PHY-352 K. Solutions for problem set #6.

Problem 3.17:
Rodriguez formula gives the Legendre polynomials as

1 d

Pin) = 5

(a® — 1)". (1)

For ¢ = 3 it evaluates to

1 & 1
Ps(x) = %6 @«xz—l)g = x6—3x4+3x2—1) = 4—8><(120x3—3><24:p) = g:pg—%:p.
(2)
Let’s check that this polynomial obeys the Legendre equation for ¢ = 3:
(1 —2%) x P{(z) — 2z x Pi(z) + 3(3+1) x P3(z) =
1 2 3 _
C (=) x 15 — 2w x DT T3 g DS
2 2 3)
= 152 — 152° — 152% + 3z + 302° — 182
= 0.
Or in terms of g(#) = P3(cos6),
g(0) = 3cos’0 — 3cost,
d 15 20 3 o
@9(0) = —3cos“fsinfd + 5sind, (4)
d2
ﬁg(ﬁ) = = +15cosfsin®f — 1—2500530 + %cos@,
hence
d%g cos dg
— — 3+1 =
@ s <ap T BTV
= 15cosfsin®f — %00530 + %COSH
— 1—250053«9 + %cos@ + 12 x gcos?’@ — 12><%cos«9 (5)

= 15cosfsin?0 + 15cos*0 — 15cosf
= 15cosf x (sin29 + cos?f — 1)
= 0.



Finally, let’s check the orthogonality of the Legendre polynomials P3(z) and P;(z) = x:

+1 a u 2
/P3(x)xp1(x)dx:/WXxdx:/wdx
+1 B
(x5—x3) (x5 —x3) r=+1 (6)
:/d _
—1 2 2 rz=—1
=0-0=0.

Problem 3.19:

(a) See the example on page 32 of jny notes on separation of variabled: Given the potential

on the sphere’s of the form

Vp(0) = k x cos(30) (7)
for some constant k, we may expand it into Legendre polynomials of cos 6 as
8k

Vp(0) = - X P3(cosf) — % x Py (cos ). (8)

(b) For each Legendre polynomial Py(cos#), the potential behaves like 7¢ inside the sphere
and ! outside the sphere, cf. equations (163-4) on page 31 of oy noted. Thus, the

potential (8) on the spherical surface extends inside and outside the sphere as

3
inside the sphere V(r,0) = % X P3(cosf) x % — % x Py(cos @) x %, 9)
: 8k R 3k R’
outside the sphere V(r,0) = = X Ps(cost) x — = - X Pi(cos) x — . (10)
r T


http://www.ph.utexas.edu/~vadim/Classes/2024s-u/separation1.pdf
http://www.ph.utexas.edu/~vadim/Classes/2024s-u/separation1.pdf

(c¢) The surface charge density on the sphere in question follows from the discontinuity of

the radial electric field:

. v 8k —3r* 3k ~1
inside the sphere FE, = % = % P3(cos ) x 7 X Py (cosf) x =
24k 3k
m} _ﬁ X P3(COS€) + ﬁ X Pl(COSQ), (]_1)
AR? 2R?
outside the sphere FE, = —aa—‘; = % x Ps(cosf) x r—B; — % x Py(cosf) x T—Rg
32k 6k
— X P ) — — xP 6 12
T Tag X Daleost) = op x Pifeost). (12)
hence
k k
o(f) = epdisc(E,QR) = D8<o X P3(cos) — ke X Pj(cos0)
k
= %[2800539 — 9—53(3089].

Problem 3.25:

This problem calls for separation of variables in cylindrical coordinates. It is not one of the

textbook examples, but it is discussed in detail in [ny notes on separation of variabled (pages

19-26).

In this problem we are concerned with the outside of a cylindrical pipe, but for a non-
trivial asymptotic potential far away from the pipe: Instead of V (s, ¢) — 0 for s — oo, in

this problem we get

V — —Egxx = —FEy X s X coso. (14)

Here I use the coordinate system where the pipe’s axis is the z axis while the electric field

E( far away from the pipe points in the x direction.

