PHY-396 K/L. Solutions for homework set #24a.

Problem 2:
Let’s start with the formal analysis of the fermionic functional integral in a fixed background of

gauge fields,

Ziau@) = [P@) o) exo(-sp@ v 4, (5)
Let’s change the integration variables by way of an z-dependent axial transform

U(z) — exp(+ib(z)I) ¥ (), U(z) — U(z)exp(+i0(z)T). (S.2)

Since the Euclidean Lagrangian

is invariant under global but not local axial symmetries, we have
Ly — ﬁewrquu(ewF\D) = Uy"D, U + Ey“(e_wrﬁuemr)\lf = Lg + i(0,0) x Uy*TU. (S.4)

In other words,

ALy = i(9,0) x J" (S.5)

and therefore

ASp = i /dd:ce (0,0(x)) x Jh(z) = —i /dd:cee(:c) x O Jh (). (S.6)

At the same time, changing the integration variables in the functional integral (S.1) involves a

Jacobian

J = Det(exp(iI'©)) x Det(exp(il'©)) = Det(exp(%F@)) (S.7)

where Det denotes the functional determinant of an operator acting on the fermionic fields with

the appropriate Dirac, color, and flavor indices. Altogether, the fermionic functional integral (S.1)



becomes

/D ]D | J x exp(—Sg — ASE)

(S.8)
- / ]D ] exp(—Sg[A, U, ¥])x exp(—ASp + logJ).

From this functional integral’s point of view, the axial transform (S.2) is nothing but the change
of integration variables, so the integral itself must be invariant for any 6(x). Consequently, the

two term in the red exponent must cancel each other, thus
ASp = logJ = logDetexp(2i0T') = 2iTr(OI) (S.9)

where Tr is the functional trace over positions x. as well as all the indices of the fermionic fields.

In other words

Tr(OT) :/dda:e tr((z| O |z)) :/dd:ceﬁ(:c) X tr((z| [ |x)) (S.10)

where tr is the ordinary matrix trace over Dirac, color, and flavor indices. Plugging this formula

into eq. (S.9) and comparing to eq. (S.6), we arrive at

—i/ddxeﬁ(x) x O, Jh(r) = Qi/ddxeﬁ(x) x tr({z| T |z)), (S.11)

and this equality must hold for any 6(x). Consequently, at every point  we must have

Ot (x) = —2tr((z|T|z)). (S.12)

Eq. (S.12) gives us a formal relation of the axial current non-conservation to the axial anomaly
of the functional integral measure for the fermionic fields ¥(z) and (). In practice, the functional
integral has to be UV-regulated, which means that in eq. (S.12) the matrix element (z|I' |z) must
be UV regulated,

(z|T|z) — (z|T|x) = (x|1"é¥|x> (S.13)

reg

for some UV-cutting operator G. Consequently, eq. (S.12) becomes

Ou(Th(2)) 1 = —2{a] I'G |xz) . (S.14)



As explained in §22.2-3 of Weinberg’s book — cf. reading assignment 1.(c), — the regulating
operator G must commute with the Dirac operator P in the background gauge field and also
with the I' matrix, so G should be a smooth function of P?. Also, G should suppress the high-
momentum modes p > M for some UV cutoff scale M while affecting the low-momentum modes

p <K M as little as possible, hence

G = G(-D*/M?). (S.15)

for some smooth function G(t) which goes to one for ¢ — 0 and to zero for t — oo,

St= (=P (S.16)

Altogether,

0,J" (z) = 2tr((:c| TCG(— P2/ M?) |:c>>. (S.17)
Since the covariant derivatives do not commute with each other, [D,, D,| = iF,,,, we have
p* = D* — LFoM (S.18)
and consequently

1 vV
G(—P?/M?) = G(-D*/M?) + e G'(=D?/M?) x Fy,ot S0
+ L G"(=D?*/M?) x FyuyFapo"’c® + ..

