PHY-396 K. Solutions for problem set #5.

Problem 1(a):
In the Noether’s formula (1) for the stress-energy tensor, the ¢, stand for independent
fields or field components, however they might be labeled. In the electromagnetic case, the

independent fields are components of the 4—vector Ay(z), hence

o
TH EM) = ———— 0"A\, — ¢" L
Noather (PN = 55 50y 04r = 9 (S.1)

= —FM Ay + Lo FoF™

While the second term here is clearly both gauge invariant and symmetric in p <> v, the

first term is neither.

Problem 1(b):
Let KM = —FMAY as in eq. (5). Then

N _(8)\F)\ILL)AI/ _ F)‘“(a)\AV) — _JHAY 4+ FW\(@)\AZ’)’ (S.2)

where the first term on the RHS vanishes for the free EM fields (i.e., when J# = 0). Conse-
quently, for the free EM fields

v v A,V
TghYS - Tﬁoether + K
= —F”A(ﬁl’AA) + %gHVFH)\F“/\ + F“A(ﬁAA”)
_ —FM(@VAA _ @A”) + lgw p e

= —FMFY + Lo FF™

(S.3)

exactly as in eq. (4).



Problem 1(c):

Let’s start with the Lagrangian (3). In component form,

o — _pli _ Ei7 i — —eijkBk. (S4>

Therefore, FOF, = FY[F),; = —E'E" where the minus sign comes from raising one space
index. Likewise, F'"/ Fy; = +¢k Bkeiit B — 12 BE BF where the plus sign comes from raising

two space indices at once. Thus,

£ = 4 (P"Fu = FOF+ FURy + FIF;) = §(E? - B?). (8-5)

Now let’s work out the stress-energy tensor (4) in components. For the energy density

component 7% we have
U=1"=-r"rY - £ = +E* - J(B*-B?) = {(E*+B?%  (S.6)

in agreement with the standard electromagnetic formulee (in the rationalized ¢ = 1 units).

Likewise, the energy flux and the momentum density are
St =19 =71% = —FYF, = —(—E9)(+7"B") = +¢/"EIBF = (ExB)’, (S.7)

in agreement with the Poynting vector S = E x B (again, in the rationalized ¢ = 1 units).

Finally, the (3—dimensional) stress tensor is

TEJM _ —Fi/\FjA . gijﬁ _ _FiOFJ(') . FikFJé + siir
— _EZEJ + EikﬂBEEjkmBm + %5Z] (E2_B2)
o 3 o g (5.8)
= —E'EI + (§YB'B' — B'BY) + 15 (E? - B?)

= —E'E) — B'B/ + 157 (E*+B?).

Again, this is the well-known Maxwell stress tensor for the EM fields (in the rationalized

¢ = 1 units), except for the overall sign convention: In our convention, positive EM stress is



compression rather than tension, thus EM pressure
1 it 1 2 2
P = 437" = +4 (E*+B%), (S.9)
while most EM books define positive stress to be tension rather than compression, hence

TPy = +E'E + BB/ — 159 (E? 4 B?) (S.10)
but P = —iT" = +1(E*+B?). (S.11)

Problem 1(d):
In a sense, eq. (7) follows from part (b), but it is just as easy to derive it directly from the

Maxwell equations. Starting with eq. (4), we immediately have
0T = —(OuF)FS — PP0,F%) + bFaa(0°F™). ($.12)

where the last two terms cancel each other. Indeed, we may rewrite the second term here as
second term = —FH x OuFY = —F\ x O'F™
(( exchanging summation indices p <> \ )
= —Fy, X PFVE = +Fy) X P FVH (S.13)
— average_of (JFFIM X PFV | _F x aﬂF“)
= 1B (9N 4 9P,
hence combining the second and the third term on the RHS of eq. (S.12) gives us
second term + third term = %F/M (8’\FV“ + 8”F’\V> + %Fﬁ)\ (8”F“’\)

((renaming the summation index x — p in the third term )

= 1B (D 0PN o)

=0
(S.14)
thanks to the homogeneous Maxwell equation
PNEVE 4 QHFN 4 9V = 0. (S.15)

Thus, on the RHS of eq. (S.12) the second and the the third term cancel each other and we



are left with the first term only:
Ty = —(0uFMFY = — J'FY (S.16)

where the second equality comes from the inhomogeneous Maxwell equation 0, F A = JA,
This proves eq. (7). Finally, eq. (8) follows from eq. (7) and the net stress-energy conserva-

tion (6). Quod erat demonstrandum.

