Glashow—Weinberg—Salam Theory

Glashow—Weinberg—-Salam theory is a unified theory of weak and electromagnetic inter-
actions. At its core is the SU(2)y x U(1)y gauge theory spontaneously broken down to
the U(1)gm. Out of 4 gauge fields W (a = 1,2,3) and B, one linear combination remains
massless and gives rise to the electromagnetism, while 3 other linear combinations become

massive and give rise to the weak interactions.

The key to the spontaneous breakdown of the electroweak gauge symmetry is the doublet

of complex scalar fields H* (« = 1,2) called the Higgs fields. The SU(2)w x U(1)y quantum
numbers of these fields are (2, +3); that is, they form a doublet of the SU(2)y and have
the U(1)y hypercharge y = +%. Thus,
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where g9 is the SU(2)y gauge coupling and ¢ is the U(1)y gauge coupling.

The gauge fields W and B,, and the Higgs fields H, are the only bosonic fields of the
GWS theory. There are also 24 fermionic fields describing the quarks and the leptons —

I have a peparate set of noted about them — but let’s take care of the bosons first. The

bosonic part of the theory’s Lagrangian is
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and D,H, D, H' are row/colu1r21n vector forms of D, H, and D,H}, from eq. (1). The scalar
potential V' = % (HTH — %2> has a local maximum rather than a minimum at H = 0,

while its minima form a spherical shell HTH = ”72 in the scalar field space C? = R*. All
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such minima are related to each other by gauge symmetries, so without loss of generality we

assume the Higgs fields have Vacuum Expectation Values (VEVs)
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Note that this expectation value breaks 3 out of 4 gauge symmetries of the theory, but one
combination of the U(1)y and a U(1) subgroup of the SU(2)y remains unbroken. Indeed,
the U(1)y symmetry exp (z@(x)f/) acts on the Higgs fields as H(z) — exp(iy©(z)) H(z) =
exp(4O(z)) H(z) since H has y = +3, while the SU(2) symmetry exp (z@(x)fg) — for the
same O(z) — acts on the SU(2) double H as H(z) — exp(40(x)73) H(z). Combining the

two symmetries, we have
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which indeed leaves the vacuum expectation value (4) invariant. Thus, the U(1) subgroup

of the electroweak SU(2)y x U(1)y generated by the operator
Q=Y +1° (6)

remains unbroken. Physically, this subgroup is the U(1)g gauge symmetry of the electro-

magnetism and Q is the electric charge operator (or rather electric charge in units of e).

We shall see in a moment that one linear combination of the four SU(2)w x U(1)y gauge
fields corresponding to the Q generator remains massless while the other 3 combinations
become massive via the Higgs mechanism. The same mechanism also eliminates 3 scalar
fields, which becomes the longitudinal components of the 3 massive vector fields. Since the
2 complex Higgs fields are equivalent to 4 real scalars, we end up with 4 — 3 = 1 physical
scalar field h(x); its quanta — called the physical Higgs particles — were experimentally

discovered at the LHC in 2013.



The simplest way to see how this works is to fix the unitary gauge for the spontaneously

broken symmetries. Note that any complex doublet H(z) can be SU(2)-rotated to

0
H'(z) = U(x)H(z) — % (ﬁ(x)) (1)

for a real h(z) > 0. This gauge transform would be singular for H(z) ~ 0 but it is nice and
smooth for H(z) in the vicinity of the vacuum expectation value (4), so we may use it to
fix the unitary gauge Hy(z) = 0, Im(Hz2(x)) = 0. Once we fix this gauge, we are left with a
single real scalar field ﬁ(x), which we may now shift by its VEV,

h(z) = v + h(z). (8)
In terms of this shifted field,
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so the scalar potential becomes
V(h) = A HTH—“—2 S 5(vh+lh2)2 = A—”2><h2 + LRV + Aoy (10)
2 2/) 2 2 2 2 8

with a positive mass? = \v? > 0 for the physical Higgs field. Experimentally, v = 247 GeV
while the physical Higgs mass is 125 GeV, which means A\ &~ 0.26.