8M4
In d = 4, the Dirac trace tr(7°G) comes from the second-derivative term in this expansion because
we need four 4* matrices — or equivalently two o#” matrices — to accompany the 7°. In other

even dimensions d = 2n, we need d v* matrices or n o"*¥ matrices to accompany the I' inside the



Dirac trace. Specifically, in 2n Euclidean dimensions eq. (7) gives us

Tr(T(}"aﬂao‘ﬁ)k) = 0 for k <n,
. (S.20)
Tr <F (.Faﬂa'aﬁ) ) = Qnealﬁl-uomﬂ”falﬁl c Fanﬁn .

Consequently, the leading term in the Dirac trace tr(I'G) comes from the n—th derivative term in

the expansion (S.19),
1 1 " n (e} n
trDirac(PG(—lDQ/MQ)) = <m) G"(=D*/M?) x thirac<T(FaﬁU %) )

+ subleading terms
s (5.21)

1 1\"
T <ﬁ) GU(=D?/M?) x Pl 5o Fy g,

+ subleading terms.

Fortunately, the subleading terms here carry higher powers of 1/M?, so they may be neglected in

the M — oo limit.

Now let’s calculate the matrix element (z| G (—D?/M?)|z) of the n'" derivative of the

regulator. Going from the coordinate basis to the momentum basis, we have

d . .
<SL’| G(n)(_D2/M2> ‘SL’> _ /(;i ];d e~ G(n)<—D2/M2) e TirT
™

Jion (5%

where on the last line the derivative D* acts on the F/(z)--- F(z) in eq. (S5.21) (and also on A”(z)

(S.22)

in other D” in the expansion of G(™). In the integral (S.22), the overall scale of the momentum p
follows from the regulator G(p?/M?), hence p* = O(M) while the derivatives D* are effectively
O(external momenta) of the background photon or gluon fields. For the regulation purposes, we

assume that M is much larger than all such external momenta, hence

ﬁ/(;ﬁ?d G (@“;\47219“)2) _ ﬁ/(;ﬁfd G (202 + 0(%) 523

while the leading term on the right hand side is a O(1) constant. To calculate this constant, we

use spherical coordinates in 2n Euclidean dimensions and integrate over the angular variables,



thus

d*'p ( _1)!292” dp = T (p*)"'dp?, (S.24)
hence,
1 "D )9 1 U Ty o o
MQ”/(QW)Q” G /M) = (4m)n(n — 1)1 M2n /dp PG (0 M)
0
1 oo
((changing variable from 72 to ¢ = 32/M2) = o [t 1G),
0

where the last integral has the same value for any analytic function G(t) such that G(0) = 1 and
G(o0) =0, ¢f. fig. (S.16). Indeed,

n n—L, 4\n—1-k k

(n—1)! dtn dt — k! dtk
hence
: 7odlmt”1 "G _ s () tk LAY (S.26)
(n—1)! dtn k! dtk )], o’ '
2 k=0
and for any k£ > 0 term in this sum
e
t kT 0 for both t — 0 and t — oo, (S.27)

where the behavior at ¢ — oo follows from G(t) being analytic and G — 0 at ¢t — co. As to the

k = 0 term, we have

t=00
(tOGitself(t)) — G(oo) — GO) = 0 — 1 = —1, (.28)
t=0
hence altogether
7 &G
dt "1 = (-1)"Ix(-1) = (=)™ 2
g J T G = D) = (D (529



Altogether, we have

(x| G (=D?/M?) |z) = M* x (=1) + subleading terms, (S.30)

and therefore in the M — oo limit

<:E| tI'Dirac (PG(_@Q/M2)> |:E> = nl (;_;)n Ealﬁlmanﬁnfmﬂl (1‘) o 'Fanﬂn (1‘) (8'31)

Finally, the axial anomaly follows from this formula via eq. (S.12): All we need is to take the
trace of the gauge field product over the fermion species — e.g., the colors and the flavors — and
multiply by —2, thus

2 (-1\" L5
OJly(x) = —= < ) 1P anBn gy ocies (Fan sy (2) - Fanp, (7). (3)

n! \ 4r

Quod erat demonstrandum.