Problem 1(e):
For v = 0, on the LHS of eq. (7) we have

0,7 = 9T™ + T = %—Z;’ + V-8, (S.17)
while on the RHS of eq. (7) we have
—LZF® = +JF% = _J.E. (S.18)
Thus, eq. (7) for v = 0 is the Poynting theorem
%—Z;{JrV-S:—J-E, (S5.19)

which is the local form of the work-energy theorem for the EM fields: The rate of the EM
energy’s non-conservation is equal to the power expended by the EM forces on the electric

current J.

Now consider eq. (7) for v =i =1,2,3. On the LHS, we have

0, T" = 8T + 9TV = 8; + VT, (S.20)

which is the local non-conservation of the i*® component of the EM momentum. Indeed, the
Poynting vector S = E x B gives not only the flux of the EM energy but also the density

of the EM momentum, while the stress-tensor 7% (in our sign convention) gives the flux of



the EM momentum. Physically, this non-conservation is due to mechanical forces between

the EM fields and the currents, so we should have

05"

o+ VT = —f (S.21)

where f is the density of the net EM forces on the charges and the currents,
f = pE + JxB. (S.22)
And indeed, on the RHS of eq. (7) for v =i we have
Iy FA = —JOF0 4 JIFU — —pE — R JiBR — —(4E + I xB)' = —f, (S.23)

in perfect agreement with eq. (S.21). In other words, the v = 1,2,3 components of eq. (7)

give the local form of the momentum-impulse theorem for the EM field.

Problem 2(a):

As discussed in class — see [ny notes on gauge symmetried (pages 5-6), — for the EM field

coupled to any kinds of charged scalars with a Lagrangian density

L = —iFWFW + Z(DMQDZ)(D“(I)G) — V/(scalars), (S.24)

the Euler-Lagrange equations for the charged fields are

ov ov

DHD,® =0 D*D,®* =0 S.25
n*a + 8@2 ) H*a + 8(I>a ) ( )

while the electric current is
Jh = Z(—iqa¢aD“®Z + iqa<I>ZD“<I>a>. (S.26)

a

In particular, for the theory at hand there is only one charged scalar field ® (and its conjugate

®*), the Lagrangian density is as in eq. (9), so the Euler-Lagrange equations for the charged


http://web2.ph.utexas.edu/~vadim/Classes/2024f-qft/gauge.pdf

fields are
D,D'® + m?® = 0 = D,D'O* + m2d*, (S.27)
while the electric current is simply

JH = —ig®DFO* + iq®*DH. (S.28)

This current is manifestly gauge invariant, and is conserved, d,,J# = 0 when the scalar fields

obey their equation of motion (S.27). Indeed, by the Leibniz rule for the covariant derivatives

0, (®@D"®*) = (D,®)(D"®*) + ®(D,D'd*)

(by eq. (S27)) = (D,®)(D'd*) + B(—m?d*), (S.29)
0, (®*D'®) = (D,®*)(D'®) + ®*(D,D"D)

(by eq. (S.27)) = (D,®*)(D'®) + d*(—m?d), (S.30)

hence

O = ~ DT + T + HDASDT) - ine® = 0. (331)

Problem 2(b):
According to the Noether theorem,

Tt = % T 3(27;%6@ i %a@* s (S.32)
= Toether M) + TG, ep (matter)
where
T e EM) = —FFAO"Ay + 1" F\F™ (S.33)

similar to the free EM fields, and
Tﬁgether(matter) = Dlo*9"® + DH® 9"o* — gNV(D)‘(I)* D)\(I) - mQ(b*(I))' (834)

Both terms on the second line of eq. (S.32) lack p <> v symmetry and gauge invariance and

thus need 9\K ¥ corrections for some KM = —KFW . We would like to show that the



same KMV = —FM AV we used to improve the free electromagnetic stress-energy tensor will

now symmetrize both the Ty, and Tlh., at the same time!

