Vector Potential for the Magnetic Field

Let me start with two two theorems of Vector Calculus:
Theorem 1: If a vector field has zero curl everywhere in space, then that field is a gradient
of some scalar field.
Theorem 2: If a vector field has zero divergence everywhere in space, then that field is a

curl of some other vector field.

The first theorem allows us to introduce the scalar potential for the static electric field,

V xE(x,y,2) = 0 Vo,y,2 — E(z,y,2) = —=VV(z,y,z) for some V(z,y,z2), (1)
while the second theorem allows us to introduce the vector potential for the magnetic field,
V- -B(z,y,2) = 0 Vr,y,2 = B(x,y,2) = V x A(x,y,2) for some A(z,y,2). (2)

The potentials (1) and (2) have many uses. In particular, they are needed for the Lagrangian

or Hamiltonian description of a charged particle’s motion in classical mechanics,

m o

L(r,v) = SV - qV(r) + qv-A(r), (3)
H(ep) = 5 (p — gA)’ + aV(), g

or in quantum mechanics,
A= (p-A®) + V) 5)

I shall explain these issues — as a prelude to explaining the Aharonov—Bohm effect, and the

Dirac monopoles — — in a couple of extra lecture after the second midterm; see also my

notes ‘flaccical and quantum mechanics a charged particld’, and ‘{Aharonov—Bohm effect]
hnd SQUIDY”, and “Electric-Magnetic duality and Dirac monopoled”. But for the current

set of notes, I would like to focus on using the vector potential A(x,y,2) to calculate the

magnetic field.


http://web2.ph.utexas.edu/~vadim/Classes/2024s-u/dynamics.pdf
http://web2.ph.utexas.edu/~vadim/Classes/2024s-u/abs.pdf
http://web2.ph.utexas.edu/~vadim/Classes/2024s-u/abs.pdf
http://web2.ph.utexas.edu/~vadim/Classes/2024s-u/duality.pdf

Let me start with some general properties of the vector potential. While the electrostatic
field E(r) determines the scalar potential V' (r) up to an overall constant term, the magnetic
field B(r) determines the vector potential A(r) only up to a gradient of an arbitrary scalar

field A(z,y, z). Indeed, the vector potentials A(z,y, z) and
Al(x,y,2) = A(z,y,2) + VA(z,y,2) (6)
have the same curl everywhere, so they correspond to the same magnetic field,
B'(z,y,2) = VxA'(z,y,2) = VxA(z,y,2) + VxVA(z,y,2) = B(x,y,2) + 0. (7)

The relations (6) between different vector potentials for the same magnetic field are called

the gauge transforms.

Despite ambiguity of the vector potential itself, some of its properties are gauge invariant,
i.e., the same for all potentials related by gauge transforms. For example, for any closed

loop L, the integral

fA-dZ (8)

is gauge invariant; indeed,

j{A'(r) ~dr — j{A(r) ~dr = fVA(r) dr = j{d/\(r) = 0. 9)
L L L

L

Physically, the integral (8) in the magnetic flux through the loop £. Indeed, take any surface
S spanning the loop L; by the Stokes’ theorem,

& 5[through S] :/S/deA :/S/(VXA)~d2A :ZfAdZ (10)

We may use eq. (10) to easily find the vector potential for a magnetic field which has

some symmetries. For example, consider the uniform magnetic field B = Bz inside a long



solenoid. By the rotational and translational symmetries of the solenoid, we expect

~

Als,0,2) = A9, (11)
while the magnitude A(s) follows from eq. (10): Take a circle of radius s < Rgolenoid, then

7{ A-dl = A(s) x 2ms, (12)

circle

while the magnetic flux through that circle is
®plcircle] = B x 7s?, (13)

hence

B x 7s?

In Cartesian coordinates, the vector potential becomes
A = 1Bs¢ = LBy — %), (15)
which makes it easy to verify

VXA =

Eq. (15) gives the vector potential inside the long solenoid. Outside the solenoid, the
magnetic field is negligible, but the flux through a circle of radius s > Rgjenoid 1S non-zero

due to the flux inside the solenoid. Thus,
dplcircle] = B x nR? (17)

and hence
BR?

o2ns x A(s) = ®p = 7R*B — A(s) = PR (18)




In vector notations,

BRZ2

A = 2
2

_ BR?azy — yk BR?