Problem 3A(a):
Let’s start with eq. (10.a) for n = 1. For an abelian vector field 7 = d.A, hence

dQ(l) = dtI‘(A) = tI‘(F) = Q(Q), <S32)

quod erat demonstrandum.

For the non-abelian gauge fields for n > 1, we have F = dA 4+ iA A A. Also, there is a useful
Leibniz rule for the covariant derivatives: For any 2 matrix-valued differential forms B and C in

the adjoint multiplet of the gauge group,

DB = dB + iAANB — (—1)deerecof Big a g

(S.33)
DC = dC + iANC — (—1)desreeofCio A A,

while

dtr(BAC) = tr(D(BAC)) = tr((DB)AC) + (—1)%ectBr(B(DC)). (S.34)



Now let’s apply this rule to the {23 form in eq. (10.b):

dQ@) = dtr(ANF) — Ldtr(AANANA)
= tr(DAANF) — tr(AADF) (S.35)
— Ltr(DAANANA) + Ltr(AN (DA ANA) — Ltr(ANAN(DA)).

But by the cyclic symmetry of the trace
tr(BAC) = xtr(CAB) (S.36)
where the + sign is — if both B and C are odd and + otherwise. In particular, we have
tr(ANAANDA) = —tr(AMADANA) = +tr(DANANA), (S.37)
so the 3 terms on the bottom line of eq. (S.35) are equal to each other, thus
dQ@g) = tr(DANF) — tr(AADF) — itrtr((DA) AN AN A). (S.38)
Next, by the homogeneous Yang—Mills equation, DF = 0, while
DA = dA + iANA + tANA = F + iANA (S.39)

Consequently, eq. (S.38) becomes
dQzy = tr((DA)A(F—iANA)) + 0
= tr((F+iAANA) A (F —iAN A)) (S.40)
= tr(FAF) + tr(ANANANA).

Finally, the second term on the bottom line here vanishes by the cyclic symmetry of the trace.
Indeed, identifying the product of first 3 A factors as a 3-form B while the last A factor as C, we

have

tr(ANANANA) = —tr(ANANANA) = —itself = 0. (S.41)

Consequently,

dQ(3) = tl"(./—"/\f), (842)

quod erat demonstrandum.



Finally, consider the Chern—Simons 5-form €5y from eq. (10.c). Using the Leibniz rule (S5.34),
the Yang-Mills equation DF = 0, and eq.(S.39)— for the (S.39), we have

dtr(ANFAF) = tr((DA)AF AF)
= tr(FAFAF) + itr(ANANFAF), (S.43)
dtr(ANANANF) = tt((DAANANANF — ANDAYNANF + ANAN(DA) AF)
= tr(FAANANF) —tr(ANFANAANF) + tr(ANANF AF)

+ (i—i+i))tr(ANANANANF), (S.44)
dtr(ANANANANA) = tr((DANANANANA) — -+ + tr(ANANANAN(DA))
= tr(FAANANANA) — -+ + tt(ANANANANF)
+ (i—i+i—i+i)tr(ANANANANANA). (S.45)

Furthermore, by the cyclic symmetry of the trace

tr(FAANANANA) = —tr(AANFAANANA) =

= +tr(ANANANANF), (S.46)

tr(FAANANF) = +tr(ANANFAF), (S.47)

while tr(AANFAAAF) = —itself = 0, (S.48)

and tr(ANANANANANA) = —itself = 0. (S.49)
Consequently;,

dtr(ANFAF) = te(FAFAF) + itt(ANANFAF), (S.50)

Atr(ANANANF) = 2tr(ANANFAF) + itt(ANANANANF), (S.51)

dtr(ANANANANA) = Str(ANANANANF) + 0, (S.52)

and therefore
Qe = dtr(ANFAF) — Sdtr(ANANANF) — 5dtr(ANANANANA)
= tr(FAFAF) + itt(ANANFANF)
— itt(ANANFAF) + str(ANANANANTF) (S.53)
— Ltr(ANANANANTF) — 0
= tr(FAFAF) + cancellation.