Indeed, we saw in problem 1(b) that

KMV = —JrAY + Fr(0\AY) (S2)

where the second term symmetrizes the EM stress-energy tensor,

T iner (EM) + (second term in eq. (S.2)) = Tgfys(EM) = Tgfys(EM). (S.3)

At the same time, the first term in eq. (S.2) — namely the —J*A” term — happens to

symmetrize the matter stress-energy tensor. Indeed, consider the difference

AT paster = Thpge(matter) — X7, o (matter)
= DH(I)*(DZ/(I) o ayq)) 4 D“(I)(DV(I)* o 81/@*)
= DFO*(igA"®) + DHF(—igA"e") (8.35)

— A x (iq(I)*D“q) . z’q(I)D“(I)*)

= —AYJF = first term in eq. (S.2),

which immediately tells us that

TR e (matter) + (first term in eq. (S.2)) = Tg‘}’l’ys(matter) = Tgﬁys(matter)- (S.36)

Altogether, the divergence of the KM+ as in eq. (2) symmetrizes the net stress-energy

tensor (12), quod erat demonstrandum.

Problem 2(c):

Since the fields ®(z) and ®*(x) have opposite electric charges, their product is neutral and



therefore

8H(<I>*<I>) = Du(q)*@) = (DHQ*)CI) + CID*(DMI)). (S.37)
In a similar manner

0 (D"0") (D"®)) = (DL DF®") (D'®) + (DH0%) (D,D"®)
= (D*®*) (D"®) + (D,®*) (D'D'® = D"D"® + [D*, D"|®)
{{ using equation of motion D?®* = —m2®* for the first term ))
((and [D#*, D¥]® = igF* ® for the second term ))

= (-m?®*) (D"®) + (D,®*) (D'D'®) + (D,®*) (igF"®),
(S.38)

and likewise
Ou ((DF®) (D7) = (D,D"®) (D"®7) + (D'®) (D, D"®7)
= (-m?®) (D"®*) + (D,®) (D"D"®*) + (D,®) (—igF*@*).

(S.39)
Finally,
9, [—gW (D@* D — m? cb*cbﬂ S (DACD* DA<I>> + m29” (O D)
_ —(D"DMY) (D,®) — (D) (DDHD)
+ m?® (D"®*) + m?d* (D'D).
(S.40)

Together, the left hand sides of egs. (S.38), (S.39) and (S.40) comprise 9,Th"

mat

cf. eq. (13). On the other hand, totaling up the right hand sides of these three equations
results in massive cancellation of all terms except those containing the gauge field strength

tensor F'*¥. Therefore,

o0, Th = (D,®") (igF*®) + (D,®) (—igF"”®*) + massive cancellation
= FM™ (iq® D, & — igd* D, ) (S.41)
= FM x (=J,) = +F"J,

in accordance with eq. (15).



Finally, combining this formula with eq. (7) immediately shows us that the net stress-

energy tensor (13) is conserved,

OuTioy = T + 0Ty = 0. (S.42)
Quod erat demonstrandum.
Problem 3(a):
Classically,
d —
aLmechzvxw+xxF:O+xxF (S.43)

where F is the net force on the charged particle. In presence of the EM fields (16), this force

18

M
F:qE+gVXB:@n+q—2vxn, (S.44)
c r cr
hence
d M M
ELmech = (x=m)xF =0 + qc—rnx (vxn) = qc—r(v — (v-m)n).  (S.45)
At the same time,
d gM dn gM v — (v-n)n
—J = I = _ ) S.46
™M c dt c r (5-46)

By inspection of the last two formulae, the separate angular momenta Ly, and Jgy are

not conserved, but the net angular momentum (17) is conserved,

d d d
dtJ ot 77 Limech + IEM (5.47)

Quod erat demonstrandum.