9 I‘Q + yg - D) ngv (19)

w |-

which agrees with the zero magnetic field outside the solenoid,

2
B =VxA = —Bf Vx Ve = 0.

(20)

Equations for the Vector Potential

A static magnetic field of steady currents obeys equations

V-B =0,

VxB = ,u()J.

In terms of the vector potential A(z,y, z), the zero-divergence equation (21) is automatic:

any B = V X A has zero divergence. On the other hand, the Ampere Law (22) becomes a
second-order differential equation

fd = V x (VxA)

V(V-A) — VA, (23)

Moreover, for any solution A (z,y, z) of this equation for any given current density J(z,y, z)
there is a whole family of other solutions related to each other by the gauge transforms

Al(z,y,2)

A(z,y,2z) + VA(z,y,2), any A(z,y,2).

(6)

To avoid this redundancy, it is often convenient to impose an extra gauge-fixing condition

on the vector potential besides V x A = B. In magnetostatics, the most commonly used



condition is the transverse gauge V - A = (0. Note that any vector potential can be gauge-

transformed to a potential which obeys the transversality condition. Indeed, suppose V-Agy #

0, then for
Ay)
_ / / / (V- A0)(r) say,y (24)
r— 1f’|

VZA(r) = —V - Ag(r) (25)

we have

and therefore A = Ay + VA — which is gauge-equivalent to the Ay — has zero divergence,

V-A =V-Ay + VA = 0. (26)

In the transverse gauge, V x B becomes simply the (minus) Laplacian of the vector

potential,

VxB = Vx(VxA) = V(V-A) - V2A — —V?A, (27)

so the Ampere Law equation (23) becomes the Poisson equation for the vector potential,
v2 A(l’,y,Z) = 7#0‘](1‘7?/72)' (28)

Component by component, it looks exactly like the Poisson equation for the scalar potential

of the electrostatics,
VAV (w,y,2) = & ple,y,2), (29)

so its solution has a similar Coulomb-like form

/// S 0y (30)

As written, this formula is for the volume current J(z,y, z); for a surface current K, it




becomes

/=L (&)

surface

while for a current in a thin wire we have

Ho I dr'

A(r) = (32)

47 ) r—r/|’
wire

These Coulomb-like equations for the vector potential lead to the appropriate Biot—
Savart—Laplace equations for the magnetic field B(z, y, z) by simply taking the curl of both

sides. For example, for the volume current J(r’),

B(r) = V x Alfrom eq. (30)] = V x (Z—i /// ‘3(_1"2,‘ d3vol’)
=il () v = 2 fJf (Vo) vl
_ /// ‘rr__rf‘"?) Iy d*Vol = /// r_r/‘3d3\/ol
(33)

However, for practical calculations of the magnetic field, it is often easier to first evaluate

the Coulomb-like integrals (30)—(32) for the vector potential and then take its curl, instead
of directly evaluating the appropriate Biot—Savart-Laplace integral.

EXAMPLE: ROTATING CHARGED SPHERE

Consider a uniformly charged spherical shell of radius R and charge density o. Let’s
make this sphere spin around its axis with angular velocity w. Consequently, a point P
on this sphere with radius-vector r’ (counted from the sphere’s center) moves with linear

velocity v = w x r’, which makes for the surface current density
K{) = ov = cw x 71, (34)

Let’s find the magnetic field of this current, both inside and outside the sphere.