Altogether,

dQ(5) = tI‘(F/\F/\F) = Q(G) <S54)

quod erat demonstrandum.

Problem 3A(b):

Again, let’s start with the n = 2 case for the abelian gauge symmetries. An abelian gauge

transform acts as A = —dA, hence
59(1) = 5tl"(A) = —dtl‘(A) = —dH(O) (855)

for the 0-form Hg) = tr(A) as in eq. (14).

For the non-abelian gauge symmetries, the infinitesimal gauge transform acts as in eq. (12),

or in a more compact form
0A = —DA = —dA — i[AA], OF = —i[F,A]. (S.56)
Consequently, for n = 2
—0tr(ANF) = +tr((dA)AF) + itr([A, A AF) + itr(AN[F,AN), (S.57)
where the last two terms add up to zero:
tr([A, AJAF) + tr(AA[F,A) = tr([AANF,A]) = 0 (S.58)
as a trace of a commutator. Thus,
—0tr(ANF) = +tr((dA) A F). (S.59)

Likewise,
—dtr(ANANA) = +tr((dA)NANA) + tr(AA(dA)ANA) + tr(ANAN(dA))

+ itr(JA,A)ANANA) + itr(AA[A A ANA) + itr(AANANA[AA]),
(S.60)

where the last three terms add up to a trace of a commutator and therefore zero,
tr([A,AJANANA) + tr(AA[AAANA) + tr(ANAN[AA]) =

(S.61)
= tr([ANAAAN]) = 0.

Also, the three terms on the top line of eq. (S.60) are related to each other by the cyclic symmetry

9



of the trace,

tr((dA) ANANA) = tr(AA(dA)ANA) = tr(AN AN (dA)), (S.62)

hence

—0tr(ANANA) = +3tr((dA) NANA). (S.63)

Altogether, the gauge variation of the Chern—Simons 3-form (10.b) amounts to

—0Q3 = —6tr(ANF) + Lotr(ANANA)
= +tr((dA) AF) — itr((dA) NANA)
— tr((dA) A(F = iAA A))
where F — iANA = dA (S.64)
= tr((dA) A (dA))
= dtr(AAdA)
= dHp)

for the 2-form H(y) exactly as in eq. (15).

Finally, consider the gauge variance for the 3 terms in eq. (10.c) comprising the Chern—Simons

5-form ()(5). First,
—S(ANFAF) = +[dAN)ANFAF + i[(ANFAF), A, (S.65)

hence

Str(ANFAF) = +tr((dA)NFAF) + 0. (S.66)

Second,

—8(ANANANF) = +(dA)NANANF + ANAANNANF + ANANAA)AF + i [(ANANANF), A],
(S.67)

10



hence

—0tr(ANANANF) = tr((dA)NANANF) + tr(ANA (dA) NANF)
+ tr(AANAAN([AA)ANF) + 0

. . (S.68)
by the cyclic symmetries of the traces
= tr((dA)A(A/\AAI+A/\J—“/\A+FAAAA)).
Third,
—0(ANANANANA) = +(dANNANANANA + ANAANANANA + - (5.69)

+ ANANANAN(A) + i[(ANANANANA)A],

hence

—0tr(ANANANANA) = +tr((dA)NANANANA) + tr(AN(AA)NANANA)
+ -+ tr(ANANANAN(dA)) + 0
by the cyclic symmetries of the traces

= 5xtr((dM)AANANANA).

