand.pdf

p, thus

z dgk —ikx ~ +ik _i_ k0:+wk
Pal) :/ 27) 320, (™ + eral,) ’

o (S.55)
A d3k . 72]€£EA . +Zk‘£EA'|- k? :erk
I, (x) = o 32wk —iwge” "y, + iwke akﬂ) .

Given this expansion of the quantum fields, we may expand integrals of fields bilinears into

sums of aa, aal, afa, and afal operators. In particular,

/d3x D, (x, t)ITy(same x, same t) =

a3k Bp . .
3 —ikz +ikx 1 =Py - Aipy st
/d / 27 32qu/ 2(27)3 <6 g T ) <_w Mgy + i Zpyapyb)

i A 3+ i(k+p)x—i(wk+wp)t
iy o 0n x/d Xe

3y ei(k—p)x—i(wk—wp)t

d

_/ d®k / *p /
(2m)32wy J 2(27)3 ot s X/d3xei(_k+p)x_i(_wk+wp)t

/d

(2m)7 0" (
BBk d3p +idk7ad;r)7b X (271’)35(3)<

— /(27T)32wk/2(277')3 —ZCALI( a& % (271’)35(3)(—k+p)
(2m)70%(

Pk 1 g L
— ) (2m)P2w 2 (Z“k aicp mk,aak,b>
Pk 1 | |
+ /W 5 (—i&k adfkb X e_Qthk + ZCAI,L adikb X €+22twk) ’
k bl
(S.56)

13



and likewise

/dSX ®y(x, )11, (same x, same t) =

k1o Af Atoa
Pk 1 ' |
+ /W 5 (—idk b&fka X e*Qthk + Z&L bdika X e+22twk> .
k ’ ) , 7

It is easy to see that the bottommost lines of egs. (S.57) and (S.56) are exactly the same, —
indeed
APk 1, it | aat At +2ituw
[from eq. (S.57)] = 252, 2 (—zakbafk’a X e + iy aly , xe ) =
{( changing integration variable from k to —k))

G T
/) (27)32wy 2 —k,b%%k,a “k,b%.a

(( commuting a_, , with 4, , and &T—k,b with ELLG )

B Pk 1 L it At At +2itwic
~ s (it X 7 g 7
= [from eq. (S.56)],

(S.58)

— so they cancel out from the difference
Qab = /dSX ((i)a(X, t)f‘[b(xv t) - (i)b(X, t)ﬂa(X, t)) . (859)

Consequently, the expansion of the charges (S.59) into the creation and the annihilation

operators comes solely from the second-from-the-bottom lines of egs. (S.56) and (S.57), thus

Q / UL ( it _ial g ) / k1 ( I )
= [ —=— = tay a, — 10, a — | —— = (tay ,ay,  — ia, ,Q
ab (27‘(‘)32@1( 9 k,a"k,b k,a”k,b (277)32wk 2 k,b"k,a k,b"k,a
Pk 1y ot i .t
- /(27(—)32wk 9 (wk@ak@ + oy g, — Wy Ay — ak,bak,a>

5 S R, et ot s ca At
- / (27)32uy 2 (2mk,b“k,a il ] = 21y, Z[ak,b’“ku]) '
(S.60)

On the last line here, the two commutators vanish for a # b, while for a = b they cancel

14



each other. Either way, we may drop them from eq. (S.60), which leaves us with

A 4’k ot b
Qab = /7(%)32&}1{ (mk,bak,a - wk,bak,a)'
Quod erat demonstrandum.

Problem 3(b):

Reversing eqgs. (23), we have

. a by —idy, + b,

a = —_—, = —_—
k,1 \/§ k,2 \/§
NI A [ e !

ak,l - \/5 ) ak,2 \/5

Consequently, in the integrand of eq. (20) for the Qo1 we get
At T —1,., S i
_ZQL,QakJ + wL1ak72 = 7(laL_ZbL)(ak+bk) + 5
Liy. ; it
= 5\ %% + iy, — Dy - bkbk>
L. i
+ §(akak + Dy, — iy, — bkbk>

= d;r(dk - ELEk

[\]

and therefore

A d3k o I .