Instead of using the Biot—Savart-Laplace equation, let’s start by calculating the vector

potential from eq. (31):

o K(')=0owxr , , oo // v,
Ar) = =2 Al = = A
(x) A7 // lr — /| d ar Y lr — /| d (35)

sphere sphere

Note: 1 use vector notations for the angular velocity w instead of the spherical coordinates
based on the spin axis because evaluating the integral on the RHS of eq. (35) is easier in

a different system of spherical coordinates. Indeed, once I pull the wx factor outside the

/ / . f = a2 A (36)

sphere

integral, the remaining integral

depends only on the r and on the sphere’s radius R, hence by spherical symmetry the vector
obtaining from the integral (35) must point in the direction of r — from the center of the

sphere towards the point where we evaluate the vector potential. Consequently;,

A(r) = %(w X 1) T (37)

where Z is the magnitude of the integral in eq. (35), or equivalently its projection on the r

i
T = // F— d?A'. (38)

sphere

axis, thus

To take this integral, let’s use the spherical coordinates where the “north pole” #' = 0 points
in the direction of r so that the ' coordinate of some point r’ on the sphere is the angle

between the vectors r’ and r. Consequently,
v = Rcost, [r—1)> =1 + 1% — 2t .r = 2 + R* — 2Rrcos®, (39)

and hence

/
T = / / ficos? x R2sin @ do' dg. (40)
V12 + R?2 — 2Rrcos @’
sphere

The integral over d¢’ here is trivial and yields 27, while in the integral over df’ it’s convenient



to change the integration variable to ¢ = cos#’. Thus

s +1
cos @ sin@’ do’ cde
7 = 2rR3 / = 2R3 / . 41
) Vr2 + R2 — 2Rrcos@’ . Vr2 + R2 — 2Rre (41)

To evaluate the remaining integral, we expand the denominator into Legendre polynomials

in c,
( R[
—7 % Pi(c)  for r > R (measuring A outside the sphere),
1 ¢ "
Vr2 + R? — 2Rre B rt
Z T Py(c) for r < R (measuring A inside the sphere),
(42)
then note that in the numerator ¢ = Pj(c¢) and therefore
T 2 2 forl=1
£z forl =
/Pg(C) X cde = Xdpyp =33 (43)
s 20+1 0 for any other /.
Consequently,
9 5 outside the sphere,
7 = 27TR3><§>< " (44)
% inside the sphere,
and plugging this result into eq. (37), we finally arrive at the vector potential:
R P
Outside the sphere, A = ool W * ¥ , (45)
3 72
. poo R N
Inside the sphere, A = 3 r(w x r). (46)

Now that we finally got the vector potential, the magnetic field obtains by taking its



curl. By the double vector product formula, the curl of the r-dependent factor in eq. (46) is

Vx(rwxt) = Vx(wxr) = wV'r) — (w-V)r = w@33) —w = 2w, (47

hence inside the sphere,

2
B = Vx <A - “OgR r(w x f)) = M%URw. (48)

Note uniformity of this magnetic field!

On the other hand, the B field outside the sphere is not uniform. Indeed, the curl of the

r-dependent factor in eq. (45) obtains from eq. (47) via the Leibniz rule as

w XT wXr 1 1
Vx( > ) = V><< 3 ) = (Vﬁ)x(wxr)jtr—zgvx(wxr)

_ _T—T" ¥ (W xr) + %(Qw) — T%(Qw - 3f~x(w><f~)) (49)
where
Ix(wxr) = w(rr) — rf(w't) =w — rw-1), (50)
2w —3r X (wxr) = 3 w) — w, (51)
so altogether
V x (w;; r) = T%(Bf'(f-w) - w). (52)

Consequently, the magnetic field outside the rotating sphere is

oo R [w Xt pooRY
B = Vx(A: 2 ( > )) = 33 (3t(F - w) — w). (53)

Curiously, this looks like the field of a pure magnetic dipole with dipole moment

4 R?
m = —WR4aw = Cnet

3 5 W (54)

I shall explain the magnetic dipoles, quadrupoles, etc., later in these notes.



EXAMPLE: FLAT CURRENT SHEET
For our next example, consider a flat current sheet in the zy plane with uniform current

density K in the ¥y direction. In terms of the 3D current density,

J(z,y,2) = Ki(2)y. (55)

Consequently, the Poisson equation for the vector potential of the current sheet is

VZA = —ugKé(2)y. (56)
Thanks to the symmetries of this equation, we may look for a solution of the form
Ale,y,2) = A(= only)§ (57)
where A(z) obey the 1D Poisson equation
d?A
7z = HoKo(z). (58)

Despite the delta function on the RHS, the solution of this differential equation is continuous

at z = 0, namely

A(Z) = —Lpo x |2], (59"
although its derivative has a discontinuity,
dA
disc{ — ) = —poK. 60
(%) = (60)
* A general solution of eq. (58) is A(z) = —1uoK X |z| + az + B for arbitrary constants « and 3, but

the upside-down symmetry z — —z of the current sheet requires a = 0, while 3 is physically irrelevant.

