Noether Theorem

Back in 1915, Emmy Noetheq proved the theorem: For every generator of a continuous

symmetry of a mechanical system there is a conserved quantity. Eventually, the Noether
theorem was generalized from classical mechanics to classical field theory, to quantum me-
chanics, and to quantum field theory. In these notes we shall focus on field theory where
Noether theorem says that for every generator T of a continuous global symmetry of a field

theory there is a conserved current J4', 9, J"* = 0.

Let me illustrate the Noether theorem with an example: A classical theory of N real

scalar fields ®,(x) (e = 1,2,..., N) with the Lagrangian density

a

m2 ?
L = %Za:@u%@“@a — 7;(%)2 - 2(2(%)2) . (1)

This Lagrangian density — and hence the action S = [£ d*z — is invariant under the O(N)

orthogonal transforms of the fields into each other,

O (z) = Y Rap®y(z) for Re O(N). (2)
b

Indeed, orthogonality of the R,; matrix, RT R = 1, implies that

D (@) = D (®)? (3)

a a

— which leaves the potential part of £ invariant; and for a global symmetry where R, is

the same for all z, the kinetic part of £ is also invariant:

QuPh(x) =Y Rupu®y = Y @010, = > 0,0,0"D,. (4)
b a a

The continuous subgroup of O(N) is SO(N) — the group of rotations in the N dimen-
sional field space. The SO(N) group is generated by the antisymmetric matrices Ay, = — Apq-
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Indeed, the infinitesimal SO(N) rotations have form

O (2) = Cu(z) + 0P(x),  0P(x) = Y eay(), (5)
b

for infinitesimal €,p; in matrix form, this means R = 1+e¢. Orthogonality of such infinitesimal

rotation matrix means

1=RR=1+c¢+c + 0@, (6)
hence in the infinitesimal ¢ — 0 limit
€ = —€ <= €y = —€ap- (7)

As to the finite SO(N) rotations, any finite rotation R can be obtains as a sequence of n

small-angle rotations RY/™ which become infinitesimal for n — co. Specifically,

A
forn — oo, RY" =1 + (inﬁnitesimal —) + O(1/n?) (8)
n
for some antisymmetric matrix A,, = —Ap,, hence
A n
R = lim (1 +—+ 0(1/n2)) = exp(A4). (9)
n—o00 n

In other words, every special orthogonal matrix R is a matrix exponential of some antisym-

metric matriz A.

In the field space, the infinitesimal transforms (5) act on functions F(®) of the fields as

0 —1
0F(P) = ;Eab¢baf(¢) = 72{;6abTab~F(q}) (10)
where
T = —Th = —iBy0— + idy—2 (11)

o, 0,

are the operators in the field space generating the SO(N) symmetries. For N = 3, the SO(3)



symmetry can be identified as the isospin with 3 generators

IO = iy ((implicit ) (12)

obeying angular-momentum-like commutation relations
[TaaTb] = tegpele - (13)

But for N > 3, the cross product of two isovectors is an antisymmetric iso-tensor rather
than an isovector, hence 2 N(N — 1) generators (11). And their commutator algebra has a

messier form that eq. (13); instead, we have

Taps Tea] = —ipcTaq + 0acTvg + 10pqTae — 10aaTbe - (14)

Coming back to the Noether theorem, for each generator T, of the SO(N) symmetry

we have a conserved current
Jh = —JI = 0,0'D, — 0P, (15)

Please note: The SO(N) symmetries (2) leave the action invariant regardless of the fields
obeying or disobeying any equations of motions. On the other hand, the classical cur-
rents (15) are conserved 0,,J 5 » = 0 only when the fields do obey their equations of motion.

In particular, for the SO(N) invariant Lagrangian density (1), we have

oL oL
= = 9P, while = -0 [m2+ ) P?|, 16
0(0,%Pq) “ 0(Pq) ( EC: ¢ (16)
hence the classical field equations are
Va=1,...,N: 09°®, = —<1>ax<m2+AZ<1>2>. (17)
C



Consequently, for the fields obeying these equations

O (@0 Dy) = (0 ®0)(0"®p) + Ba(0°Tp) = (0,Dy) (0 Dp) — BoDp x <m2 +AY cpg) :
(&

(18)

where both terms are symmetric WRT a < b, and therefore the currents (15) are conserved,

Oudl, = 0,(2,0"®p) — (a<>b) = 0. (19)

Thus, in the classical field theory we indeed have a conserved current .J; (’;b(x) for every gen-

erator Ty, of the global SO(N) symmetry.

