PHY-396 K. Solutions for homework set #8.

Problem 1(a):

In the previous homework#7, problem (5.b—c), we saw that

wpos) = (T PIE) gy = (YR s1)
’ E-i—pO'fS ’ ’ — E_l_pans ’
where & and 7, are 2-component SU(2) spinors normalized to
;L'Ss’ = 771775’ = 55,8’ y Ms = 025; . (82)

Before we check egs. (2), let’s check the normalization (1) conditions for the spinors (S.1):

UT(I% s)u(p, Sl) = fl(( VE—-p- 0)2 + (VE+p- 0)2>€S’ = 5;[(2E>£S’ = 2B,

vi(p, s)v(p,s) = nl((+ E—-p-0)?+ (—\/E+p-0)2>ns/ = ni(+2E)n, = 2Edsy
(S.3)

because
(+VE-p-0)? + ('VE+p-0)? = (E—-p-0) + (E+p-0) = 2E.  (S4)

And now that we have verified that the spinors (S.1) are properly normalized, let’s
consider the Lorentz invariant products au and vv. For the u(p, s) and v(p, s) as in egs. (S.1),

the w and v are given by

VE_p'o'gs f 0 12><2
VE+p-0¢&s 1., 0

:(g;rX\,E—{—pO', ﬁleE—p-J),
0 <+VEPU778>T< 0 12><2>
1

a(p,s) = ul(p,s)y’ = (

—vE+p'0'773 22 0
= (-nixVETp-0, +nixVE-p-07).
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Consequently,

u(p,s)u(p,s’) = & x VE+p-ax/E-p-ox¢,
+ & x\VE-p-oax\E+p-ox¢g, (S.6)
= 2m><§lfs, = 2misy

because
VE+p-ox\/E-p-0d = \/E—p-0dx\/E+p-0
(S.7)
= /E?—(p-0)2 = VE2—p2 = m.
Likewise,
o(p,s)v(p,s') = —nixVE+p-0x\/E-p-0xn,
—nlx\/E—p-ax\/E—l—p'O’xns, (S.8)
— —2m><77;[775/ = —2mdsy .
Problem 1(b):
In matrix notations (column x row = matrix), we have
VE—=po¢
u(p, s) xu(p,s) = T x (él\/EerU,éI\/E—pO)
VE+poés
 (VE-po & xlVE+Dpe VE-po & x L VE—pa 59)
VE+Dp0 & x EVETDpT VETpO & xEVE-po )’ |

+\/W7]s
_\/mns
B (W(ns <nl) VEFD0  +VE=p0 (n x ) m> S0
- +\/m(nsxnl) VE+po —E+po (nsxnl>x/m -

v(p, s) x B(p,s) = ( )>< (—nl\/E+p0,+nl E—pd)

Summing over two spin polarizations replaces &g x 51 with ) & X 51 = 1,,, and likewise



s X 771 with > 75 X ?71 =1,,.,. Consequently,

> ulp,s) x ulp,s) =

8 WZSSX&]\/EJrPO VE=p5 [$.6 x €l VE=po
:< VE +po Z£s><€s}\/E+p0 VE+po [Z §SX£S]W>

<\/E po x VE+po VE—po xE— pO’)

VE+po x\/E+po E+po x+\E—po

E —po 0 .
= = mXlyxs + EXy — p-7
E +po m

= p+m (S.11)

< VE=p0 [L,n x| VETpO  +VE=p0o [T, nsxns]m>
+VEFpT |0 <l VEFPO  —VEFPa %, m % nl| VE=po

—VE —-po xE+poc +vE—-po x+E—-po
+vVE+po xVE+po —/E+po x\E—po

E —po 0 .
= —mX1yy + EXy — p-v
E+po —m

e — (S.12)

Quod erat demonstrandum.