10



This is general behavior of the vector potential for all kinds of 2D current sheets, flat or
curved, with uniform or non-uniform 2D currents: The vector potential is continuous across

the current sheet, but its normal deriwative has a discontinuity,

disc (87‘6‘) = —uoK. (61)

0 Tnormal

Consequently, the magnetic field has a discontinuity
disc(B) = uoK xn (62)
where n is the unit vector L to the current sheet.

Multipole Expansion for the Vector Potential

Suppose an electric current I flows through a closed wire loop of some complicated shape,
and we want to find its magnetic field far away from the wire. Let’s work through the vector

potential according to the Coulomb-like formula

Lo Idr’

Ar) = (63)

47 v —r/|
wire

Far away from the wire, we may expand the denominator here into a power series in ('/r),

thus
1 >t

= Z e Py(cosa) (64)
=0

r—r
where « is the angle between the vectors r and r’,
cosa = T 1. (65)

Plugging the expansion (64) into eq. (63) for the vector potential, we obtain

I
= = Zrmf Py (- ) (66)

wire

— the expansion of the vector potential into magnetic multipole terms. Let me write down

11



the explicit formulae for the three leading terms,

: 7{ ar { monopole )
1 7{ (1) dr’ ( dipole )
Ay = B0
|+ 3 j{(%(f 1) — %T/Q) dr’  {{ quadrupole )
+ ... {( higher multipoles ))

(67)

Naively, the leading term in this expansion is the monopole term for £ = 0 (the top line in

eq. (67)), but it vanishes for any closed current loop,

%dr' =0

(68)

Thus, the magnetic multipole expansion starts with the dipole term — which dominates the

magnetic field at large distances from the wire loop. (Except when the dipole moment

happens to vanish.)

Let’s simplify the dipole term in (67) using a bit of vector calculus, Let ¢ be some

constant vector. Then

c-j{(f-r’)dr’ :j{(f-r’)c-dr’

(( by Stokes’ theorem ))

// v ((F1')c)) - d2A

where
Ve x ((£-1)c) = (Ve(F-r)) xc = Fxc
Consequently,
frrdr //rxc -d?A :(f'xc)-j{d2A
= (rxc) {((where a is the vector area of the loop))
= (axr)-c.

12

(70)

(71)



Moreover, this equality holds true forany constant vector c, which requires

f (-r)dr = axt. (72)

Finally, plugging this integral into the dipole term in the expansion (67), we arrive at

ugfaxf' ,LLOme‘
At 2 Am o 2

Adipolc(r) = (73)

where m = [a is the magnetic dipole moment of the current loop.

I am going to skip over the higher multipoles in these notes. Instead, let me consider
replacing a single wire loop with a circuit of several connected wires. In this case, we may
use the Kirchhoff Law of Currents to express the whole circuit as several overlapping loops
with independent currents; if a wire belongs to several loops, the current in that wire is the

algebraic sum of the appropriate loop currents. For example,

A X A

I N cllle

LH+1I+1I3=0 (74)

By the superposition principle, the vector potential of the whole circuit is the sum of vector
potentials of the individual loops, and as long as the whole circuit occupies small volume
of size < r, we may expand each loop’s A into multipoles, exactly as we did it for a single

loop. In general, the leading contribution is the net dipole term,

loops

Ho m; X T Ko Myey X T
Agipole(r) = g — = — — 75
dipo e( ) — Ar r2 A r2 ( )
i
where
loops loops

Myet = Z m; = Z [i a; (76)

is the net dipole moment of the whole circuit.