Quod erat demonstrandum.

15

(af + b})(—idy + ib, )

N, antiparticles -

(21)

(S.61)

(S.62)

(24)



Problem 3(c):
First, let’s verify egs. (25). Plugging a = 2,0 =1 and (¢ =1 or ¢ = 2) into eq. (19), we get

[le,(iH(:L’)] = —i&z(l’) + 10, [le,(ih(l’)] = —0 + i(i)l(x), (8.63)

and consequently

A 2 o [QQl,‘i)l(x)] + i[@m@z@)] . —i‘i)Q(@ - (i)l@) &
[le,q)(l‘)] - \/i = \/5 - (P(ZL‘), (25)
A bt(r)] = [QQl,‘i)l(x)] —’5[@21,&)2@)] . —i‘i)Q(@ Jr(i’l@) o bt (2
[QQla(I)( )] - \/5 - \/ﬁ - +(I)( )7
Now let’s use the Campbell identity:
exp(i0Q21 )& (x) exp(—ifQa1) = Y <iz,>n[Q21, [+ [Q21, ()] - times
n=0 )
. VP (i0)? . . A .
= ®(x) + #b[Qu2, 2(2)] + (@21, [Q21, 2()]] + -
(25)

From eq. (24) for the d, it’s obvious that the multiple commutators of qA)(x) with the charge
(91 amount to :i:<i>(:p), specifically

A

[QQL [ [QQL (i)(x)] “lntimes = (=1)"®(z), (S.64)

hence by the Campbell identity

(=1)"d(2) = exp(—ib) x d(x). (27.a)

Likewise, all multiple commutators of the ®f(z) with the charge Q21 amount to +®f(z),

A

[Qﬂa [ o [QQL (i)T (l‘)] t 'Hntimes = ‘|‘(I>T(IL'), (865)



hence by the Campbell identity

exp(i0Qa) ! (2) exp(-i60m) = 3 O (G - [Qar, @)t
= o (27.b)
= Z (Zn') x dT(z) = exp(+if) x T ().

i
[en)

Quod erat demonstrandum.

Problem 3(d):

First of all, let’s check that the charge operators Qab are Hermitian for any a # b: Since the
classical fields ®,(x) and II,(z) are real, their quantum counterparts ®,(z) and ®,(z) are
Hermitian. Moreover, at equal times the fields ®,(x) and IT,(x) with a # b commute with

each other, and likewise @ () commutes with the II,(z). Consequently, in the integrand of

eq. (18)

A

(b)) = @) = M@)ba(e) = bu(@)@) (fora#b).  (S.66)

and likewise

A

(dr(@a(@) = dy(e)Mla@) (for a #b). (5.67)

Thus the whole integrand of eq. (18) is Hermitian, so the integral is Hermitian too. And

this establishes the Hermiticity of all the charge operators Qab-

Next, for any real coefficients A, the combination of the Hermitian charge operators

N 1 A
V = észaanb <S68>

~ ~

is itself a Hermitian operator. Consequently, the exponent U = exp(—iV') is a unitary

operator.

17



Problem 3(e):
By the Campbell identity (25), for U = exp(—iV)

Do) = Vo = 3 LW L 6w . (569)
n=0 )

so let’s calculate the multiple commutators of the 1% operator (S.68) with the quantum field
Oy (z). The first commutator follows from eq. (19):

[V (i) Z Abc wa ]
(( note indices a, b, ¢ different from eq. (19) )

= %ZAZ)C X (—iéca(i)b<l’) + Z'5ba(i)c<x))
be

4 ; (S.70)
7 ; Abaq)b(x) + 5 ; Aac(bc(x)
( by antisymmetry Ap, = —Agp )
- +z’ZAacci>c.
C
The second commutator follows by iterating this formula:
V[V, ®a2)] = |V,i)_ Aaccic(x)] = 0y AV, ()]

