OPTICAL THEOREM

The optical theorem relates the imaginary part of the elastic scattering amplitude in the
forward direction to the total cross-section — elastic + inelastic — of the initial particles.
In the non-relativistic normalization,

Kreduced
Im felastic(e = O) = re4;1_ce X Ototal - (1)

You have probably seen this formula in an undergraduate QM class in the context of the

partial wave analysis of potential scattering; but in case you have never studied the subject,

here are my notes on scattering in QM| — including the partial wave analysis — from the

likbez lecture I gave in November. Anyway, for a purely elastic scattering

621'54 -1

5; — ¢ gin 54) , (2)
i

fo) = %Z: (20 + 1) Py(cos ) x (

where &y is the phase shift for the partial wave £. Note that for small phase shifts §;, < 1,
the real part of the scattering amplitude is much larger than its imaginary part, Re f ~ ¢

while Im f ~ §2. For the scattering amplitude (2), the total cross-section is

(0. 9]
Ototal = /|f‘2d2Q = ﬁ X Z (20 + 1) sin 26, (3)
£=0
while the imaginary part of the forward scattering amplitude is

><22€+1 ) sin? &, (4)
=0

Im f(60 = 0)

El

in manifest agreement with the optical theorem (1).

In relativistic notations, the optical theorem (1) becomes

elastic
Im./\/l( ) = 2FE1Es|vi — va| X 0total - (5)

forward

where the pre-factor 2Fj Fa|vy — va| is invariant under Lorentz boosts along the axis of

collision. In the center-of-mass frame, it amounts to 4E2| pepy |.
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Proof

The optical theorem follows from the unitarity of the S-matrix — or rather, the scattering

operator, — STS = 1. To see how this works, let’s separate the scattering from non-scattering

events, S =1+ 4T, and express the unitarity of S in terms of T

1= (ST=1-THS=1+1T) = 1 + T — iT" + T'T, (6)

hence
i = T ™)
Now let’s take the diagonal matrix elements (i| - - - |i) of both sides of this formula for some

state |7), which we shall eventually take to be the initial state |1 + 2) of two particles about

to collide. On the LHS of eq. (7)
(Q|iTT —iT i) = i@ T|)* — G| T)i) = 2Im (i|T |i) (8)
while on the RHS of eq. (7)
TN = Y GTTHA (T = Z\<f|T|i>)2, (9)
1) 1)

hence
. L2
20m G Tli) = Y (1T - (10)
Lf)
Physically, the sum on the RHS here is over all possible final states of the initial particles’

scattering.

Next, let’s factor out the energy-momentum conservation from the matrix elements of

the T operator,
FITN) = (2r)%W (pr — pi) x (fI M]i). (11)

Plugging this formula directly into eq. (10) gives us

? ((27r)45(4)(pf _pi))2, (12)

2t (i| M]3} x (2m) 6@ (pi —pi) = S| (f1 M)
7

with troublesome §-functions on both sides of the equation. To resolve this trouble, consider



the state |i') which is very similar to the initial state |i) except for a tiny difference in the

net momentum p;. By similar [ mean similar enough that we may approximate
(@ Mli) = GIMl) and (@] M) = GIMIf) VIf). (13)

Consequently, taking the slightly-off-diagonal matrix elements (i|---|i) of both sides of
eq. (7), we get on the LHS

(@it =T i)y = 2m)'6W (pyr —pi) x () iMT—iM |i)y = (27)16W (py —pi) x 2Tm (i] M |3},

(14
and on the RHS
(@ TN = 3 AT (AT
1)
2> IR > 2m) 60 s = pi) x 2080 —p) g5
= n)6 00— pi) x Y[ F] x (2050 (s - )

1f)

Equating the last two formulae and dropping the overall factor (2%)45(4) (pir — p;) from both,
we arrive at the improved version of eq. (12), namely
—_~ —~ 2
20m (| Mli) = 3 [(FIMID| x @m)' oy - ). (16)
(fl