13



We may also write the net dipole moment of a circuit as a sum over individual wires

rather than over Kirchhoff loops. Indeed, for each closed loop, its vector area obtains as

wires

1 1
a = fr’xdr’:§ Z /r’xdr’. (77)

loop#i o‘eloof)#iwire#a

Consequently, the net magnetic dipole moment of the circuit is

loops [loop#i wires / /
Myet = Z — Z / r X dr
i aeloop#iwire#a
wires loops

1
= 5 Z Z Iloop#i / I'/ X dr/ (78)
0%

iISwire#H o wiredta
1 wires
=3 Z Iyivesta / r’ x dr'.
@ wire#a

In practice, for circuits made of several thin wires eq. (76) is usually much easier to use
than eq. (78). On the other hand, eq. (78) can be straightforwardly generalized to volume
currents in thick conductors. Indeed, treating a thick conductor as a big bunch of thin wires,

each carrying its own current stream, we have

/// Iy d*vol — Y I, / dr’, (79)

conductor wireta

and likewise
/// ' x J(r')d*Vol — S I, / ' x dr'. (80)
conductor @ wireta

Comparing the RHS here to eq. (78) for the magnetic dipole moment, we immediately arrive

at

1 -
m|thick conductor] = 3 /// ' x J(r') d*Vol . (81)

conductor

14



The above argument is rather heuristic, so in a perfect world, I would now give you a
more formal derivation of the magnetic multipole expansion — and in particular of eq. (81)
for the magnetic dipole moment — for the volume currents in thick conductors. But as we
have too little time left in this semester, let me put this derivation into the appendix at the

end of these notes as optional reading material for the interested students.
Instead, let me conclude this section with the explicit formula for the dipole term in the

magnetic field B:

po 3(m-1)r — m
 4rm r3 ’

(82)

where the algebra of taking the curl is exactly as in eq. (52) earlier in these notes. In spherical
coordinates centered at the dipole and aligned with the dipole moment,
pom sinf -,

A = A r? ¢, (83)

pom 2cosfr + sin 00

B —
4 r3

Force and Torque on a Magnetic Dipole

The B field (82) of a magnetic dipole looks exactly like the E field of an electric dipole:

fo 3(m-1)r — m 1 3(p-t)r — p
Bdipole = E 3 ) Edipole = .

4meg r3 (85)

Likewise, the force and the torque on a pure magnetic dipole in an external magnetic field

have exactly similar form to the force and the torque on an electric dipole in an external

electric field (see [my notes on electric dipoled for details). In particular, in a uniform external

B field, there is no net force on a dipole but there is a net torque,

Fnct - 07 Tnet = m x B. (86)

In fact, in a uniform B field these formulae are exact for any closed current loop rather than

15
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just a pure dipole. For the net force, this is trivial,

Fnet:%IdfxB:I(jI{dZ:O)xB:O. (87)

For the net torque, we need some algebra first:

d(r x (rxB)) = dr x (rxB) + rx (dr x B), (88)
BXx(drxr) = —dr x (rxB) — rx (Bxdr) (bythe Jacobi identity )
= —dr x (r xB) + r x (dr x B), (89)
hence r x (dr x B) = Zd(r x (r x B)) + £B x (dr x r). (90)
Consequently,

T net :/rxdF :%rx(ldpr)
{(in light of eq. (90) )

— g%d(rx(pr)) + é%Bx(drxr)

91
(( where the first § of a total differential is zero ) (01)

= O—i—Bxéy{drxr

1
= <§7{rxdr)xB,

where the expression inside (- --) on the last line is precisely the magnetic dipole moment
1
mz[aza r x dr (92)
of the current loop. Thus, the net torque on the loop is indeed

Fnet = m X B. (93)

16



When the external magnetic field is non-uniform the net force on a current loop does

not vanish. For a small loop, the net force is related to the magnetic moment as
Foet = V(m-B) (94)

where the gradient acts only on the components of B and not on the m. Let me skip the
proof of this formula and simply say that it is completely similar to the force on an electric

dipole in a non-uniform electric field,
Fuet = (p-V)E = V(p-E). (95)

(Note that V(p-E) — (p-V)E = pXx (VX E)=0since V x E =0.)

For atoms and molecules, the magnetic dipole moment is fixed by the quantum effects.
Consequently, the magnetic force (94) on an atom or a molecules acts as a potential force,

with a potential energy

U(z,y,z) = —m-B(zx,y,2). (96)

The same potential energy — or rather its variation when the magnetic moment m changes

its direction — is also responsible for the magnetic torque 7 = m x B.