(5.70)
Combining eq. (S.66), (5.38), and (S.68), we get the net variation of the Q) form as
—0Q5) = —5(tr(AAJ—“AJ—“) — Ltr(ANANANF) — 1—10tr(AAAAAAA/\A))
= +tr((dA) ANFAF)
—~ %tr((dA)/\(A/\A/\]—"—i—A/\]—"/\A+]—"/\A/\A)> (S.71)
— tr((dA)ANANANANA)

= tr((dA) A K(g))

11



Ky = FAF — L(ANANF + ANFAA+ FANANA) — 3ANANANANA

expandingF = dA + iAN A

= dANdA + tANANAA + ddANANA — ANANANANA
— $(ANANAA + ANAANA + dANANA+ 3IANANANA)
— SANANANANA

= dANdA + S(ANANAA—ANIANA + dANAN A)
+ (143 -3 =0)x ANANANANA

= d(ANdA) + Sd(ANANA) + 0

= d(A/\d.A + %’A/\A/\A).
(S.72)
Altogether, we have

~0Qs) = tr(dAAd(ANAA + JANANA))
= dtr(Ax d(ANdA + JANANA)) (8.73)
= dH)

where the H 4 form is exactly as in eq. (16). Quod erat demonstrandum.

Problem 3B(a):

The Chern—Simons forms €21y, §2(3), and §2(5), — or rather the vectors dual to them in d = 2,4,6
— are spelled out in egs. (19), all we need to do is to calculate their divergences and verify egs. (18)

for the appropriate dimensions. Let’s start with the Q(l) for d = 2:

8HQ?1) = 20, tr(Ay) = tr(9,A,) = €V tr(Fu) [for the abelian A, ], (S.74)

which is precisely the anomaly (18) in d = 2 dimensions.

Next, consider the {)(3) for d = 4. Using the Leibniz rule for the covariant derivative D), of

12



products of adjoint fields,
8Htr(q)1q)2) = tI‘(DH<(I)1(I)2)) = tr((DHCI)l)CI)Q + (I)l(DH(I)Q)) <S75)
we obtain

2
8ILLQIEL3) = QEHVpgalu tr (Ay?pg - EZAVAPAU)

— 26 tx (D) For + Au(DuFpo)) (S.76)

- %e“”f"’ r((DpA) Ap A + A(DuA) Ay + AyAy(DuA)).

On the second line here, the second term vanishes by the non-abelian Jacobi identity,
P D Fpe = 0, (S.77)

while the three terms on the last line of (S.76) are equal to each other because of the cyclic

symmetry of the trace and the antisymmetry of the € tensor,
e tr((DHAV)ApAg> — gy (AywﬂAp)Ag) — Ty (AVAP(DHAU)). (S.78)

Plugging these formulae into eq. (S.76), we get

4
9, = 267 tr((DyA)Fos) — = P tr( (DA AAL ) X 3
() ( " f’) 3 ( e ) (S.79)

— Qo tr((DuAy) x (Fpy — i[Ap,AU])).
In this formula, D A, = 0,A, + i[A,, A,], which after antisymmetrization in p <+ v becomes

Consequently;,

8MQ“ = P9ty

®) (Fu + il Au]) x (Foor = Ay, Ao]))

(
= euvpatr(}"w.}"pa) + 6WWU"<[AM,AV] [ApaAo']> (S.81)

13



where on the bottom line

oo tr([AH, A [A,, Ag]) — 0, (5.82)

as you should have seen in the previous homework#23, problem 1(a). This leaves us with

0uy = @ tr(FuuFpo ). (S.83)

exactly as in eq. (18) for d = 4.

Finally, consider the Q) for d = 6. Again, using the Leibniz rule (5.75) we obtain

2
8,UQIZ5) = QEHVPUOLB@H tr (Ayfpgfaﬂ - iAVAPAU-FOéﬁ - g AVAPAUAO‘AB)

— 9¢hwpoaf tr((DuAy)]:pg]:ag + Ay (DpFpe) Fap + AVFpU(DNFag))
(Dp A A AFop + Au(DyA) Ao Fop + AvAy(DyAs) Fap

— 9j eHvroaB ¢y

4
-z ehvroas tr((DuAy)ApAgAaAg + 4 similar terms.)