Problem 3(b):

Let’s start by verifying eq. (22). Since the 3 coordinate operators ; commute with each

other, we have

and therefore

X,

Verifying eq. (23) takes more work. First,

A

[7i, Lyj]

(&5, JPM] =0 (5.48)
= [.f E'kgi’kfr(] = E'k@fk[i" 7%6]
5 J " (S.49)
= ejkgi‘k xihéw = Z.hejkii‘k
= iheijkik-
[T, €0 a0
ke[, T) X g + €y X [T, 7]
| ) . igMh @
€kl X —Zhéik X Ty + €jkeTE X — Eiﬂmf_? (8_5())
» . 1qMh T
—ZthiﬁT( + <5jm5ki - 5ji5mk> ,f,3m
oMb Nn; — 5
+ih€ijgﬁg + 1 nZnJA =

7

where n; def z;/7. On the bottom line of this formula, the first term is precisely what we

want in eq. (23), but the second term is something we do not want. Fortunately, this second

term is canceled by the commutator of 7r; with the other part of the net angular momentum,

Thus altogether,
[7%1 )

precisely as in eq. (23).

jnet

J

]

. s M. .
i M) = = [fi, ]
_ MO (S.51)
c ox;
ihgM by —
B c r
= [fi, L] + [#, PN = +iheere + 0, (5.52)

10



Finally, eq. (24) follows from egs. (22) and (23). Indeed, eq. (22) implies that 72 = 3;3;

and hence 7 commute with the jj, and therefore

A - gM | z; - qgM 1 . . qM 1 . . , SEM
[ i J] - |:f ) j:| P [xz> ]] c 7 WNE; kT W€k J,

At the same time, egs. (22) and (23) together lead to

A

[Li, Jj] = lemednie, Jj)
= €poly X <[ﬁ£,jj] = m%mﬁm> + Eike([ik,jj] = ithjni"n> X Ty

= thayTy, X <5kn5ik€€£jm + 5€m€ik65kjn>

where
5kn6ikéﬁﬂjm + 5Em5ik£€kjn = (5ij5nm_5im5nj) + (5mj5m'_5ji5mn)
= 5mjém' - 5im5nj
= €ijk€knm »
hence
[Li, Jj] = ih@nTm X €ijk€knm

= Z77/@']'1@ X €gnmITnTm
= Zheljk X Lk .

Finally, combining eqs. (S.53) and (S.56), we arrive at
Ui, Jj] = Ly, J5) + M) = el + ihep JP™ = ihegrdi,
precisely as in eq. (24). Quod erat demonstrandum.

Problem 3(c):

. (S.53)

(S.54)

(S.55)

(S.56)

(S.57)

Egs. (22-24) imply that the x, 7%, and J operators act as vectors under the space rotations

generated by the angular momenta jj. Consequently, all the scalar combinations made

from these operators act as scalars under such rotations and therefore commute with the

jj. In particular, eq. (22) implies that #* = 2;2; commutes with all the jj and hence the

11



7 and the 1/7 operators also commute with all the jj. In the same way, eq. (8) implies
—»2 A

that the 7 = 7;@; operator also commutes with all the J;. Thus, both terms in eq. (25)

for the Hamiltonian commute with the angular momenta jj, so the whole Hamiltonian also

commutes with them,

[H,J;] = 0. (S.58)

A

Therefore, in the Heisenberg picture of QM, the angular momentum operators J; are time-

independent. In other words, the jj are conserved operators.

Problem 3(d):
By definition

. o N M
J=xx7+ I™ = xxp - LxxAax) - Toa. (8.59)
c c
In this formula
+1 — cos6 +1 — cos6
A = M = — S.6
X X ™ X ¢ = (n x ey eg) (S.60)
where
eg = (+cosfcosp,+ cosfsin g, —sinb) (S.61)

is the unit vector in the € direction. Focusing on the z component J, of the angular momen-

tum, we have

+1— 0
xxAl, = M TCGOS (+sin6) = M (£1 — cos), (S.62)
hence
M M M M
Ty« Ax) — P = 24 (£1 —cosf) — T cosh = :F—q (S5.63)
c c ], c c c
and therefore
. M
J. = [xxpl. F—2. (S.64)

Finally, in the polar coordinate basis, the [X x p], operator acts as —ihd/0¢, thus altogether

R 0 M
J(r.0.6) = —ma—z F 2y, (5.65)

precisely as in eq. (27).