Appendix: Multipole Expansion for the Volume Currents.

In this Appendix I redo the multipole expansion of the vector potential due to some
compact circuit, but this time I assume volume currents in thick conductors rather than line

currents in thin wires, so before the expansion we have

A(r) = Z—ﬁ /// |r‘]£ri,| d3Vol'. (97)

As before, let’s assume that all the conductors are within some compact volume, and let’s

focus on the vector potential at distances |r| > conductor size. Consequently, we expand

17



the inverse distance 1/|r — r’| into a power series in [r/|/|r|, which gives us

fo o 1 L /
A(r) = EZW ///r’fpg(r-r’)J(r’) d3Vol (98)
=0

or in a more explicit form

/ / / ') d*Vol' { monopole )
pol T2 /// i 1') J(r') d* Vol {( dipole )

A(r) = /
dm | 4 1 ///(%(f 1')2 = 3"?)J(x')d®Vol  {( quadrupole )

4 o (( higher multipoles ))

(99)

The monopole term here vanishes just as it did for the wire loop, albeit in a less obvious

way. To see how this works, pick a constant vector c and take the divergence
Ve ((c-t)I() = ¢c-J + (c-r)(V-J), (100)

where the second term on the RHS vanishes for a steady — and hence divergence-less —

current. Consequently,

/// ")d*Vol ///CJ )) d*Vol

{( by eq. (100) )

/// v - ((c-)I(x')) d®Vol (101)

{( by Gauss theorem ))
/ / c- 1) d2A

where § is the surface of the volume V. That volume must include the whole conductor,

but we may also make it a bit bigger, which would put the surface S outside the conductor.

18



But then there would be no current along or across S, so the integral on the bottom line
of (101) must vanish. Consequently, the top line of eq. (101) must vanish too, and since c is

an arbitrary constant vector, this means zero monopole moment,

/// Nd*Vol = 0. (102)

Next, consider the dipole term in (99) and try to rewrite it in the form (73) for some
dipole moment vector m. This time, the algebra is a bit more complicated. For an arbitrary
but constant vector c, we have

c-(txIxr)) = (c-I)E-r) - (c-v')(x-T), (103)
Vr/((c ) (1) J(r')) = (c-NH@E-v) + (c-t)E-T) + (c- 1) (2 r')M, (104)
(( where the last term vanishes for a steady current. ))
((which has V-J =0))

and hence

(c-N(E-r) = 3¢ (Ex(Ixr)) + V(e ) (E-1')I({)). (105)

Consequently, dotting ¢ with the dipole integral, we obtain

/// r') d*Vol :///C-J ) (& - 1) d*Vol
_ /// i x (3 x 1)) ) d*Vol
/// (t- r)J(r’)))dSVol/ (106)

:%o rx/// ><r d3Vol

+ %//(c ') (& 1) J(r') - d2A]

S

Similar to what we did for the monopole term, let’s take the integration volume ) a bit

larger that the whole conductor, so its surface S is completely outside the conductor. Then
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on the last line of eq. (106) the current J vanishes everywhere on the surface, which kills the

surface integral. This leaves us with

/// £r)I@)d*Vol = = c- | £ x /// (r') x ') Vol |, (107)

conductor+ conductor+

DO | =

which must hold for any constant vector c, hence

/// r- r d3Vol = g /// xr'd?’Vol/

conductor+ conductor+

/// v’ x J(r') d*Vol | x #.

conductor+

(108)

Also, on both sides of this formula the integration volume may be restricted to just the

conductor, there is no need to integrate over a larger volume here, thus
3 ]_ / / 3 / N
(t-r)J(')d Vol = 5 r' x J(r')d’Vol | xT. (109)
conductor conductor+

Plugging this formula into the dipole term in the vector potential (99), we arrive at

Adipole(T) = 4M2 /// "y d*Vol = s (110)

conductor

— exactly as in eq. (73) for dipole term of the current loop — for the magnetic dipole moment

. % /// v x J(') Vol . (81)

conductor
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