‘ ¢ (S.71)

=1 Z Aac X1 Z Acd(i)d Z adq)d
c d d

where A? is the matrix square of A. From this formula, it’s clear how further iterations for

the higher multiple commutators work — they use the higher powers of the matrix A,

[V, [ [V, (i)a(x)mntimes = " Z(An)ab(i)b(x)- (5.72)
b

As written, this formula works for all non-negative integers n, even for n = 0 where
A =1yuy = (A =y =

= [Va [ e [Va (iDa( ) 0times — Z 5abq)b = (i)a(l‘)-

18



Finally, let’s plug all the commutators (S.72) into the Campbell identity (S.69):

0 S (A (o)
b

n

n=0

(exp(4)) d(a)

-
g:eo
0
Qj_:
I
hE

n=0

>
-

where exp(A) is the matrix exponential of A. Moreover, we have chosen the antisymmetric
matrix A such that its matrix exponential is precisely the desired SO(N) matrix R, thus
eq. (S.74) amounts to the SO(N) symmetry transform in the field space,

Udba(2)UT = > Ryp®a(). (29)
b
Quod erat demonstrandum.

Problem 3(f):

All the SO(N) charges Qq» commute with the Hamiltonian and also with the net momentum
operator Pt Consequently, the symmetry operators U also commutes with the Hamil-
tonian and with the net momentum operator. Consequently, when U acts on a quantum field
d,4(x) as in eq. (29), it cannot mix the creation and the annihilation operators comprising
the (fa(x) with each other unless they carry exactly the same energies and momenta. In
particular, U cannot mix the creation operators with the annihilation operators since they
have opposite signs of energies. Instead, all U can do is change the species index of the

creation and the annihilation operators, thus

UdL aUT = linear combination of di) , for the same p, ( )
. ’ S.75
UdpﬂUT = linear combination of a, , for the same p.

In light of egs. (28) for the quantum fields themselves, the coefficients of these linear combi-

nations must be R, thus

Ui U = ZRab&;b’ Ul U' = ZRabdpﬁ' (30)
b b
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Problem 3(g):
Eq. (31) follows from eq. (30) for the creation operators and from the way any n-particle
state obtains from acting with the creation operators on the vacuum state,
In:(pr.a1),....(Pnsan)) = ab . --al . |0). (S.76)
Strictly speaking, if some of the n particles have exactly the same momenta and also are of
the same species, we would need some extra normalization factors in this formula. Although
eq. (31) holds true even when such normalization factors are taken into account, proving it
would take some extra afforst to deal with those factors. So to keep our life simple, we note
that in the infinite space exactly equal momenta of several particles are extremely unlikely
to happen (probability = 0), so we assume that all the momenta is distinct. Consequently,
none of the n particles are in exactly the same quantum state, so the normalization factor

in eq. (S.76) is simply 1.

In light of eq. (21) for the charges, they all annihilate the vacuum state |0), hence
U10) = |0). Consequently, for the one-particle states &La |0) we have

Ua},, 10) = (Udf,,U") < U |0) ZRba »xl0) = Ul(p,a) ZRabup,

(S.77)
In other words, U rotates the species index of the particle by R but leaves its momentum

unchanged.

Likewise, for any n—particle state

Uln :(p1.a1), (p2.a2),- .. (P, an)) =

= Udf,, 4,0}, b, a, |0)
= (Ud, ,,U") x (Udl, q,UT) x - x (UaT JUT) % U\o>
= Rayp,al x> Ragpyttl) % -oo % ZR% bah % [0) (30)
b b2
= Y RapRayis Rayp, % a;,bla;m al, . [0)
b1,b2,....bn
> RaypRass - Rapp, X In: (P1,01), (P2, b2), - -, (Prs bn)) -
b1,b2,....bn
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Again, for each particle in the n—particle state its species index is rotated by R but the

momentum stays unchanged. Quod erat demonstrandum.
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