As explained in my notes, a general solution of the 2D Laplace equation in the form


http://www.ph.utexas.edu/~vadim/Classes/2024s-u/separation1.pdf

9(9) = Ax cos(me) + B x sin(mg)

for some integer m = 0,1,2,3 ...,
f(s) = Cx(s/R)™ + D x(R/s)™ form >0,
f(s) = CxIn(s/R) + D for m=0.

(15)

In my notes, for the space outside the cylinder I take C' = 0 to make sure V stays finite
for s — oo, but for the problem at hand I have a different asymptotics, so I allow for
C # 0. On the other hand, the surface of the conducting pipe must have a uniform potential
Vo(¢) = const, and by the V(—z,y,2) = =V (z,y, z) symmetry of the problem, we take
this Vy to be zero. This gives us a boundary condition V(s = R,any ¢) = 0 and hence
f(s = R) = 0. To satisfy this boundary condition, we need

C +D =0 form>0,

16
D = 0 form=0, 16)
and therefore
f(s) = Cx ((s/R)™ — (R/s)™) form >0, a7
f(s) = CxlIn(s/R) form=0.
Altogether, the solutions of the form f(s) x g(¢) are
V(s,0) = ((s/R)™ — (R/s)™) x (Acos(m¢) + Bsin(mg)) for m >0, 18)

V(s,¢) = In(s/R) x A form =0,

while the general solutions of the 2D Laplace equations with V(s = R) = 0 are linear

combinations of the above, thus
V(s,¢) = Agln(s/R) + Z (A cos(me) + Bsin(me)) x ((s/R)™ — (R/s)™).  (19)
m=1

Now consider the asymptotic behavior of this potential for s — co. For s > R, we may



approximate

(s/R)™ — (R/s)™ ~ (s/R)"™, (20)

hence

for s > 00, V(s,¢) — Ao xIn(s/R) + Z (Acos(mg) + Bsin(mg)) x (s/R)™. (21)

m=1

At the same time, the uniform electric field Eq far away from the pipe tells us that
for s > 00, Vi(s,¢) — —Epcos¢ X s. (22)
Matching these two asymptotic expressions tells us that
Ay = —FEpR, allother A,, = 0, all B,, = 0. (23)

Consequently, everywhere outside the pipe,
R2
V(s,¢) = —EpR x cos¢ x ((s/R) — (R/s)) = —Fy <s — ?) x cosf.  (24)

Finally, the surface charge density on the metal pipe is related to the normal electric
field immediately outside the metal. For the round pipe, the normal component of E is the

radial component

2
Es = _ov = +E 1+R— X cos) —— +FEpx 2 x cosf (25)
Os 52 s—R
and therefore
o(¢) = eFs(s=R,0) = 2e9FEy x cosb. (26)



Problem 3.26:

This problem also calls for separation of variables in cylindrical coordinates, see pages 19-26

of [my nofes on separation of variable§ According to egs. (121) and (135) of my notes,

inside the cylinder V(s,¢) = Wy + Z(Am cos(mo) + By, sin(mqb)) X (%)m7

m=1

oo m
outside the cylinder V(s,¢) = Wy + Z(Am cos(mg) + By, sin(me)) x (5) ,
s
m=1

(27)
where the constants Vj, A,,, and By, follow from expanding the boundary potential Vj(¢)

on the cylinder’s surface into a Fourier series:

V(@) = Vo + fjl(Am cos(ms) + By sin(mg)), (28)
27 2
A = = [V(0) costms) o By =+ [Vifo) sin(mo) do (29)
1027T 0
Vo = o [1o)ds (30)
0

The potential (27) is continuous across the cylinder’s surface, but the radial electric field has

a discontinuity

Inside the cylinder

+00 m—
Ey(s,¢) = mZ::l(Am cos(mg@) + By sin(mg)) x _mRZ :
—R> % Z m(Am cos(mo) + By, sin(m¢)), (31)
m=1

Outside the cylinder
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oo Rm
Es(s,¢) = mz::l(Am cos(m@) + Bp,sin(me)) x %

