
PHY–352 K. Solutions for problem set #9.

Problem 4.26:

Inside the conducting ball — for r < a — there is no electric field. Outside that ball, there

are no free charges, hence by spherical symmetry of the problem the displacement field is

simply

D =
Q r̂

4πr2
for any r > a, (1)

both inside the dielectric shell (a < r < b) and outside it (r > b). The electric tension field

follows from this displacement field as

E =



















D

ǫ0
in air,

D

ǫǫ0
in the dielectric,

(2)

hence

E =































0 for r < a,

Q r̂

4πǫǫ0 r2
for a < r < b,

Q r̂

4πǫ0 r2
for r > b.

(3)

At this point, there are two ways to calculate the electrostatic energy of this system.

One way is based on the formula

U =
1

2

∫∫∫

ρfree V d3Vol. (4)

Note that this formula involves the free charge density ρfree rather than the net charge

density because we only count the work needed to move around the free charges. The bound

charges move themselves as we change the electric field, and we do not need to perform any

mechanical work to move them.
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For the system at hand, the only free charges are on the surface of the metal ball at

r = a, hence

U =
Q

2
× V (a) (5)

so all we need to calculate is the potential of that ball (relative to the infinity). Thus,

V (a) =

b
∫

a

Er dr +

∞
∫

b

Er dr

=

b
∫

a

Q

4πǫǫ0 r2
dr +

∞
∫

b

Q

4πǫ0 r2
dr

=
Q

4πǫǫ0
×
(

1

a
− 1

b

)

+
Q

4πǫ0
× 1

b

=
Q

4πǫ0
×
(

1

ǫa
+

ǫ− 1

ǫb

)

,

(6)

and consequently

U =
Q2

8πǫ0
×
(

1

ǫa
+

ǫ− 1

ǫb

)

. (7)

The other way to calculate the energy is based on the textbook equation (4.58),

U =
1

2

∫∫∫

whole
space

E ·D d3Vol. (8)

For the problem at hand, we have

E ·D =
Q2

16π2ǫ0
× 1

r4
×











0 for r < a,

(1/ǫ) for a < r < b,

1 for r > b.

(9)
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Consequently,

U =
Q2

32π2ǫ0





1

ǫ

b
∫

a

1

r4
× 4πr2 dr +

∞
∫

b

1

r4
× 4πr2 dr





=
Q2

8πǫ0





1

ǫ

b
∫

a

dr

r2
+

∞
∫

b

dr

r2





=
Q2

8πǫ0

(

1

ǫ
×
(

1

a
− 1

b

)

+
1

b

)

=
Q2

8πǫ0

(

1

ǫa
+

ǫ− 1

ǫb

)

.

(10)

By inspection of eqs. (7) and (10), both methods yield the same electrostatic energy.

Problem 4.28:

The two coaxial tubes on textbook figure 4.32 act as plates of a capacitor, which pulls in

a dielectric — in this case, the oil from the reservoir below the cylinders. The force of this

pull obtains from the textbook equation (4.67),

F =
∆V 2

2
× dC

dh
(11)

where ∆V is the voltage between the plates while dC/dh is the derivative of the capacitance

C with respect to the dielectric oil level h.

To find this derivative, we must first understand a coaxial capacitor which is completely

filled with a dielectric. In such a capacitor, the charges ±Q are uniformly spread out over the

two coaxial tubes, hence by the Gauss Law and the cylindrical symmetry, the displacement

field between the tubes is

D =
Q/L

2π

ŝ

s
(12)

where s is the radial coordinate and L is the length of the capacitor tubes. The electric
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tension field E follows from this displacement field as

E =
D

ǫǫ0
=

Q/L

2πǫǫ0

ŝ

s
, (13)

so integrating this field between the tubes we get the voltage

∆V =

b
∫

a

Es ds =
Q/L

2πǫǫ0
×

b
∫

a

ds

s
=

Q/L

2πǫǫ0
× ln

b

a
. (14)