Problem 2(a):

The ~Y matrix commutes with itself but anticommutes with the space-indexed 123, At

the same time, the parity reflects the space coordinates but not the time coordinate, x —
/

x' = —x but t — t/ = +t, hence the new space and time derivatives are related to the old

derivatives as V' = —V but 9 = +0. Together, these two facts give us

7 x7" = (P9 +7-V) = (109 —7-V') = 4%(+1°0 +7-V) = 1" @ (S.13)



and hence
@@ —m)x" = 4" x (@ 9—m). (S.14)

Combining this formula with eq. (10) for the Dirac field, we find
(i @—m) V' (@) = (i@ —m)(£1 V(2)) = £ @ —m)"V(x) = £ @—m)¥(x) (S.15)

— the (¢ @ — m)V¥(x) transforms under parity precisely like the W(x) field itself. In other

words, the Dirac equation transforms covariantly.

Now consider the Dirac Lagrangian. Taking the Hermitian conjugate of eq. (10) we find

T

Viex,t) = 200 (x, 07" = £0i(x, )" (S.16)

and hence

—/

U (—x,t) = £U(x,t)9". (S.17)

Consequently, the Dirac Lagrangian £ = W (i @ — m)¥ transforms into

L) = T(@) x (i —m)V ()

— LT ()A0 069 —m)¥(z

_ :I:E( )70 x 240 § — m) V() (S.18)
= +U(z) x (1 d—m)V¥(x)

= L(z).

In other words, the Dirac Lagrangian is invariant modulo z — 2’ = (—x, +t), and the Dirac

action S = [ d*z £ is invariant.

Problem 2(b):
The linear momentum p is a polar vector while the angular momentum — orbital, or spin,
or whatever — is an axial vector. Therefore, when the parity symmetry acts on a particle

state with momentum p and spin s, it reverses p — —p but leaves the spin state as it is



s — +s. The same rules apply to the plane waves of definite momentum and spin, hence for

the Dirac spinors (S.1):

+VE+D ok,
P:u(p,s) = u(—p,+s) =
+VE—-—p-0&
02><2 2><2 vE—P'Uﬁs
a ]-2><2 2><2 VE+p'U£s

v/_\\_/

= 7" xu(p,s) (S.19)
Piulp.s) = v(-p,+9) (+vE+p iy
cv(p, s v(—p,+s) =
VE —p-0¢&s
. 2><2 2><2 +\/E_p'0 s
a 2><2 2><2 _VE+p'0 s
= " xu(p,s (S.20)

quod erat demonstrandum.

Problem 2(c):
Let’s apply parity to the quantum Dirac field

~ dS —itEp+ +itE A
U(x,t) = /(27r)3 2E, Z( HEpHIXP 5 y(p, s 8) X ap g + TP P o(p, )XbLs)-
(S.21)

Since everything besides the ap s and bI,,s operators in this expansion is a c-number, sand-

wiching the field between two parity operators gives us

HEptXP 5 y(p,s) x Pay, P
(S.22)

PU(x,t)P =
. 2) / 32EZ<+6+“EP P y(p,s) x PO, P

At the same time, this expansion should match the the right hand side of eq. (5), for which



we have

Bp + e =P o ~A0y(p s) x @

~ 1
+~00(—x, t) :/(27r)3 EZ

P + €+itEp+ix-p > W/OU(pr) > bl),s

pP;s

((using part (b) ))
/d3p 1 + e HEpTXP 4y (—p, s) x ap s

@n ) 9F, Z (S.23)

¥ 6+itEp+ix-p x 'U(—p,S) % Z;I),s
({ changing [ variable p — —p))
/d3p 1 5 £ e PP oy (p,s) x g,
= 7o 35 . , .
(27T) QEp p == eJrztEpfzxp % v(p, 5) X bT_pjs
By eq. (5), the right hand sides of egs. (S.22) and (S.23) must be equal to each other. Since
the Dirac plane waves e~P%u(p, s) and e™P%v(p, s) are linearly independent from each other,

this means

Pa, ,P = +a_,, and PO, P = b . (7a)

~

The rest of eq. (7) follows by hermitian conjugation: Since P =P ! = P,

A~

~ . o~ ~ T R

P ajl'i-aus P - <P ap7s P) - j:aj—i-_pﬁs )

o e ) (7b)
Pl P = (POh,P) = Fb,..