E% % mz_l m(Am cos(mo) + B, sin(m(b)), (32)

hence the discontinuity at s = R is

disc(FEs) = %Z (A cos(m@) + By sin(me)). (33)

Physically, this discontinuity stems from the electric charge density on the surface of the

cylinder,

disc(E,) = 63 , (34)
0

hence the ¢-dependence of this charge density is related to the coefficients A, and B,

according to

o(¢p) = 2—;0 X Z m(Am cos(mo) + B, sin(mgb)), (35)
m2:1 R 27

Am = 27Tmeo/ cos(me) d,  Bm = 2mmeg /U(Qb) sin(me) dg, (36)
0 0

For the problem at hand, the surface charge density has angular dependence

o(¢) = a xsin(5¢) (37)

for some constant a, and comparing this formula to eq. (35) we immediately identify

By = ﬂ, all other B,, = 0, all A, = 0. (38)
10¢q

Consequently, plugging these coefficients into the potential (27) gives us

Inside the cylinder

aR 0

Vi(s,0) = Vo + 100 X o5 X sin(5¢), (39)



Outside the cylinder

aR R>
Vs, ) = Vo + T0e X — X sin(5¢). (40)

The overall constant term Vj in this potential cannot be determined from the charge density
on the cylinder’s surface. However, if we further assume the asymptotic condition V' — 0

for s — 0o, then we must have Vj = 0.

Problem 3.43:
(a) Separating variables in spherical coordinates (r,6,¢) and assuming ¢-independent po-

tentials and charges, we get a solution of the form

V(r,0) = Py(cosf) x <A x rt + %) (41)

for some constant coefficients A and B which depend on the boundary conditions. Thus in

general,

Outside the outer shell (r > b)

= B
V(r,0) = ZPg(cos 0) x (Ag xrt + TTJfl) ) (42)
£=0

Between the inner ball and the outer shell (a < r < b)

& D
V(r,0) = ZPg(COS 0) x (Cg xrf + Tﬁ—fl) : (43)
=0

and all we need to do is to determine the coefficients Ay, By, Cp, and Dy from the boundary

conditions:

e Far away from the outer shell, the potential must vanish as we go to infinity. To satisfy

this boundary condition, we must have all A, = 0.

e At the surface of the inner ball, the potential is a given constant V. In terms of the



expansion (43), this means
Qr =a, V(0) = Vo x Py(cosf) + 0 (44)

and therefore

D Vo for £ =0,
ngaf+wﬂ={° (45)
@ 0  for all other /.
e The potential must be continuous across the outer shell at » = b, hence
B D
Agxbt + 25 = oy xt + & (46)

b£+1 b(—s—l ’

e Finally, the discontinuity of the radial electric field at the outer shell is related to the
charge density o at that shell, disc(F,) = o/¢y. For the problem at hand o(0) = k cos 6

for some constant k, hence

k k
disc(Ey) = — xcos = — x Pi(cos?). (47)
€0 €0
At the same time, for the potentials (42) and (43),

o0

_ (+1)B
forr >0, Eq(r,0) = ZPg(COS@) X (—EAg x =1 4 %) . (48)
/=0
> _ (+1)D
fora<r<b, E.(r0) = ZPg(cos 0) x (—EC’g x =1 4 %) ., (49)
£=0

hence the discontinuity at » = b is
o0
disc(E;) = Y Py(cosb) x <€>< (Cp—Ag) x b1 + (6+1) % (B — Dy) xb—H). (50)
(=0

Comparing this discontinuity to eq. (47), we obtain

(k/eg) for =1,

(x(Cp—Ap) x b 4+ ((+1)x (By—Dy) x b~ 72 = {
0 for all other 7.

(51)

Now, let’s solve all these boundary conditions for the coefficients Ay, By, Cy and D,. For

¢ > 1 all 4 equations relating the coefficients are linear without free terms, so the solution is



obviously Ay = By = Cy = Dy = 0. Indeed, combining egs. (51) and (46) for ¢ # 1 gives us

¢ B, — Dy
ir1 <G =

= —(Cg—Ag) — By = Dy and Cg = Ag. (52)

But Ay = 0 by the asymptotic condition at r — oo, so we must also have Cy = 0. Finally,
at the inner ball, eq. (45) gives Dy = —a?*t1Cy = 0 and hence By = 0 as well.