12



Problem 3(e):
According to egs. (S.60) and (S.61),

+1 —cosf

xx Al; £ ixxA]l,= —-M e~

cos 6 exp(£'i¢) (S.66)

where + denotes the gauge choice (Northern vs. Southern hemisphere) while 4’ is a separate

sign choice, same on both sides of this equation. Likewise,

ng ' in, = sinfexp(x'ig), (S.67)
hence
M M
Txx A) - q—n] +/ i[—g(xx A) — q—n] -
c c ], c c
_ M exp(£ig) x ((il — C‘OS 6)cost _ sin@) (5.68)
c sin
M +cosf—1
e exp(&'ig) x L.
c sin 0
Also, in the spherical coordinates
& x ple £ & xp]y = hexp(tig) <£% + icothd %) ; (S.69)

you can find this formula in any undergraduate QM textbook. Thus altogether, plugging

the last two formulae into eq. (S.59) for the net angular momentum, we get

A A

0 M +cosf —1
Jo £ iJy = hexp(+'ig) (ﬂ:'g +icothd — + 4 cos )’

00 19J0) he sin ¢ (5.70)

in perfect agreement with eqs. (28). Quod erat demonstrandum.

13



Problem 3(f):
Because of the spherical symmetry of the quantum system in question, we expect all the

eigenstates to have wavefunctions of the form

b(r,0,0) = [f(r) x g(0) x h(¢). (S.71)

Moreover, in light of eq. (27), the states of definite m should have

M
h(¢) = exp(im’'¢) for m' = m iqh—. (5.72)
c
Or rather, in the Northern hemisphere gauge
. qM
hn(¢) = exp(imy¢g) for my = m + o (S.73)
while in the Southern hemisphere gauge
M
hs(¢) = exp(imgp) for mg = m — qh—c (S5.74)

Both hy and hg must be single-valued functions of the angle ¢, so both my and mg must

be integer. Consequently:

1. ¢M/hc must be integer or half-integer — this is the Dirac’s charge quantization con-

dition.

2. For integer gM /hc, the eigenvalue m of the J. must be integer, and hence j must also
be integer. But for a half-integer ¢M /hc, the eigenvalue m must be half-integer, and

hence 7 must also be half-integer.

Now consider a multiplet of states |7, m) of definite j and all possible m ranging from
—j to +7 by 1. In this multiplet, the state with maximal m = +j must be annihilated by

the j+ operator,

A

(Jo +idy) [j,m=j) = 0. (S.75)
In polar coordinates, this operator acts as in the top eq. (26), so for a wave function of the

14



form (S.71) with h(¢) as in eq. (S.72), we have

+% _ <m' = m+ qhﬁ) coth @ x g(0)
Jib(r,0,6) = hexp(+id) f(r)h(9) X ’
qgM 1 F cosf 0
" he  sind x9(0)

. dg gM 1
= hexp(+ip)f(r)h(¢) x <+@ — (mcoth@ + b sm@) g(@)).
(S.76)
For the state with m = +7 the LHS here must vanish, so the g(#) function must obey the

differential equation
dg
de

qM 1
= tho S.77
<m «© T e he sin 0) a (8.77)

Consequently,

d M 1
dlogg(f) = 9 _ (mcoth@ + L2 ) do
g hc sinf

cosf — qM cosf +1
- (m ) 2sind d9 N <m—|— hc) X Tosing a6 (S.78)
—sin(0/2)d0 '
- (m ) <W = dlogcos(@/Z))
qM cos(6/2)d0 ,
(m + hc) X (25in(9/2) = dlogsm(@/Z))
and therefore

g(f) = const x ((305(0/2))“1 X (sin(@/Q))n2 for ni2 = (m=y) F % (5.79)

To make this solution regular at both # = 0 and # = m, both n; and ny must be non-negative

integers. Consequently, we need

h + a non-negative integer, (S.80)
c

e

precisely as in eq. (29). Quod erat demonstrandum.

15



Problem 3(g):

First,
5 - (1: N ﬂﬁ)Z i2 4 (ﬂf M i fen) - B2 (q—)2 (s.81)
c c c c
because
Ai-L =L.-a =0 (S.82)
Second,
P2 = (xx7)? = 2F - a2, (S.83)

which obtains exactly as in QM of a particle in a central potential without the magnetic
field. To be safe, I'll derive this formula for the present case in a moment. But once we have

this formula, eq. (30) follows immediately from egs. (S.81) and (S.83).