Consequently, the capacitance of this capacitor is

Cfilled =
Q

∆V
=

L× 2πǫǫ0
ln(b/a)

. (15)

Next, consider a capacitor of the same geometry but without the dielectric. Treating

the air between the tubes as just another dielectric with ǫ ≈ 1, we immediately obtain the

capacitance

Cempty =
Q

∆V
=

L× 2πǫ0
ln(b/a)

. (16)

Finally, consider a coaxial capacitor where part of the tube’s length L is filled with

the dielectric oil while the rest is filled with air. We may treat this system as two parallel

capacitors: one has length h and is filled with oil, while the other has length L−h and filled

with air, but both have the same radii a and b. consequently,

C1 = h× ǫ× 2πǫ0
ln(b/a)

, (17)

C2 = (L− h)× 1× 2πǫ0
ln(b/a)

, (18)

Cnet = C1 + C2

=
(

L + (ǫ− 1)× h
)

× 2πǫ0
ln(b/a)

. (19)
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We see that the capacitance grows linearly with the oil-filled length h, specifically

dC

dh
= (ǫ− 1)× 2πǫ0

ln(b/a)
=

2πχǫ0
ln(b/a)

(20)

where χ = ǫ − 1 is the electric susceptibility of the oil. Consequently, the force pulling the

oil into the capacitor is

F =
∆V 2

2
× 2πχǫ0

ln(b/a)
. (21)

When the tubes are set up vertically as in figure 4.32, the electric force (21) pulls the

oil up until the weight of the oil column cancels the electric force. Specifically, a column of

height h has volume

V = π(b2 − a2)× h (22)

and hence weight

W = gρ× V = gρ× π(b2 − a2)× h (23)

where ρ is the mass density of the oil. (Please do not confuse it with a charge density, there

are no volume charge densities in this problem.) In equilibrium, we must have W = F , thus

gρ× π(b2 − a2)× h =
∆V 2

2
× 2πχǫ0

ln(b/a)
, (24)

and hence the height of the oil column

h =
∆V 2 χǫ0

gρ(b2 − a2) ln(b/a)
. (25)

For a numeric example, take the coaxial capacitor with a = 10.0 mm and b = 11.0 mm,

the transformer oil with density ρ = 882 kg/m3 and susceptibility χ = 1.34, and the voltage
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∆V = 12.0 kV. For this example,

∆V 2 × ǫ0 × χ = (1.20 · 104 V)2 × (8.85 · 10−12 F/m)× 1.34 = 1.71 · 10−3 J/m,

gρ = 9.80 N/kg × 882 kg/m3 = 8.64 · 103 N/m3,

∆V 2 × ǫ0χ

gρ
=

1.71 · 10−3 J/m

8.64 · 103 N/m3
= 1.98 · 10−7 m3 = 198 mm3,

(b2 − a2)× ln(b/a) = (11.02 − 10.02) mm2 × ln(1.10/1.00) = 2.0 mm2,

h =
198 mm3

2.0 mm2
= 99 mm ≈ 10 cm,

(26)

thus the oil between the tubes would rise to the height of 10 cm, about 4 inches.

Non-textbook problem I:

The external electric field induces a dipole moment p in the dielectric ball, and in a non-

uniform but slowly varying electric field there is a net force on that dipole moment, namely

Fnet = (p · ∇)Eext . (27)

See my notes on electric dipoles for the derivation of this formula.