For ¢ = 0 we also have Dy = By and Cy = Ag = 0, but then eq. (45) becomes

Dy
N V/ 53
A (53)

hence By = Do = a X V.

Finally, for ¢ = 1 the relevant equations are

Al = 07
a3C1 + Dy = 0,
3 (54)
b (01 — Al) + (D1 — Bl) = 0,
—03(C1 — A1) + 2(D1 — By) = b x (k/ep),
and solving these linear equations yields
k k k
Ay =0, Bl = +—x 0 —d*), C1 = +—, D = ——xa’> (55
1 =0 Bu=A4gox(tT-al), C= 43, D 3 < (59)
It remains to plug all these coefficients into egs. (42) and (43):
Outside the outer shell (r > b)
Vi ko b —a?
V(r,0) = % + 3 X TCL X cos b, (56)
Between the inner ball and the outer shell (a < r < b)
1% k 3
V(r,0) = % + 3 X (T - 2—2) X cos 6. (57)

This completes part (a) of the problem.

10



(b) The density of the induced charge on the surface of the conducting inner ball obtains

from the radial electric field immediately outside this surface,

o(0) = e x Ep(a,0) = —eg x — (58)
or r=a
Taking the derivative of the potential (57) (for a < r < b) yields
aVp k 243
E.(r,0) = 2 T 3 X (—1 — F) X cos 6. (59)

Hence, taking the limit » — a and multiplying by the ¢y yields the charge density on the
conducting ball,

Vo Kk
o) = % — 5 %3 cost. (60)

Physically, the first term here stems from the net electric charge on the ball while the second

terms is induced by the charges on the outer shell.

(c) There are two ways to find the net electric charge of the system. One way is to look at

the leading 1/r term in the potential at large distances from the system,

@ = lim (r x v(r)). (61)

4meq r—00

A quick glance on the solution (56) for the potential outside the outer shell shows that

rlgglo(r xu(r)) = aV (62)
and therefore
Q"™ = dmeg x a x V. (63)

The other way to get the net charge is to simply integrate the given o = k cos# over the

11



outer shell and the solution to part (b) over the surface of the inner ball. Thus

™

Qouter shell _ /k cos 0 % 27Tb2 sinfdf = 0, (64)
0

while
[ (Vi Vi
Qinmer ball :/(60—0 — kcosé’) x 2ma?sinfdd = L0 xdma® + 0 = dregaVy, (65)

a a
0

hence

Qnet _ Qoutershell + Qinnerball _ 471'6()&%. (66)

We see that both methods yield the same net charge, and this gives us a useful consistency

check for our calculations.

Problem 3.55(a):

Since nothing in the problem depends on the z coordinate (along the square pipe), the
problem amounts to solving the 2D Laplace equation AV (z,y) = 0 inside the a X a square

subject to boundary conditions

V(z,y) = 0 for (x =0 or z = a) and any v,
V(z,y) = 0 for y =0 and any =, (67)

V(z,y) = Vo = const fory =a and any x.

As explained in the textbook — and also in my notes on the separations of variables — the

general solution to the Laplace equation subject to the first 2 boundary conditions here is

nmy (69)

o0
. nwr
Viz,y) = E Ap X sin — X sinh —=
a a

n=1

for some constant coefficients A,,. The actual values of these coefficients follow from the last

12



boundary condition at y = a:

oo
V(z,y=a) = ZA” X sin T%m x sinh(nm) = should be = Vj = const.  (69)
n=1

Hence A,, x sinh(nm) are the coefficients of Fourier expansion of a constant Vj into sine
waves, thus

a

2
Ay X sinh(nm) = — /deo X sin nrr
a a

0
2 [
_ 20 - _
= d¢ sin(§) {(where £ = (nmx/a))) (70)
0
2
= n—‘/()(cos(O) - cos(mr))
T
_Z_VOX{Q for odd n,
nm 0 for even n.
Altogether,
odd .
4Vy  sinh(nmy/a) |
= . 1
V(z,y) 2 X Snb(n) X sin(nmwx/a) (71)