Finally, eqs. (8) follow from egs. (7) and from parity-invariance of the vacuum state, P [0) =

|0). Indeed,

= £dl, % |0) = £|F(—p,+s)), (S.24)

= Fb' ., x|0) = F[F(—p,+s)). (S.25)



Problem 3(a):
Consider a state a'(+p,4, sl)éT(—pred, s2) |0) of one fermion and one antifermion with def-
inite reduced momentum and spins. The charge conjugation operator C turns this state

into
6 X &T<+pred7 Sl)I;T(_pred7 52) ‘O> = 6 CAlJr(—i—pred> 81)6 X 6 ET<_pred7 82)6 X ’0>

= bT(+pred7 81) X &T(_predv 82) |0> (8'26)

= _dT(_pred: 52) X I;T(+pred? 31) ’O> :

Let’s plug this formula into eq. (9):

X d3p ~ . ~
C x |B(pyoy = 0)) = /(2;)6:? > (Dreds 51, 52) X Cal (+Pyeq, 1)b' (= Pyeqs 52) 0)

51,52
dgpred . .
N (27T)3 Z w(pred’ 51, 82) X —a (_pred7 82)6 (+pred7 31) |0>

51,52

(( change variables p, 4 — —P,oq and s1 <> s2)

d*p, ) .
N / Gy > —U(Preas 52,51) X @ (+Preq, 5106 (=Preas 52) [0)

51,52

(S.27)
In terms of the bound state’s wave function ), this action of the C-parity operator C is
equivalent to

~

C¢(pred781782> = _¢<_pred782781)- (828)

For a bound state with a definite orbital angular momentum L,

U(—Pred» 51.52) = (—1)F X (+Pyeq, 51, 52).- (S.29)

Likewise, for a bound state with a definite net spin S,

¢(pred782781) = (_1)1_S¢(pred781782)' (830)



Plugging these two formulae into eq. (S.28) for the C-parity, we obtain

~

Cw(predaslst) = _w(_pred752751)
= _(_1)L¢(+preda32781) (831)
- _(_1)L(_1)1_Sw(+predﬂslv82)'

In other words, the bound state has definite C-parity
C = —(-DH-1)""" = (=)' x (=17, (5.32)
Quod erat demonstrandum.

Problem 3(b):
Now consider how the P-parity (reflection of space) acts on the one-fermion+one-antifermions
state af (+p,oq, sl)l;Jr(—pred, s2) |0):

f) X &T(+pred>81)8T(_pred7 32) |O> = f)dT(+pred7 51)]3 X f)l;T(—Predv 82)]/':\) X |O>

~

= (£1)a (~Preas 51) X (FUO (+Pyeq, 52)[0)  (5:33)
= _dT(_pre(b 81)61-(+pred’ 82) |0> :
where the overall — sign comes from the opposite intrinsic parities of the fermion and the

antifermion. Again, we plug this formula into eq. (9) and then change the integration variable

Preg —> —Preq — Put this time we do not swap the spins s; and so:

~ d?’pr ~ “
P x[B(pyo) =0) = /(27()6?51 Z U (Pyeds 51, 52) X P aT('f_pred? Sl)bT(_prem s2) |0)

81,82

d*p, ) )
~ [ Y g s2) X = (D 50 (P 52) )

51,52

d>p R i
B /(2736:;i Z _w(_preda 81, 52) X GT(+pred7 Sl)bT(_preda 52) ‘O> )

51,52
(S.34)
In terms of the wave-function 1, this action of the P-parity operator means
p 7vb(plredv 51, 32) = _1/)(_pred7 51, 82)' (835)



For a bound state with a definite angular momentum, this gives us

A~

P¢(pred’31732) = _¢(_pred’31’32> = _(_1)LX¢<pred731732) (8'36)

and hence definite P-parity

P = —(-DE, (S.37)
Quod erat demonstrandum.