Now let’s derive eq. (S.83). Classically, it follows from the basic vector algebra:

L = (xx7)? = x*7@ - (x-7)? = (7 - (n-7)?) = (7 — 7). (S.84)

But in the quantum mechanics, we have to watch out for the commutators, thus

L o o
L® = (€jk®jTx) (€iomTeTm
J
= 2T ePm X (€ijk€itm = 0je0km — OjmOke) (S.85)
= iy — G
where
N A oA A N A A A n fTa A . . .9 22 g A A
Tpd T = T3 + l‘j([ﬂ'k,l‘j] = —zh5jk)7rk = 771 — ihajmg, (S.86)
while
LTIy = [i’j,frk]i’kﬁj + TRTRT;TG

= [2j, TRJanf; + [Fe, Tl27 + (Bef) (2575) S87)
= ihéjkfkﬁ'j — ihékki’jﬁj-i- (i’kﬁk)2 .

= (&%) — 3RE-7) + (k7)) = (%-7) — 2R(EX-7).

16



Altogether, this gives us

N -2 - o
L2 = #7 — (%-7)% + ikx-7). (S.88)

Now let’s compare the second and the third terms here to #272. First,

Lodef 1/ Ao s .. L . , on; 2 . ih
R = %(nim—i-mni) = nm + %[m,ni] = ;T + %(—zh)( g —) = N1 — =

o0x; T
(5.89)
Second,
P25 = PR, + PR, ARy (S.90)
where
. U L .
[P, 7] = [F, ] = ng[r,m] = ng | ih=— = ihn; | = ih. (5.91)
81‘,‘
Consequently,
272 = (prp)? + ih(Pry) = (& —ih)? + ih(@gm; —ih) = (37)2 — (@), (S.92)

and comparing this formula to the RHS of eq. (S.88), we immediately see that

7, (S.93)

precisely as in eq. (S.83).

This completes our derivation of eq. (S5.83) and hence eq. (30)

17



Problem 3(h):
In light of eq. (30), the Hamiltonian of the charged particle orbiting a dyon can be written

as
o mr P —@Mfe? 4@

2m 2mi? ro

(S.94)

In the coordinate basis

. (0 1 9 a0 20
Ty = Zh<8r+r)’ i o= h(@'r’2+7’8'r’)’ (5.95)

so the radial wave function f(r) (cf. eq. (S.71)) of a bound state |n,, j,m) of energy £ < 0

and angular momentum j obeys the radial Schrodinger equation

52
2m

JG +1) = (gM/he)? ) - %

r

(—f”(r) “ 2P0+

r r2

fry = Ef(r). (S.96)

This equation looks exactly like the radial Schrodinger equation for the hydrogen atom —
except for having

AA+1) € G — (oM /he)’ (18)
instead of ¢(¢+1) — and it can be solved in exactly the same way. You can find a solution —
and there are many different way to solve eq. (S.96) — in any undergraduate QM textbook;
but since A is generally non-integral while many textbook solutions make use of ¢ being an

integer, let me write down a solution of my own.

First, let me introduce a couple of parameters:

1
k=g —2mFE (S.97)
for a bound state of negative energy E < 0, and
qQm
= , S.98
= (5.98)

In terms of these parameters (as well as A), eq. (S5.96) becomes

%Xf/_wxf+21/%xfzm2xf. (S.99)

f// _'_
Now let’s take the asymptotic limits r — oo and r — 0. For r — oo, we may crudely

18



approximate eq. (S.99) as
"~ K, (S.100)

so the normalizable solution behaves as f(r) ~ exp(—~r). In the opposite limit of r — 0,

we approximate eq. (S.99) as

2

) A+ 1)
I ma

x 1 — s X [ = 0, (S.101)

,
with the normalizable solution being f ~ r*. In light of these asymptotic limits, we let

f(r) = r xexp(—rr) x d(r) (S.102)

for some (hopefully) regular function ®(r). Following eq. (S.102), we have

F'(r) = r*exp(—kr) x ((I)’ + %‘P - K‘P) ; (5.103)
'(r) = r*exp(—kr) x <(I>” + (? — 2/@) P+ (M)\'r’; b _ Qiﬁ + /@2) (ID) , (S.104)

and consequently eq. (S.99) becomes

A1 —A—1
o 4 2( i —/{) w @ 4 oW ZAZDE g (S.105)
r r
To solve this equation, we rewrite it as
rx <(I>” - 2/@’) n 2<()\+ 1@ + (v —\— 1)/{@) = 0 (S.106)