(S.84)
In fact, the 5 terms on the last line here are not just similar but exactly equal to each other thanks
to the cyclic symmetry of the trace and the antisymmetry of the e tensor. Moreover, thanks to the
non-abelian Jacobi identity (S.77) we may disregard all the terms containing (D, F,q) or (D, Fag),
thus

0ufyy = 26770 b1 (D) Fopo Fas )

— 207 (D) Ap Ao Fa + Au(DuAy) Ao Fus + AuAy(DyAs) Fos)

— gehwpoad tr((DuAy)ApAgAaAg)
(S.85)
Next, let’s apply eq. (S.80) — or rather Dy, A, = Fp + 2iA[,A,) — to every (DyA ) derivative
in eq. (S.85):

0ulty = @170 tr(FouFooFap) + 2ie" 7 tr (A A, Fpo Fo)

— ,L'GMVpO'OCﬁ tr(fuyApAgfaﬂ + AyfupAgfaﬂ + AVAP‘FMO'*FOLB)
(S.86)
1+ 9ekvpoal ¢y <AﬂAyApAo'-Faﬂ + Ay A A AsFap + AVAPA#‘AU}-O‘B)

— 20700t ( Fu ApAg Aadg) = 4107 tr( A Ay ApAg Ao A )

14


http://web2.ph.utexas.edu/~vadim/Classes/2024f-qft/hw23.pdf

We may drastically simplify this expression using the cyclic symmetry of the trace and the anti-

symmetry of the € tensor. In particular, the last term here vanishes identically; indeed

A

ehvpoad tr(AMAyApAUAaAB) — tr(.igAMAyApAgAa )

{(relabeling indices f > pu—v —p—0—a— ()

_ L poaBuyg, (AMAUA/)AUAOCAB)

— _GIJLVPUOZB tr (»AILLAVAPAUAO‘A5>
= —itself
= 0.
(8.87)
Likewise,
EMVPUaﬂ tr (AMFVpAO"FOZﬂ) = +€uupao¢ﬁ tr (AgfaﬂAu-pr>
— peoaBuvp g (AM}"VPAU./—"Q5>
= —G'L”/pgaﬁ tr (Alu,fz/pAU-FOcﬁ) (888)

= —itself
= 0.
In a similar manner most other terms on the RHS of eq. (S.86) cancel each other:
— ieﬂypaaﬂ tr(2AluAy.Fpg.Faﬂ - ApAgFaﬁFuy - AVAP‘F}LUFQ,B>
= itr(ZAMAy}"pU}"ag) X (26“””00‘5 — Puvpo ep“”m5>
= qtr(-- ) x PP (2 -1 -1 =0)
and likewise
2€,LLVPO'OLB tr (AILLAZ/A/)AO"FO(['} —+ AyAp,ApAg-Fa/B + AyApAHAgFa/B)
— 260708 1 (Fy Ay Ag Aa Ay
= 20 (FuApdsAads) X (S.89)
x <€pmﬂw L opaBur . opofur eummﬁ)

= 2tr(-- ) x PP (1 — 141 -1 =0).