The mass terms for the vector fields emerge from the kinetic term D, H TDIFH for the
Higgs doublets. Indeed, in the unitary gauge
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and hence
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The first term on the last line here is the kinetic term for the physical Higgs field while the

= %(auh)Q +

rest are the mass terms for the vector fields and also their interactions with the physical



Higgs field h(z). In particular, the vector mass terms obtain from truncating the (v + h(x))?

factors to simply v2, thus
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In particular, the Wﬁ and Wﬁ vector fields have masses
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while the Wj and B, vector fields have a 2 X 2 mass matrix
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This matrix has eigenvalues
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and M5 = 0 (16)

— as promised, there is one massless vector field — while the mass eigenstates correspond

to the vector fields

massive Z,(z) = cosf x Wj(az) — sinf x B, (), a7
17
massless A, (z) = sinf x Wg(:p) + cost x B, (z),
where
0 = arctan 2 (18)

92
is the weak mizing angle or the Weinberg angle; experimentally, sin?  ~ 0.23.

Physically, the A,(x) is the EM field whose quanta are massless photons, the Z,(z) is

the neutral weak field whose quanta are Z° particles of mass Mz ~ 91 GeV, and the Wﬁ 2(:5)



— or rather their linear combinations

B Whz) + iW2(x) B B Wlhz) — iW?2(x)
Whz) = —£ NG K and W, (z) = K 7 K (19)

— are the charged weak fields (electric charges ¢ = 1) whose quanta are the W' and W~

particles of mass My ~ 80 GeV. The experimentally found mass ratio between the W+ and
79 particles gives us the value of the weak mixing angle:
MI%V B g% 1
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Now lets find the currents to which the vector fields Wj, Z,, and A, couple and the
strengths of those couplings. Of particular importance is the EM coupling strength e since
it acts as the unit of the conventionally normalized electric charge, so we would like to relate
it to the original SU(2)y x U(1)y couplings g2 and g1. But the weak currents and couplings

are also important.

Our starting point is the SU(2)y x U(1)y symmetry currents J}; ng, Jg2, JE?’ of the

fermionic fields. Without going into the details of these currents — they are described in

detail in fny notes on quarks and Iepfond — we can say that the original gauge fields B, (x)

and Wy () couple to these currents according to
£net D £current - _92W5 X J¥1 - g2W3 X J¥2 — ggWi X J¥3 — ngH X J{j (21)

Now let’s relate the original gauge fields to the vector fields of definite masses and electric

charges. Inverting eqs. (19) and (17), we obtain
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Wl = —xW, + —xW/,
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W2 = —xW, — —x W/,
Y V2o (22)

W2 = cosf x Z, + sinf x A,

B, = —sinf x 7, + COS@XAM.
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Plugging these formulae into eq. (21) and re-arranging the terms, we find

Lcurrent - —% W; X (Jljfl —iJljf2) — %Wj X (Jljfl —|—Z'J§£2)
— Zy X (gg Cosé’J’]f3 — g1 siné’J)’ﬁ) — A, x (gg sin 9J¥3 + g1 COS@J{;),
(23)
or in other words
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where
JH = gk = idhy, T = I+ idh, (25)
are the charged weak currents,
gxJy = gacosOJry, — gisinfJy (26)
is the neutral weak current (times the neutral weak coupling constant), and
ex Jhy = gasinbJhy + gicosfJy (27)

is the (conventionally normalized) electric current. Note that on the right hand side of this
formula g; cos @ = go sin 6 because of the way the weak mixing angle @ is related to the gauge

couplings, tan = g1/g2, cf. eq. (18). Consequently, we may identify
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Note that this current does not depend on the gauge couplings or #; instead, it’s the current
of the electric charge operator Q = 73 +Y which is the generator of the unbroken U(1)pm
gauge symmetry. Naturally, the EM field A, (z) — which is the gauge field of that U(1)gm

— should couple to precisely this symmetry current.



On the other hand, the Z, is the gauge field of a spontaneously broken symmetry, so
the specific combination of the symmetry currents that couples to the Z, depends on the
weak mixing angle. Indeed, the coefficients of the two terms on the RHS of eq. (26) are quite
different and their ratio depends on g1 /g2; specifically,
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Consequently, we may identify

g m cosf sin 6 sin 6 cos 6 (31)

and then the neutral weak current becomes

Jy = cos? 6 x J§f3 — sin?0 x Ji
= Jhy — sin?0 x (Jhy + JY) (32)
= J§f3 — sin? 6 x e -
Note that the weak couplings g2 and g are larger than the EM coupling e. Consequently,
at high energies much larger than the masses of W and Z particles, the weak interactions

are not weak at all — they are stronger them the EM interactions. But at low energies, the

[-decays and other processes mediated by the wvirtual W=+ or ZV involve the propagators

1 -1
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q° — My My
| . (33)
Z° propagator ~ ~2 ,
¢> =My Mj
so the overall weak amplitudes are
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It’s not the couplings, it’s the small E? /M%, or E%/M?2 factors which make the weak inter-



actions weak at low energies!