In the quantum field theory, the classical currents J, (x) become operators

jab(x7 t) = _jba(xu t) = —(i)a(X, t)qu)b(X7 t) + é)b(xu t)VCi)a(X, t)7

. . ) . ) . (20)
Jo(x,t) = —J)(x,1) = Du(x,)Tp(x,1) — Dp(x, 1)a(x,1).

In particular, the net charges ), become operators

~

Qult) = —~Opalt) = /d3xj3b(x,t) _ /d3x (Balx OMTy(x, 1) — By(x, L. 1)) (21)

in the Hilbert space of the quantum theory. (Which is the Fock space of N species of identical

spinless bosons.) In your furrent homework#4 (problem 2), you should learn that these

charge operators are conserved in the quantum way — they commute with the Hamiltonian
operator H. Moreover, the charges (21) obey the commutation relations (14) of the SO(N)

generators,
[Qabv@cd] = _ié[c[an]d] = _iéchad + Z.(Sachd + Z‘(deQac - iéad@b07 (22>

and they act on the quantum fields (i)a(a:) similarly to the classical generators Ty, acting on

the classical fields,

[Qu 0e(@)] = ~iduba(a) + iBucby(a), (23)
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~ 1 A
hence for V. = 5 Z ApQap  {(where Ap, = —Agp ) (24)
ab

[f/, éc] = —iAgby  (implicit 32, Y). (25)

In the Hilbert space of the quantum theory (which is the QFT’s Fock space), the op-
erators Qab represent the symmetry generators Ty, and that’s why they must obey similar
commutation relations. As to the finite SO(N) ‘rotations’ of the field space, they are repre-

sented by unitary operators
U<R) = exp (%Z ZAaanb> for R = eXp<A)7 (26)
ab

and the similarity of the commutations relations of the generators Ty, and the charges Qab

assures that

A~

U(RoR1) = U(Re)U(Ry) (27)

In the Schrédinger picture of the quantum theory, the symmetry operators (26) act on

the quantum states as

W) — [¢) = Uly). (28)

In your furrent homework#4 (problem 3), you should see how this symmetry acts on the

multi-particle states: It rotates by R the species index of each particle but makes no other

changes:

A

Uln: (pr,a1),- ., (Pnyan)) = > Raypy -+ Rapp, [0 (P1,01),. o, (Pnsbn)) . (29)
br,bn

In the Heisenberg picture, the symmetry operators leaves the quantum states as they are

but instead they act on the operators as

~

O = UToU, (30)

and in the you will see that the (26) operator U(R) acts on the quantum fields
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precisely as the SO(N) symmetry R, namely

Ubu()0T = 3 Ruydy. (31)
b

Going back to the classical fields, for N = 2 the two real fields ®;(x) and ®2 can be
reorganized into a complex field ®(x) and its complex conjugate ®*(z). In terms of these

complex fields, the SO(2) symmetry becomes the phase symmetry
(z) = e P0(zx), Y(z) = D% (z). (32)

In the quantum theory, this phase symmetry is generated by the charge Q = le = —ng,
specifically
exp(+i0Q)®(z) exp(—ifQ) = e Yd(z),

. . - (33)
exp(+i0Q) D' (z) exp(—ifQ) = etPdT(x).

In the particle language, the charge Q counts the net number of particles minus the number

of antiparticles,

N - N d3p i SN

Q = particles — Nantiparticles = /(— <ai)ap - bpr) (34)
The proof is a part of homework#4.

PRrROOF OF THE NOETHER THEOREM

Let’s prove the Noether theorem for the classical field theory. To simplify out notations,
let ¢, run over all the fields of the theory, including the scalar fields, the components of the
vector fields, etc., etc. Any continuous symmetry of the field systems is generated by an

infinitesimal symmetry of the form

$a(®) = Ga(r) + i€Ta() (35)

where € is an infinitesimal parameter and T is the generator of the symmetry. T acts as some
kind of an operator in the field space, usually a linear operator like T, = Y, Tapgp(x) for
some matrix Tpp, but it can also be a non-linear operator, and/or or involve the derivatives

0y for symmetries acting on the spacetime coordinates x#.
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Under the infinitesimal transforms (35), the action

Slo(a)] = /d4:c £(6,99) (36)

should remain invariant, 6S = 0, which leaves us with two options for the Lagrangian
density L(¢,d¢): Either it remains invariant, £ = 0, or else £ changes by a total spacetime

derivative,

SL(6,00) = € x I (¢, 00) (37)

for some vector-valued function of the fields ¢, and their derivatives 9,,¢q.