In my notes on dielectric boundary problems I have calculated the dipole moment induced

in a uniform linear dielectric ball in a uniform external electric field, namely

p = 4πǫ0R
3 ǫ− 1

ǫ+ 2
Eext ; (28)

for the sake of notational compactness, let’s rewrite this formula as

p = 2CEext where C = 2πǫ0R
3 ǫ− 1

ǫ+ 2
. (29)

In the problem at hand, the external electric field is non-uniform, but it’s slowly varying,

so over the distance scale of a few ball diameters we may neglect its variation and approx-

imate the Eext as uniform. Consequently, the induced dipole moment of the ball may be
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approximated as

p ≈ 2CEext(@ the ball′s location). (30)

Combining eq. (30) for the induced dipole moment with eq. (27) for the electric force on

a small dipole, we immediately obtain

F = 2C(Eext · ∇)Eext . (31)

Rewriting this formula as

F = C∇
(

E2
ext

)

(32)

is a matter of simple vector calculus. Indeed, according to the product formula (5) inside the

textbook’s front cover, for any two vector fields A and B, the gradient of their dot product

obtains as

∇(A ·B) = A× (∇×B) + B× (∇×A) + (A · ∇)B + (B · ∇)A. (33)

In particular, for A = B = Eext we have

∇
(

E2
ext

)

= 2Eext ×
(

∇× Eext

)

+ 2
(

Eext · ∇
)

Eext . (34)

Moreover, Eext is an electrostatic field, so its curl is zero, ∇× Eext = 0; this kills the first

term on the above RHS and leaves us with

∇
(

E2
ext

)

= 2
(

Eext · ∇
)

Eext . (35)

And that’s why eq. (31) for the force on the induced dipole moment is mathematically

equivalent to eq. (32).
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Non-textbook problem II:

(a) The Lorentz force F = qv × B does not do any mechanical work on a moving charged

particle, so the magnetic field does not contribute to its potential energy. On the other

hand, the electric force F = qE does perform mechanical work W = q∆V , so it leads to the

potential energy Upot = qV (x, y, z). Altogether, the net energy of a non-relativistic charged

particle is

Unet = Ukin + Upot = 1
2mv2 + qV (x, y, z). (36)

(b) Now consider the specific example of the cycloid motion from the textbook example 5.2:

Uniform electric and magnetic fields ⊥ to each other, and a particle starting from rest.

Following the textbook figure 5.7, we take E = E ẑ while B = B x̂, while the particle moves

in the yz plane according to

y(t) = R×
(

ωt − sin(ωt)
)

,

z(t) = R×
(

1 − cos(ωt)
)

,

vy(t) = Rω ×
(

1 − cos(ωt)
)

,

vz(t) = Rω × sin(ωt),

(37)

where

ω =
qB

m
and R =

mE

qB2
=⇒ Rω =

E

B
. (38)

If you mark a point on the rim of a wheel of radius R and let it roll without slipping on the

y axis at speed ωR, then the motion of the marked point would be precisely as in eqs. (37)

for the charged particle in question.

The kinetic energy of the motion (37) is

Ukin = 1
2
m
(

v2y + v2z
)

= 1
2
m
(

R2ω2
(

1− cos(ωt)
)2

+ R2ω2 sin2(ωt)
)

= 1
2m R2ω2 ×

(

1 − 2 cos(ωt) + cos2(ωt) + sin2(ωt) = 2 − 2 cos(ωt)
)

=
mE2

B2
×
(

1 − cos(ωt)
)

.

(39)
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At the same time, the potential energy follows from the electric potential

V (x, y, z) = −E × z, (40)

hence

Upot = −Eq × z(t) = −Eq × R×
(

1 − cos(ωt)
)

. (41)

where

Eq × R =
mE2

B2
. (42)

Altogether,

Upot(t) = −ME2

B2
×
(

1 − cos(ωt)
)

,

Ukin(t) = +
ME2

B2
×
(

1 − cos(ωt)
)

,

Unet(t) = Upot(t) + Ukin(t)

= 0 at all times t,

(43)

so the net energy of the moving particle is indeed conserved.

