PHY-396 L. Solutions for homework set #17.

Problem 1(b):

The form factor F5(q?) of the muon — and hence the anomalous magnetic moment a = F(0)
— is a part of the ‘dressed QED vertex’ iel'*, which is net 1PI amplitude for two on-shell
muons and one off-shell photon; additional fields (besides the EM and the muon’s W) affect this
amplitude through loop diagrams containing their propagators. For a neutral scalar S with a

Yukawa coupling to the muon, there is a single one-loop diagram for the iel'*(muon), namely

(S.1)

At the two-loop and higher-loop levels there are many more diagrams involving the scalar .S,

but they are beyond the scope of this exercise.

Evaluating the one-loop diagram (S.1), we obtain
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where in the numerator
N =+ 4+ m) x A" x ¢+ +m) (S.3)



and in the denominator
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As usual, we may combine the 3 denominator factors using the Feynman parameter trick.

Proceeding similarly to the QED calculation of the I'* in class — c¢f. egs. (13) through (21) of

Imy notes on the dressed QED vertex] — we have
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({ for on-shell muon momenta p? = p? = m?))

= 2M? + (1-2)°m? — zyd® (S.8)

As usual, we now substitute the denominator (S.5) into the bottom line of eq. (S.2), change
the order of integration over momentum and over the Feynman parameters, and then change

the momentum integration variable from k* to ¢#, thus
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which has the desired form (2).
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Problem 1(c):

Our next task is to simplify the numerator (S.3) in the present context. That is, we re-
express N* in terms of the shifted loop momentum ¢, discard terms which integrate to zero
(because they are odd with respect to £ — —/ or z <> y symmetries), and also make use of the
a(p) TH u(p) context which allows us to substitute  — m in the rightmost factor andy/ — m
in the leftmost factor. Thus, proceeding similarly to egs. (26) through (43) of ny noted, we

obtain
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On the bottom line here, the last term (z — y) X - -- integrates to zero thanks to the x > y

symmetry of the integral over the Feynman parameters, thus in the present context
(x —y) x (z+1)mg" = 0. (S.11)

Also, thanks to the Lorentz symmetry of the fd4€ and of the denominator,
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Plugging these formulae into eq. (S.10), we arrive at
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where

D -2
N = 5 2+ (14 2)°m? + zyq? (S.14)

and Ny = 2(1— 2%)m?. (S.15)

In light of the Dirac-matrix structure of the last line of eq. (S.13), the N7 contributes to the

Fy form-factor of the muon while the Ny contributes to the Fy form factor,
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Problem 1(d):

In this exercise, we are interested in the anomalous magnetic moment of the muon, so all we
need is the Fy for ¢> = 0, and we do not need to worry about the counterterm ¢; because
it affects only the other form factor Fy. In eq. (S.17) for the Fb, the numerator Ny does not

depend on the loop momentum ¢, so the [ d*¢ integral converges without any regularization,

UV or IR,
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Consequently,
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where A is as in eq. (S.8). In particular, for ¢*> = 0 we have A = 2M?2 + (1 — 2)?m?, hence
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The last integral here is a complicated function of the muon-to-scalar mass ratio m/Ms,
but for the problem at hand, the scalar is much heavier than the muon. Hence, we approximate

the denominator as
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Thus, to the leading orders in the Yukawa coupling ¢ and in the m/M; mass ratio, the scalar’s

effect on the anomalous magnetic moment of the muon amounts to
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Problem 1(e):
Experimentally, muon’s anomalous magnetic moment agrees with the MSM (Minimal Standard
Model) to 8 decimal places; beyond that, we have eq. (1). Interpreting that equation as a limit

on contributions from outside the MSM — i.e., as limit on the Agg,, — we have

Aga, < 1.83-107° (S.24)

"

at 95% confidence level, where the RHS here is the central value plus two sigmas from eq. (1).

At the same time, for m, = 106 MeV and Mg = 500 GeV, we have

2 M2 7
x (log—s - 6) = 0.71-1075, (S.25)

so plugging this mass-dependent factor into eq. (S.23) we immediately translate the limit (S.24)

to

2

% < 26-1073 (S.26)

and hence

g < 0.45. (S.27)

More generally, for a scalar of mass Mg = few hundreds GEV, its Yukawa coupling to the muon

field should not exceed
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A 045 x S ) 3.28
Yma ” (BOOGeV) (5-28)



Problem 2:

The 02 and 6, counterterms of QED are related to the electron’s self-energy correction
S2) = Z0PW) + o — G2 p (5.29)

which satisfies renormalization conditions

dspet

for y=m, both X' =0 and iy =0. (S.30)
Thanks to these conditions,
dElOOpS
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N VI
and also
Om = M X0y — zleoopsﬁzm. (S.32)

At the one loop level of analysis, there is only one diagram for the electron’s self energy,

namely

(S.33)

For consistency with the calculation of the 1 counterterm in jmy notes on the dressed QED ver

t¢x, we should use the Feynman gauge for the photon propagator here. Thus, the diagram (S.33)

evaluates to
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where the the momentum integral should be regulated exactly as in for the calculation

of the d; counterterm: spacetime dimension D = 4 — 2¢ to regulate the UV divergence, and a
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tiny photon’s mass m to regulate the infrared divergence. Thus,
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As usual, we re-express the numerator (S.36) in terms of the shifted loop momentum ¢ and

then discard the odd powers of ¢, thus
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The momentum integral here should be familiar to you by now, so let me simply write it down,
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Consequently,

1

B ) = = D(e)(4mps?) /da; (2= ejm _AE](; =¥ (S.44)

0

By itself, the Feynman parameter integral (S.44) does not need the IR regulator: for m2 =0
it converges for any € < % (i.e., D > 3) for the on-shell momentum p? = m2, and for any € < 1
(i.e., D > 2) for off-shell momenta p? < m?2. However, while the resulting ¥(§) remains finite
for p = me, its derivative d¥(p)/d p develops a mild singularity of IR origin. Regulating that

singularity is why we need a tiny photon mass m. > 0.

Indeed, taking the derivative of eq. (S.44) with respect to ¥, we have
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Let us neglect the IR regulator for a moment and take m% =0, hence A = x x (m? — p? + zp?).

Then for z — 0, the integrand of eq. (S.45) behaves as
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For off-shell momenta p? < m?, the expression in the square brackets here is finite and the
[dxx™¢ is perfectly finite as long as € < 1 i.e., D > 2. But for the on-shell momentum

p? = m?, the second term in the square brackets blows up at 2 — 0 and we end up with

1
finite

0

which diverges for any € > 0 i.e., D < 4. And that’s why we need the IR regulator m% > 0.



So let us put the IR regulator back where it belongs and calculate the derivative (S.45) for
the on-shell momentum. For y = m,, the integrand on the RHS of eq. (S.45) simplifies to
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A = 2?m? + (1- x)m?y ~ r*m? + m%. (5.49)

The approximation here follows from the IR regulator being important only for x — 0, and it

allows us to extract a total derivative from the integrand:
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For € < % — d.e., for D > 3 — the second term here can be integrated without the photon’s
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while the first term yields
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In the D — 4 limit, this counterterm becomes
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By comparison, in class I have calculated
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cf. egs. (95-96) of ny notes on the dressed QED vertex (page 21). Thus, dy = 0; (to order «),

and this equality holds for any dimension between 3 and 4. Quod erat demonstrandum.

In fact, the identity 6; = d2 holds in any spacetime dimension and even for a finite photon

mass M., & me, but proving that goes beyond the scope of this exercise.
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