On the other hand, given the action (35) on the classical fields, its action on the La-
grangian density L£(¢,d¢) follows from its dependence on the fields and their derivatives,
thus

oL oL
oL = Z < 95, <% * 50 5ro) ™ aua%)

, oL .
— 2@: <3¢a X €iThg + ) X ezaﬂTqba)

{(integrating the second term by parts )) (38)

oL oL .
- X (5 = 2 (m) ) 7o
oL .
+ Eaﬂ (;m X ZT(ba) .

When the fields happen to obey their equations of motion

oL oL
5~ () = .

every term on the second-from-the-bottom line of eq. (38) vanishes and we are left with the

bottom line only, thus

0L = ex, (Za 050 xz'Tgba). (40)



Comparing this formula with eq. (37), we immediately see that

oL
€ X0 —— X iT¢, | = € x 0, 1(ph,00). 41
Therefore, if we define the current J# according to

gr Z% X iTdg — I"(¢,00), (42)
o 9\0uPa

then this current is conserved, 0,J"(x) = 0 when the fields obey their equations of motion.

This completes the proof of the Noether theorem for the classical field theory. And along
with the proof, we have also learned how to construct the conserved current for a given
infinitesimal symmetry. As an example, let’s go back to the SO(N)— symmetric theory of
N scalar fields with Lagrangian density

z=32@%w%a—v@?@. (43)

a

The infinitesimal SO(N) symmetries act on the fields according to

5Pa(r) = 3 cabyla) (44)

b

for some infinitesimal antisymmetric matrix €,,. Interpreting this transform as 0®.(x) =

e X iT®.(x), we have

. 1 .
exil = 5 > eariTup (45)
ab
where
Z‘Tabq)c = 5bc(I)a - 5acq)ba (46)
exactly as in eq. (11). Now let’s find the Noether current for each generator Ty = —Tpq.

Since the symmetries (44) leave invariant not just the action but the Lagrangian density L,



we do not need the I* term in eq. (42). In other words, we let [#(®,0®) = 0, which leaves

us with
oL
W oL
Top = ZC 5(0,B,) e
_ 1 -
=) (0"®c) x (0pePa — GacPs) (47)

C

= (0"Dy) x Dy — (9"D,) x Dy
= 0D, — D0,

exactly as in eq. (15). And as we saw earlier, these currents are indeed conserved when the

fields obey their equations of motion.

In the special case of N = 2, we may recast the SO(2) symmetry as a phase symmetry

of a single complex field ®(z) with Lagrangian density

L = (0,0)(0"D) — V(O*D), (48)

(z) = e U0(x), Y(z) = ed*(), L = L.
The infinitesimal phase symmetry corresponds to 6 = ¢, thus
0P(z) = —ied(x), 0P (x) = +ied™(x), (49)
which in terms of the T" generator means
TO(z) = —@(z), TP (z) = +P"(x). (50)

In the eq. (42) for the Noether current, the invariance of £ under the symmetry means

I* = 0, which leaves us with

oL oL
(0, 9) xiT®P +8(8M®*)XZT(D (OFD*)x —i® + (O' D) x +iD 2 Im (9" 0H D).
61)

And back in the homework set#]] we saw that this current is indeed conserved when the

fields obey their equations of motion.
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STRESS ENERGY TENSOR

Now let’s change our focus from the internal symmetries of a field theory to the spacetime

symmetries, namely the translations of space and time:
x Active translations o'V = a¥ + d”, ¢}, (2') = ¢q(x).
* Passive translations ¢/, (z) = ¢q(x + d).