Indeed, consider a low-energy decay or scattering process mediated by a virtual W=:

(35)

The left fermionic line — the vertex and the external line factors — stems from the .J
current of the two fermions involved and its coupling to the W™#; the general form of
this line is (iga/v/2) x J,, . Likewise, the general form of the right line is (iga/V/?2) x JF.
Multiplying these two factors by the W propagator, we have

. —igy . —ig2 i v Q“q”>
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At low energies |¢?| < M2, hence
i v q“q”) _ g™
oy al Syl By (37)
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and therefore
. —ig3 _
iM x J g (38)
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Diagrammatically, this approximation corresponds to

(39)
where the 4—fermion vertex stems from the effective low-energy Lagrangian
9%
Leg = — 7 X J g (40)

Historically, this effective Lagrangian was written down by Enrico Fermi back in 1933,

long before the modern Glashow—Weinberg—Salam theory or the experimental discovery of



the W particle. To be precise, Fermi wrote

G _
L = —ﬁxJ;JJF“ for Jr o= ) Uyl (41)

appropriate
species
of fermions

but the discovery of parity violation in 1957 modified Fermi’s original theory to

1—75
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. (42)

As we shall see in my notes on the fermions in the GWS theory], this is indeed the correct

form of the charged weak currents.

The overall constant G in the Fermi Lagrangian (41) nowadays is called the Fermi
constant; its experimental value (in ¢ = i = 1 units) is G ~ 1.1664 GeV~°. In the Glashow—

Weinberg—Salam theory, this constant arises as

2 2
92 92 2
W2x G = = = =, 43
2My,  gg3vc 0 )

so the experimental value of G translates to the Higgs VEV v ~ 247 GeV.

Finally, besides the charged massive vectors W+ coupled to the charged weak currents,
the GlashowWeinberg-Salam theory also has a neutral massive vectors Z° coupled to the

neutral weak current J g Consequently, the effective low-energy theory of weak interaction

has form
9% + g
- - 0
Leg = _ZMI%V xJJ o QM% x Jy,dy, (44)
or in terms of the Fermi constant G,
Log = _2\/§G<J;J+ﬂ + p(J§)2> (45)
where
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In the Weinberg—Salam theory where

92 Myw
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i cos Oy, N, (47)
eq. (46) yields p = 1 However, some alternative implementations of the SU(2)x U (1) Glashow
model with larger sets of Higgs fields predict different values of the p parameter. For example,
a theory which has both a Higgs doublet H* with y = % and also Higgs triplet ®¢ with y =0
with VEVs

0
i - 2 ("), @ = w|o (43)
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1
has
Mz = 15%0] (49)
regardless of the triplet Higgs's VEV vy but
Mg, = g3 (0 +v3), (50)
and therefore
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Historically, for a few years after the 1973 experimental discovery of the neutral-current weak
interactions at CERN, early measurements of the p parameters yielded p # 1, which favored
the alternative theories. But the later — and more precise — measurements converged on
p ~ 1 which favors the original Weinberg—Salam theory. The current experimental limits
p = 1.000440.000 2 pretty much rule out any extra Higgses with different SU(2)y x U(1)y

quantum numbers from the Weinberg—Salam’s Higgs.

However, p = 1 is consistent with extended Weinberg—Salam theories with several Higgs

doublets H* (i = 1,...,n), all having y = —1—%. If all non-zero VEVs of such Higgses have
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the same directions in the field space — eg.

- (0
(H;)y = % <1> in the same gauge, (52)

then this model has
My = 195 v, Mz = §3°) vi, M} =0 (53)
7 7

and everything else works similar to the minimal WS theory with one Higgs doublet. Except
that there are many more un-eaten Higgs scalars, namely 2n — 1 neutral scalars and n — 1
charged scalars, and their masses depend on the gory details of the multi-Higgs potential.
Perhaps such extra scalars will be discovered experimentally in the near future, although

judging by the negative LHS results I would not bet on this.
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