Now consider the surface charges o on the (inside surface of) the pipe opposite to the
Vo side, i.e. at y = 0. This surface charge density is related to the normal electric field —

the Ey component of the E immediately outside the metal, thus

ov
o(z) = eEy(x,y = 0) = —ey == . (72)
oy =0
For the potential (71),
ov 2 4Vp (nm/a) cosh(nmy/a)
— = Z — X sin(nrz/a) x _
dy n=135,.. " sinh(n)
odd
4
- o X sin(nrx/a) X 7@#/&) (73)
y=0 L onm sinh(n)
dd
Vo S 1 .
= 7 nzgg) m X Sln(nﬂ'.r/a),

13



and hence

(2) = 4€°%§#x‘< Ja) (74)
o\x = a - Sinh(nﬂ') sin\nmTxr/a).

Integrating this surface charge density over x we find the net charge (or the wall opposite to

Vo) per unit of pipe’s length as

;i degVy 2 1 r
A :/o(x) de = — (;O Z Smh(n) x/sin(mrx/a) dx. (75)
2 n=135,... s
In this formula
a nm
. a . 2a
/sm(nm:/a) dr = — [sin{d§{ = — for odd n, (76)
nm nm
0 0
hence
dd
8eoVh N 1
A= — _— .
T Z n X sinh(n) (77)
n=1,3,5,...

I have no idea how to sum the series here analytically, but a numeric sum yields

odd

L

~ 0.693147... ~ In(2), (78)

n X smh n x sinh(n)
n=1,3,5,...

and in light of the answer in the textbook I presume the equality here is exact. Thus,

)\ = _1n(2)

eoVo . (79)
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Problem 3.55(b):

Now consider a round pipe. As explained in my notes on the separation of variableq (pages

19-26 for the polar coordinates), inside a cylinder

V(s,¢) = Ao + Z (A cos(me) + B sin(mg)) x (s/R)™ (80)

m=1

for some coefficients A, and B,,, whose values obtain from the boundary potential on the

cylinder’s surface,
27
1

Ao = o [Wo)ds

0
2
other A, = %/Vb(gb) X cos(me) do, (81)
0
2

Bu = — (Vi) x sin(mg) do.
/

3|

To make the problem at hand more symmetric, let the = axis (where ¢ = 0) runs through

the middle of the Vy quarter of the pipe. In cross-section

g
N
//

Consequently;,

” +7/4 -

_ 0 - 20
4 = 2 [ (83)
—7/4

15
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+7/4

Ay = — /COS mo) d — xsin%, (84)

—71'/4

+7/4

Yo :
B = — [ sin(mg)dé = 0, (85)

T
—m/4
and therefore inside the pipe
Vo o 2Vh <= sin(mm o
V(s,0) = & + 72 / x cos(me) x (s/R)™. (86)
m=1

The surface charge density on the (inner side of the) pipe is related to the normal electric
field just outside the metal, where the normal direction (from the metal out) is opposite to

the radial, thus

ov
O'((b) = —EOES(S = R, (b) = € 8— y (87)
S ls=R
hence for the potential at hand
) S 4 m—1
o(¢) = ESTVO mz_l 5111(7::/ ) X cos(me) X m]i)m
N (88)
260V

Z sin(mm/4) X cos(ma).
m=1

s—R

Finally, let’s integrate this charge density over the width R d¢ of the quadrant opposite to

the Vj; in terms of ¢, this quadrant lies between ¢ = %Tﬁ and ¢ = %. Thus the net charge

of that quadrant per unit of the pipe’s length is

5m/4 00 5m/4
A= /cr(gb) X Rdgp = 2c0l Z sin(mm/4) x /Cos(mgb) do (89)
3/4 m=1 37/4

16



where

5m/4 5mm /4
/Cos(mgb) dp = % d sin(ma)
3r/4 3mm/4 (90)

- %(sin(fﬂmr/ll) — sin(3mm/4)) = 2(_7;)7” sin(mm/4).