15



Altogether, the only surviving term on the RHS of eq. (5.86) is the 6D anomaly:

0uy = @770 tr( FouFpoFas ). (S.90)
Quod erat demonstrandum.
Problem 3B(b):
The d = 2 case is indeed trivial: The infinitesimal gauge variance of an abelian field is .4, = =9, A,
hence
596) = 2" tr(—0,A) = —20, (" tr(A)) = —Q&,H(Fg; for H(g; = " tr(A). (S.91)

For d = 4, the gauge fields may be non-abelian with a more complicated infinitesimal variation
0A, = —DuA = =0, A — i[A, A, 0Fuw = —i[Fu, Al (5.92)

Consequently,

Str(AyFpo) = tr(—(0uA)Fuw — i[Ay, Al Fpy — 1A [Fpo, A)
= —tr((ON)Fu) — itr([AvFpe, A]) (S.93)

because the trace of a net commutator like [A,F,, A] always vanishes. Similarly,

Str(AApAy) = tr((=DyN)AyAy + Ay(—DyA) Ay + AyAy(—DyA))
— (0N ApAs + Ay(GpA)As + Ay A (D5A))
— itr([A, AJA Ay + Ay[A, AJA, + AyA A, )

where the trace on the bottom line vanishes as a total commutator,

tr([Ay, AJA,As + AJ[A, A A, + A A [As A]) = tr([4AyA,A4,,A]) = 0. (S.94)

16



Furthermore,

eP7 x §tr(ApApAs) = =P x tr((0,M) ApAs + Av(0,M) As + AvA,(0-0))

(by cyclic symmetry v — p — 0 — v of the € tensor’s last 3 indices ))

= —e""? x tr((0,A)ApAs + As(O,N)A, + ApAs(O,A))
(by cyclic symmetry of the trace )
— e s t2(3 x (DA ApA,).

The net variation of the O

coefficients, thus

6Qf

(3) — EMVPO' X 5tr(./4yfpo- - %AVAPAO')

= —e"P x tr((0,N)Fpo) + Ze™P7 x tr(3 x (O,A) ApAy)
= —e'P7 x tr((@VA) X (Fpo — ZiApAU)).
Moreover, on the bottom line here
= 2(0pAs — 0o Ay +i[Ay, As]) — 2i[A,, Ao
= 20,A; — 20,A, + nothing else

= 20,4, — (p & 0),

hence in the antisymmetrized context of eq. (S.96) we may replace

Fpo- - QZApAo' H 28p./40‘7

thus
0y = =267 x tr((OpA) x (0pA5)) = =267 0 tr(A x (9pAs)).
Or in other words,
5973) = —QayH(“S
for H(“Ql; = e“’/pgtr(Ax (@,AU)) = —Hé*)t,

quod erat demonstrandum.
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3) obtains from adding up eqs. (S.93) and (S.95) with appropriate

(.96)

(S.97)

(5.98)

(5.99)

(S.100)
(S.101)



Now consider the more complicated d = 6 case of the Q’é). Similar to eq. (S.93) for the d = 4

case, we have

S(AvFpoFos) = —(00N)FpoFap — i[Ay, N\ FpoFas — iA[Fpo, AFap — 1A Fpo|Fap, Al
= _<81/A>-Fpafo¢ﬁ - i[-Ay}-paFaﬂu A]
(S.102)
where the net commutator on the bottom line has zero trace, thus
Str(AvFpoFas) = —tr((0yA) FpoFap). (S.103)
Likewise,
5tr(AVApAU]-"a5) = —tr((@VA)ApAgfag + A (0pN) AgFap + AyAp(&,A)]-"aﬂ)
—itr([AyApAsFop, A]) (S.104)

= —tr((@VA)ApAg]:ag + A (0pN) AgFap + AyAp(&,A)]:ag),
and similarly

(O A) Ay Ay Aa Ay + Ay (0,M) AgAgAg + AyAp(agA)AaAﬁ)

5tr(AyApAgAaA5) = —tr
+ Ay ApAs(0aN)Ag + Ay Ay, As Aa(O5A)

— itr([AyA,Ar A Ag, A])

+ AV-ApAa<aaA).A5 + AyApAgAa<aBA)
(8.105)

Moreover, when we multiply these variations by the € tensor and use its symmetry WRT to cyclic

((aVA)ApA,,AaAB + A (0,M) A AaAs + AyAp(agA)AaAg)
—tr .

permutations of its last 5 indices as well as the cyclic symmetry of the trace, we get