and then Laplace transform it to a first-order differential equation. Thus, we look for ®(r)

in the form of a contour integral in the complex plane,
d(r) = /dte““ x F(t) (S.107)
r

for some analytic function F'(¢) and some contour I'. To allow integration by parts, I' should
be either a closed contour, or else both ends should extend to oo in directions along which

the integrand dies off rapidly enough.
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Given the Laplace transform (S.107) of the ® function itself, we have

dd

- = /dte““ Xt x F(t), (S.108)
0

d*®

-5 = /dt el x 2 x F(t), (S.109)
Y

while

rx (1) = / dt (re““ - 8;3) x F(t)

r
S.110
tr dr ( )
(by parts)) = — [dte" x —,
dt
r
and likewise
d
"o Y — tr o 7 [42 _
TX(CID 2@) /dte xdt(t F(t) 2/<;tF(t)>. (S.111)
r

Plugging all these formulae into eq. (S.106), we may recast it as an equation for the F(t),

namely

_% ((t2 _ ZKt)F<t)> + 2(A+ 1)t + (v=A=1Dr)F(t) = 0. (5.112)

This is a fairly easy first-order differential equation. To solve, we rewrite it as

F
t(t — 2K) x Cil—t = 2(Mt+ vk — X&) X F(t), (S.113)

hence

dF/dt 20t + 2KV — 2K\ A—v A+v

T e R P (5-114)
dF dt dt
dlog FF = - = ()\—1/)7 + ()Hrl/)t_QH
= (A—v)dlog(t) + (A +v)dlog(t — 2k), (S.115)
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F(t) = const x "7 x (t — 2r) Y, (S.116)
and therefore

. _ _ A _—KT tr A—v . v
radia : :
Uradial = f(r) = const x re” ™" x /dte X t X (t — 2k) (S.117)
I

It remain to determine the integration contour I' in this formula. For generic A and v,
the integrand in eq. (S.117) has two branch cuts, one from ¢ = 0 to ¢ = 2k and the other
from ¢ = 0 to t = oo; let’s lay the combined branch cut along the real axis, from t = —o0
to t = +2k. Since there are no other singularities, the integration contour must therefore
surround this cut, with both running to —oo on two sides of the cut. Consequently, the

integral in eq. (S.117) becomes

+2K
2 % /dt e x disc [t)‘_” x (t — 2r)MY (S.118)
—0o0
where ‘disc’ stands for the discontinuity of [- - -] across the real axis.

For large r, the exponential " grows rapidly with ¢, so the integral (S.118) is dominated
by its right end at ¢ = 2k, so asymptotically

for 7 — 0o :  the integral ~ eT2rT x psomepower (S5.119)

and therefore

wrad<r) ~ e+m’ % Tsomepower. (S.120)

Such a radial wave function is un-normalizable, so there are no good solutions for generic A

and v.

To get a good, normalizable solution of the radial wave equation, we need the integrand

of eq. (S.117) to have a different geometry of singularities that would allow a different kind
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of an integration contour. Such geometry obtains when A\ — v is a negative integer, i.e.
v=MA+n., n. = 1234, ..., (S.121)

hence

- mq? __ma@ . (S.122)
vh (A+n,)h

and the bound state energy

hQ 2 2
g e _mQ (5.123)
2m 207 (X + )2
precisely as in eq. (17). Indeed, for A — v = —n,, the integrand
tr A—v Av
e’ XtV x (t — 2k) (S.124)
has an isolated pole at ¢ = 0 in addition to a branch cut from t = —oco to t = +2k. Let’s

reroute the branch cut so it lies away from the pole at ¢ = 0. Then in addition to the
integration contour surrounding the branch cut, we have another option for the contour —
a small circle around the pole around ¢ = 0. For such a contour, the integral extracts the

residue of this pole, hence

el x (t — 2r)2Mr

A _—KT .
= t X x Resid S.125
Urad(r) const x r’'e esidue o ( )
As a function of r, the residue here is a polynomial of degree n, — 1, so
for r = 00 ’lprad ~ e*lﬁ??’ X Tsome power <8126)

which makes for a normalizable radial wavefunction.
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