Consequently,
4e0Vo (=)™ 9
N\ =
p. —— Xsin (mm/4) (91)
m=1
where
2 _ \m- o (__;\m
sin?(mm/4) = (1 — cos(mm/2)) = (+Z)4 (=) : (92)
hence

\ — 6()7:/6 i 2(_1>m B <_i)m — (+i)m’ (93)

m
m=1

The series here is conditionally convergent, but we can make it absolutely convergent by
multiplying each term by n™ for || < 1, and once we some it up, take the limit n — 1.
Thus,

> 20" - (;?m Rl % X (2(—n)m = ()™ — ("i’?)m>
m=1 m=1
(using Yooy & = —In(1 — )
= —2In(1+n) + In(1 —in) + In(1+in) (94)
. 1+ n?
IRCEEE
— ln2 = —In(2),
n—1
and therefore
A = —lnff) Vi (95)
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The non-textbook problem:

(a) Inside the sphere, the potential is

Vinside = kxyz = k X rsinfcos¢ x rcosfsing x rcost (96)
= kx 73 xsin?60cosf x +sin(2¢).

In Cartesian coordinates (x,y, z), this potential obviously obeys the Laplace equations and
is regular at the origin, so that in spherical coordinates (r, 6, ¢) it must expand into a sum

or a series of the form

00 +/

V(r,0,6) =D > Comx 1" xYiu(6,0). (97)

=0 m=—/4

For the inside potential in question, V = r3 x f(f, ¢), so only the ¢ = 3 terms are present
in this expansion. Moreover, the ¢-dependence of the potential is V' o sin(2¢), where
sin(2¢) = —%e+2i¢ + %6722@5. Since each spherical harmonic Yy ,,(6,¢) depends on ¢ as
exp(ime), we only need the harmonics with m = £+2. Thus, the only two non-zero terms in

the expansion (97) are the (¢ = 3, m = %2) terms, and their coefficient C3 +9 obtain from the

explicit form of the Y3 +2(6, ¢) spherical harmonics: According to the fable in Wikipedid,

105
Y3 42(0,0) = \/32% sin? 6 cos 6 exp(£2i¢), (98)

hence
2T . . . 9 1 .-
ﬁ(_zY&H(@, @) + iY3_9(6,¢)) = sin” O cosf x 3sin(2¢), (99)
and therefore
[ 2 ) )
‘/inside(’ra 07 ¢) - ﬁ k x TS X (_ZY3,+2(87 ¢) + ZY3,—2(€7 ¢)) (100)

18
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(b) In general, the inside potential of the form (97) is the solution of the Laplace equation

with the boundary condition on the spherical surface

o+
Vi(R,0,0) ZZ (ComR") X Yo (0, 9), (101)

(=0 m=—

and for the same boundary condition, the solution of the Laplace equation for the outside

of the sphere is

o 20+1
%utside(raea¢) - Z Z C&m X W X }/Z,m(ea ¢) (102)
/=0 m=—
For the potential in question,
21 R7 , :
%utside(raea gb) - ﬁ k x F X (_ZY3,+2(97 gb) + 'LY37—2(€7¢))7 (103)

or in Cartesian coordinates

— kRTx TYE _ RT U=
Vi, 2) = MRS = R A

(104)

(¢) To simplify our notations, let’s summarize the inside-the-sphere and the outside-the-
sphere potentials as

r3  forr < R,

V(r,0,0) = kf(0,¢) x (105)
}f—: forr > R.

This potential is continuous across the spherical shell, but the radial electric field is not:

oV —3r2 forr < R,

ET(T7€7¢) = _E = kf(87¢) X R (106)
+42  forr > R.

r5

The discontinuity here is related to the surface charge density on the sphere,

o(0,9) = eydisc E.(Qr = R) = ¢ lim (E (R+¢€,0,0) — E.(R—¢,0, qb))

e—+0
— o X kf(6,0) x ((-332) ~ (+4R?) == 732) (107)
= —TkR%¢ x f(0, ).
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Specifically,

0(h,¢) = —TkR%e x sin 6 cos f x +sin(2¢) = —TkR?ey x % (108)

20