Problem 3(c):

Finally, consider the positronium atom decaying into photons. Since the EM interactions
respect the charge conjugation symmetry, the EM processes such as e~ + et — photons
conserve C-parity. A photon of any momentum or polarization has C' = —1, so the net C-
parity of an n—photon final state is (—1)". Consequently, if the initial electron and positron
are in a bound state with C' = +1 they must annihilate into an even number of photons,
e +eT — 2v,4v,67,.... But if the bound state has C' = —1, the electron and the positron
must annihilate into an odd number of photons, e~ + e — 37,57, .... (Annihilation into a

single photon is forbidden because of p2,, < E2,;.)

The ground state of a hydrogen-like positronium ‘atom’ is 1S, meaning n,,q = 1 and
L = 0. Due to spins, there are actually 4 almost-degenerate 1S states; the hyperfine structure
splits them into a 1S3 triplet and a 1S; singlet of the net spin. According to eq. (S.32),
the triplet states have C' = (—=1)%(=1)° = (=1)°(=1)! = —1 while the singlet state has
C = (-1)5(=1)° = (=1)°%(—1) = +1. Consequently, the singlet S = 0 state decays into an

even number of photons,

(e” +eh)@lS; — 2v,47,..., (S.38)
while the triplet S = 1 states decay into odd numbers of photons,
(e” +et)@1S3 — 37,57, .... (S.39)

This difference affects the net decay rate of each state because QED (Quantum ElectroDy-

namics) has a rather small coupling constant a = (e?/4w) ~ 1/137. For each photon in the



final state, the decay amplitude carries a factor of e, so the decay rate of a positronium atom
into n photons I'(e” et — ny) is O(a™). Consequently, the S = 0 positronium state usually
decays into just 2 photons while decays into 4, 6, or more photons are allowed but much less
common. Likewise, the S = 1 positronium states usually decays into 3 photons while decays
into 5 or more photons are allowed but rare. More over, the decay rate into 3 photons is
much slower than the decay rate into just 2 photons,

I'((e” +eh)@1S3 — 37) O(a?)

F((€_+e+)@181—>2’y) - O(a?) = O(a), (S.40)

hence the net decay rate of an S = 1 state into anything it can decay to — ¢.e., into any

odd number of photons — is much slower then the net decay rate of the S = 0 state,

I'((e” + e*)@1S3 — anything)
I'((e~ + e*)@1S; — anything)

= Oa) < L (S.41)

And that’s why the S = 1 states have mush longer lifetimes than the S = 0 state.

Problem 4(a):
Despite anticommutativity of the fermionic fields, the Hermitian conjugation of an operator
product reverses the order of operators without any extra sign factors, thus (‘IJL\I/ ﬁ)T =
—1—\112\1/(1. Consequently, for any 4 x 4 matrix T', (UT00)" = +9TTTW, and hence (ITT)T =
UTW where T' = T4V is the Dirac conjugate of T.

Now consider the 16 matrices which appear in the bilinears (10). Obviously 1 = +1
and this gives us ST = +5. We saw in class that 7% = 4+~* for all 4 = 0,1,2,3 (cf oyl
hotes on Dirac spinor ﬁeldsl), and this gives us (V#)T = +VH. We also saw that ki) =

—%’y[l”y“} = —l—%’y“"y”h and this gives us (T*)T = +TH. As to the 7° matrix, we saw in

the [ast_ homeworkZ7 (problem 3(d—e)) that it’s Hermitian and anticommutes with all the

Ak, Hence 5 = 70(72)170 = 440~570 = 45 — {35 = +iy® which gives us P = +P.
Finally, y94# = 7Fn5 = —ykaS = 4~P~1 which gives us (A*)T = +A#. Thus, by inspection,

all the bilinears (10) are Hermitian. Quod erat demonstrandum.