Problem 5.3:

(a) The net force on an electron in a beam is

F = qe

(

E + v ×B
)

. (44)

In J. J. Thomson’s apparatus, the E and the B fields were both ⊥ to the electron beam and

also ⊥ to each other, so without loss of generality let us assume

E = E ẑ , B = B x̂ , v = v ŷ, (45)

and consequently

F = qe

(

E − v × B
)

ẑ. (46)

Thus, for generic values of the electric and magnetic fields, the electron beam is deflected

up or down by the combined electric and magnetic forces. However, these two forces act in
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opposite directions, so for

E = v × B (47)

these forces cancel each other and there is no deflection of the beam. In Thomson’s exper-

iment, the electric and magnetic fields were tuned to achieve such cancellation, and from

their values one could easily obtain the electron beam’s velocity as

v =
E

B
. (48)

(b) Once the electric field is turned off, the un-canceled magnetic force F = (−e)v×B makes

the electrons move in a circle of radius

R =
v2

F/me
=

mev

eB
(49)

Given the magnetic field B and the electrons’ velocity v found in part (a), the electron’s

charge/mass ratio obtains from the above radius as

e

me
=

RB

v
, . (50)

Problem 5.4:

y

z

(51)

Let’s calculate the magnetic force on each segment of this loop. The top segment of the loop

is located at constant z = +(a/2), so the magnetic field over the top segment is uniform
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Btop = k(a/2)x̂. The current through the top segment flows left — i.e., in the −ŷ direction,

— so the net force on the top segment is

Ftop = ILtop ×Btop =
(

−Ia ŷ
)

×
(

+k(a/2) x̂
)

= −1
2
kIa2

(

ŷ× x̂ = −ẑ
)

= +1
2
kIa2 ẑ.

(52)

Likewise, the bottom segment is located at z = −(a/2) where the magnetic field is uniform

Bbot = −k(a/2)x̂ — which is opposite from the magnetic field over the top segment. But

the current in the bottom segment also flows in the direction opposite from the top segment

— to the right, in the +ŷ direction, — so the net force on the bottom segment is the same

as on the top segment. Indeed,

Fbot = ILbot ×Bbot =
(

+Ia ŷ
)

×
(

−k(a/2) x̂
)

= −1
2
kIa2

(

ŷ× x̂ = −ẑ
)

= +1
2
kIa2 ẑ.

(53)

Now consider the right segment of the loop. The current flows through this segment in

the +ẑ direction while the magnetic field points along the x axis, but the value of B is not

uniform: Instead, Bx = kz for z ranging from −a/2 to +a/2. Consequently, the net force

on the right segment is

Fright =

∫

(

I dL
)

×B =

+a/2
∫

−a/2

(

I ŷ dz
)

×
(

kz x̂
)

= Ik
(

ŷ × x̂
)

+a/2
∫

−a/2

z dz

= 0 〈〈 because the integral vanishes. 〉〉

(54)

Similarly, the net force on the left segment of the loop vanishes for the same reason.

Altogether, the net force on the loop is

Fnet = Ftop + Fbot + Fright + Fleft = +1
2kIa

2 ẑ + 1
2kIa

2 ẑ + 0 + 0 = kIa2 ẑ. (55)
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Problem 5.10:

Let me use the coordinate system where the straight wire at the bottom of figure 5.24(a)

or 5.24(b) runs along the x axis while the square or the triangular loop lays within the xy

plane. In that plane, on the y > 0 side of the wire, its magnetic field is

B =
µ0I

2π

ẑ

y
. (56)

This magnetic field exerts forces on the segments of the current-carrying loop, and our task

is to calculate the net force on the loop,

Fnet =

∮

loop

(

I dL
)

×B. (57)

(a) Let’s start with the left side of the square loop. The current through this side flows in

+ŷ direction, hence

(

I dL
)

×B =
(

+I dy ŷ
)

×
(

µ0I

2π

ẑ

y

)

=
µ0I

2

2π

dy

y

(

ŷ× ẑ = x̂
)

, (58)

so the net force on the left side is

Fleft =
µ0I

2

2π
× x̂×

s+a
∫

s

dy

y
=

µ0I
2

2π
× x̂× ln

s+ a

s
. (59)

Likewise, for the right side of the loop, the current flows in the −ŷ direction, hence

(

I dL
)

×B =
(

−I dy ŷ
)