P08 5 tr(AyApAg Fag)
= —e"P7P (0N ApAgFop + Av(0,0) AsFag + AvAp(05N) Fup)
(0N ApAsFop + Ag(0AN) Ay Foa + AaAg(@M)Fp)  (S.106)
(Os M) ApAgFap + (0,0 A FraAs + (0,A) FprAnAs)
_ _¢mwpoaf tr(( A) X (ApAsFop + ApFoads + FroAaAs)),

= _ekwpoal ¢

= —etwroaB
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and likewise

P08y §tr(ApApAg AnAg)

(BN Ay Ay AaAs + A(0,M) AgAads + Ay A (0,0) AaAg

= —wvpoaf gy

+ AVApAJ(aaA)AB + AyApAgAa<aﬁA)

= —wpoaf g,

+ A; A Ag(0,M) A, + A Ay Ay Ag(D,A)

= =798 41 (5 x (9,A) ApAg Aads).
(S.107)

Egs. (S.103), (S.106), and (S.107) give us variances of the three terms comprising the Q‘(%) Chern—

Simons vector. Adding up these equations with appropriate coefficients, we get

=

o ((aVAmgFag — i(OA) X (AphoFas + ApFoads + Fooha A@)
(5) —4€ T

— 2% (O A) Ay Ay AaAs

—  _9ehvpoaf ¢ (ayA) X Kpgaﬁ>
(S.108)

for
Koppap S FooFap — i(ApAsFas + ApFrals + FooAads) — 2A,A;A0As.  (S.109)

Each of the non-abelian F’s here has form

(S.110)
= (9pdy + iALA,) — (p & a),

so in the context of K44 multiplied by the € tensor which automatically antisymmetrizes all the

indices, we may just as well replace

Fro — 2(0pA, + iA,As) (S.111)
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and likewise for the F, 5 and Fyq. Thus, in this context
Kppap = 4(0pAs +1iA,A4) (00 As + iAaAp)
— 2iA, A5 (00 Ag +iAaAg) — 204, (0, A0 +iAsA0) A — 2i(0p A5 +iApAs) AaAp
— 24,A5 AnAg
= 4(0,A0)(0aAp) + (4= 2)id,As(DaAs) + (4—2)i(0,A,)AxAs
— 2iA, (05 An)Ag + (=4 +6—2 = 0) x A A, A Ag

= 4(0pAs)(0aAp) + 2i(ApAs(0aAs) — Ap(0rAn)As + (0pA5)AxAg).
(S.112)

Furthermore, in the context of the e tensor, permuting the indices (p, o, «, ) and changing the

overall sign as needed, we get

cHvpoaf o Ap(aaAa)Aﬂ —  _¢hwpoaB Aa(apAa)Aﬂ,

(S.113)
etvpaaf o ApAs (00 Ap) = tetrpoaB o AsAa(0,AB),
and hence
P78 5 (ApAo(Oads) — Ap(0rAa)As + (0, As) Aads)
= 7 X (Ar Aa(OpAp) + Ao Aa(DpAs) + (9pAs)Aas) (5.114)
= 798 5 9, (AgAady).
Also,
ewmﬂ(apAg)(aaAﬂ) _ equaaﬂap (140300,45)7 (S.115)
so altogether
IS g = P70, (44,00 A5 + 2iAsAnAg). (S.116)
Finally, plugging this formula into eq. (S.108), we get
oy = —tr(((‘?yA) x 26“””"0‘5Kpm5>
= =207 tr((9,A) x 9y (445 0aAy + 2iAsAnAp)) (S.117)
= =278, tr (A x 9y (44,00 Ag + 2iAsAads) ).
Or in other words,
SQL. = —20,HM™ (S.118)

G) (4)
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for HfY = —Hl = 70 tr(A x 0,(14,0045 + 2iA,A0As)),  (8.119)

quod erat demonstrandum.
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