10
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Problem 4(b):
Under a continuous Lorentz symmetry x — 2’ = Lz, the Dirac spinor field and its conjugate

transform according to

/

V(') = M(L)W(z=L"12), U(z)=T(e=L12YM (L), (S.42)

hence any bilinear WI'U transforms according to

/

U (2T (z) = U(a)I'V(x) (S.43)

where

I = M Y(L)CM(L). (S.44)

So the Lorentz transformation properties of the Dirac bilinears (10) follow from this trans-

formation rule for the 16 I' matrices in question.

Obviously for ' =1, I = M~'M = 1, which makes S a Lorentz scalar.

For I' = v#, we saw in class that IV = M~'y#M = L"~+” — see [ny notes on Dirad
bpinord, eq. (22). Consequently V/* = L5, V¥ which makes V# a Lorentz vector.

For I' = oo, M=yt M = (M~ M)(M 'Y M) = LiA" x L”)\v/\. Similar trans-
formation works for I' = %7[“7” L =1" wL"\ X %7["7)‘]. This makes T a Lorentz tensor

(with two antisymmetric indices).

Next, the 4° commutes with even products of the v# matrices and hence with M (L) =

exp(%@wfy“fy”). Consequently, M ~19°M = ~° which makes P a Lorentz scalar.

Finally, M~ (v*4°)M = (M‘H“M)v‘r) = LH,~¥~%, which makes A* a Lorentz vector.

11
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Problem 4(c):

In problem (2) we saw that the Dirac fields transform under parity as

V() = £9%0(2), T() = +0(2)y" (S.45)
Consequently, the Dirac bilinears transform as
PUTY| — UTV| = T(HTO)T| . (S.46)
T ot T

By inspection, out of 16 possible I matrices, 1, 7, 'y[i’yj], and 7%y commute with the Y,
while 7%, 7947, v°4Y, and 7° anticommute with the 4°. Therefore,

e the bilinears S, VO, T% and A’ are P-even, i.e. remain invariant under parity, while
e the bilinears V?, 7% A% and P are P-odd — the parity flips their signs.

From the 3D point of view, this means that S and V' are true scalars, P and A° are pseudo-
scalars, V is a true or polar vector, A is a pseudo-vector or axial vector, and the tensor T
contains one true vector 7% and one axial vector %e“ k7% In space-time terms, we call S
a true (Lorentz) scalar, P a (Lorentz) pseudoscalar, V# a true (Lorentz) vector, and A* an
axial (Lorentz) vector. Finally, the tensor TH is a true Lorentz tensor. However, a physically
equivalent tensor THA = %e"’\/“’TW — for which T = —%eij kTJk is an axial 3-vector while

%eij kik — 470 ig o polar 3—vector — is a Lorentz pseudo-tensor.

Problem 4(d):
In class we saw that in the Weyl convention, the charge conjugation symmetry acts on Dirac
fields as
C:U(z) - U(z) = W) = (V)
_ (S.47)
C:¥(z) = U(r) = U(x)y? = Ui = V(@)1

Consequently, for any Dirac bilinear W'V,

TTY = — 0T 2(01) = 401 (12T = 13799020 = ITC0. (S.48)
The second equality here follows by transposition of the Dirac “sandwich” ¥ ... (\IIT)T,

which carries an extra minus sign because the fermionic fields ¥ and U* anticommute with

12



each other (in the classical limit). The third equality follows from (y9)T = 440, (y2)T = 442,
and UT = TH0,

Problem 4(e):
By inspection, 1¢ = 4927992 = +1. The 75 matrix is symmetric and commutes with the
92, hence 7€ = +v5. Among the four 7u matrices, the v and 73 are anti-symmetric
and commute with the 7%9? while the 9 and 79 are symmetric but anti-commute with
the 4%92; hence, for all four Yus Vp = —7Yp- Finally, because of the transposition involved,
(VW) = ¥EVE = + s hence (391 = iyl = —iqylg¥] Likewise, (v59#)¢ =
(Y)e(7°)¢ = —#® = +95H.

Therefore, according to eq. (S.48), the scalar S, the pseudoscalar P, and the axial vector

A, are C—even, while the vector V,, and the tensor 7}, are C-odd.
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