×
(

µ0I

2π

ẑ

y

)

=
µ0I

2

2π

dy

y

(

− ŷ× ẑ = −x̂
)

, (60)

and therefore

Fright =
µ0I

2

2π
× (−x̂)×

s+a
∫

s

dy

y
=

µ0I
2

2π
× (−x̂)× ln

s+ a

s
= −Fleft. (61)

Thus, the forces on the left and right side of the square loop cancel each other.
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Now consider the horizontal top and bottom sides. For the top side, the current flows in

the +x̂ direction while the magnetic field is uniform

Btop =
µ0I

2π

ẑ

s+ a
. (62)

Consequently, the net force on the top side is simply

Ftop =
(

+Ia x̂
)

×
(

µ0I

2π

ẑ

s+ a

)

=
µ0I

2

2π
× a

s+ a
× (x̂× ẑ) =

µ0I
2

2π
× a

s+ a
× (−ŷ). (63)

Likewise, in the bottom side the current flows in the −x̂ direction while the magnetic field

is uniform

Bbot =
µ0I

2π

ẑ

s
. (64)

Consequently, the net force on the top side is

Fbot =
(

−Ia x̂
)

×
(

µ0I

2π

ẑ

s

)

=
µ0I

2

2π
× a

s
× (−x̂× ẑ) =

µ0I
2

2π
× a

s
× (+ŷ). (65)

Altogether, the net force on the square loop is

Fnet = Fbot + Ftop + Fleft + Fright

=
µ0I

2

2π
×
(

a

s
− a

s + a

)

× ŷ =
µ0I

2

2π
× a2

s(s+ a)
× ŷ.

(66)

Note the +ŷ direction of this net force — away from the wire.

(b) Now consider the triangular loop on figure 4.24(b). The bottom side of this loop is

similar to the bottom of the square loop — hence a similar formula for the net force on the

bottom,

Fbot =
µ0I

2

2π
× a

s
× (+ŷ), (67)

but the other two sides are more complicated. Let’s start with the left side of the triangle,
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where the current flows in the direction

cos(60◦) x̂ + sin(60◦) ŷ . (68)

In other words,

IdL = I dL
(

cos(60◦) x̂ + sin(60◦) ŷ
)

= I dy

(

ŷ +
x̂

tan(60◦) =
√
3

)

,

and hence

(

I dL
)

×B = I dy

(

ŷ +
x̂√
3

)

× µ0I

2π

ẑ

y
=

µ0I
2

2π

dy

y

(

x̂ − ŷ√
3

)

. (69)

It remains to integrate this expression from Ymin = s to ymax = s+
√
3
2 a:

ymax
∫

ymin

dy

y
= ln

ymax

ymin
= ln

s+
√
3
2 a

s
, (70)

hence

Fleft =
µ0I

2

2π
× ln

s+
√
3
2
a

s
×
(

x̂ − ŷ√
3

)

. (71)

As to the right side of the triangle, the current there flows in the direction

cos(60◦) x̂ − sin(60◦) ŷ , (72)

hence

(

I dL
)

×B = I dy

(

−ŷ +
x̂√
3

)

× µ0I

2π

ẑ

y
=

µ0I
2

2π

dy

y

(

−x̂ − ŷ√
3

)

, (73)

and therefore the net force on the right side

Fleft =
µ0I

2

2π
× ln

s+
√
3
2 a

s
×
(

−x̂ − ŷ√
3

)

. (74)
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Combining the two slanted sides of the triangle, we get

Fleft + Fright =
µ0I

2

2π
× ln

s+
√

3
4a

s
×
(

0 x̂ − 2
ŷ√
3

)

, (75)

hence adding the force on the bottom side of the triangle we obtain the net force

Fnet =
µ0I

2

2π

(

a

s
− 2√

3
ln

s+
√
3
2 a

s

)

ŷ. (76)

Note: The expression in (· · ·) here is always positive for any positive a and s, so the net

force on the loop is away from the wire.
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