The active and the passive translations differ by the sign of the displacement vector d”, so
they have the same 4 generators Pv. Specifically, consider a passive translation by infinites-

imal displacement d” = ¢”, then
Po(r) = dalr+€) = da(x) + € X ppa(r) + O(), (52)
which we interpret as
0pa(z) = € x —iBypa(a)) + O(&) for Pygu(a’) = i0ypala’). (53)

The 4 generators P, give rise to 4 conserved currents J (’fj ) where p is the current index (density
v. flow density) while () is the generator index (energy v. momentum); conservation means
zero divergence WRT the current index, thus aMJ(“V ) (r) = 0. Physically, the currents J(‘fj ) of
the translation symmetries are components of the stress-energy tensor, J(’j/) = T, and the

net charges
P, = / BxTY, (54)
comprise the net energy-momentum of the whole field configuration.

Let’s derive the Noether stress-energy tensor from the Lagrangian of a generic field
theory. While the net action S = [ Ld*z is invariant under the translations of space and

time, the Lagrangian density is not invariant. Instead, it becomes translated with the fields,

L(¢,08")ax = L($,05)Q(x+¢) = L(¢,05)Qr + € x 0,(L(¢,00))Qz + O(e?), (55)
1

which we interpret as 0L = €” x 0, L. In terms of the ](V) term in the Noether current J(’f/),

10



we have

0L = & x0u(0L) = I, = o)L, (56)

Consequently, the Noether formula (42) gives us
—iP — VY
™ Z 5, % ( iP, o, 8y¢a> SEL. (57)

Or after raising the v index,

Noether 0 ;z@a (ja o gﬁ”/ x L. (58)

For example, consider the theory of N scalar fields with the Lagrangian density of the

form

L = %Z(aﬂcpa)(aucpa) — V(®q,...,0p) (59)

a

for any potential V(®q,...,®y). For this Lagrangian

oL
PR DAL 60
9(8,9,) @ (60)
hence Noether stress-energy tensor (58) becomes
Tll\;gether = Z(@“(I)a)(ﬁy(ba) - g””/i. (61)

a

Note the symmetry of this stress-tensor, TH" = T"F,

The trouble with the Noether formula (58) for the stress-energy tensor is that for the

non-scalar fields — vector fields, tensor fields, spinor fields, etc., — it gives us an asymmetric

stress-energy tensor, T N . eth o 7 1 N 5 eth o~ Indeed, in the pext homework#3 you shall see that

Tﬁf oether tensor for the electromagnetic fields is NOT symmetric. It is also not gauge invariant,
which is a separate kind of bad. But an asymmetric stress-energy tensor is bad enough by

itself: You cannot use T # T"" in the Einstein equations of General Relativity. Moreover,

11
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an asymmetric stress-energy tensor is bad for the angular momentum conservation. As
explained in some detail in the Weinberg’s textbook, the currents of the Lorentz symmetries

0 LM* have form
./\/l’\”“’(x) = $“T)‘V(x) — x”T)‘”(x), M)"W(x) = —./\/l)"”“(x), (62)
and consequently these currents are not conserved for asymmetric stress-energy tensors,

(%\MA’W = TH — T +£ 0 for asymmetric TH" # T"H. (63)

To make the TH” tensor symmetric, we add a total divergence to the Noether’s stress-

energy tensor,

The = Thoeper + KN (6,00), (64)

where KM is some kind of a three-index tensor made from the fields and their derivatives;
it also must be antisymmetric in its first two indices, KM = —K#M_ For any such KMV,

the ‘corrected’ stress-energy tensor is just as conserved as the Noether’s stress-energy tensor,

Oy Tgli/ys = 8MT1/\ILZether = O(hopefully),
because
DuONKMY = 0 due to KMV = — KM, (65)

Also, for the fields which vanish at spatial infinity fast enough, the corrected stress-energy

tensor yields the same net energy-momentum as the Noether tensor,

= [T = [Px T (69

because

APY = /dSXaAK)‘O’V = /dSXViKiO’” = f d*Arean' K — 0 (67)

sSpace oo

when K0 (¢, 0¢) decreases at r — oo faster than 1/72.

12



The specific form of KMV as a function of the fields and their derivatives is chosen
such as to make the ‘corrected’ stress-energy tensor (64) symmetric. For example, in the
you will see that the correction

KA = KW = FrAAY (68)

symmetrizes the electromagnetic stress-energy tensor.

13


http://web2.ph.utexas.edu/~vadim/Classes/2026f/hw05.pdf