Now let |i) = |1 + 2) be the initial state of two particles about to collide, so that | f) runs
over all possible final states of this collision. Thus, summing over |f) means summing over
all possible reaction channels — i.e., sets of final particles, — and then for each final-state

particle integrating over its momentum with the relativistic measure and summing over its



discrete quantum numbers like spin:

(fl = <channel (8, sl)n} ,

> - S o

(f| channels a=1

(17)

Consequently, eq. (16) becomes

— 2
<channel (P, 8, (P s/)n} M i)

oIy d’p,
2Im (il M |i) = Z H Z/Q?T;)QE/

channels a=1

x (2m)4 W (ph + - -+ pl, — i),
(18)

Note that the momentum integral (and spin sum) on the RHS here is precisely the phase
space integral (and spin sum) for the scattering process (1 +2 — 1/ +--- +n'). Specifically,

a’py, —~ 2
o-nﬁ(1+2*>1/+“.+n/) = 4E1E2|Vrel H (Z/Qﬂ- 32El> p S/)lv'-'a(plvsl)n|M|1+2>’ x

x (2m)*6@ (p + -+ pl, — PP,
(19)

cf. [my notes on the phase spacd. Therefore, we may rephrase eq. (18) in terms of the net

cross-sections for each channel and ultimately in terms of the total cross-section for all the

channel combined:

2im (1 42| M1+2) = Y 4B B X onet(1+2— 1+ + 1)
channels
= ABBVIS X Y one(1+2 = U440 (20)
channels

= 4FE1 Fo|ViY| X ootal (1 + 2 — anything).

Finally, we identify the matrix element on the LHS here as the amplitude for the forward

elastic scattering |1 4+ 2) — |exactlythe same state), thus

elastic
forward

Im./\/l< > = 2F1 Fo|viY| X ootal(1 + 2 — anything). (21)

And this completes my proof of the optical theorem.
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BTW, there is a similar version of the optical theorem for the decays of unstable particles.
Indeed, let in eq. (18) |i) be the initial state of a single unstable particle (instead of two
particles about to collide). Then the RHS of eq. (18) becomes the phase space integral
(and the spin sum) for the net decay rate of the initial particle into all the available decay

channels. Indeed,

d — 2
Fnet(]. — ]./+ TL - 2M H Z/ 27'(' :E)QCLE/ ‘<(p/78/)17---7(p/7 SI)H‘M|1>‘ X
Sa

x (2m) W (ph + -+ pl, — pieY),

(22)
— ¢f. Imy_notes on the phase spacd, — hence
o 1
m<1|M|1> = 5 Z QMXFnet(l — 1/~|»~|»n/)
channels
= Mx > Ta(l—=1+-+0) (23)
channels

= M X T'{ota1(1 — anything).

We shall return to this formula in a few lectures, once we have a better understanding of the

one-particle to one-particle amplitudes.

Application to the \¢* Theory.

In potential scattering, the first Born approximation yields a real scattering amplitude,
but at the higher orders of perturbation theory the amplitude becomes complex, with both
real and imaginary parts. Likewise, in quantum field theory the tree-level amplitudes are
real, — at least for the elastic scattering in the forward direction, — but the loop corrections
make for complex amplitudes. The reason for this behavior is the optical theorem (21), plus

power-of-the-coupling counting in the perturbation theory. Let’s see how this works for the

Aot theory.

For the elastic scattering Miree = —A (regardless of momenta) while the loop corrections

are of the higher order in A, hence

dgelastic B )\2+O()\3)
dQem 64m2s

(24)
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and

aelastic _ \? +O()‘3) > 4_7T _ \? +O()‘3) (25)
net 64m2s 2 32rs

For the inelastic processes 2 — n (n > 4), the tree amplitude is O(A"/?) and the loop

corrections are of higher order, hence M = O(A"/?) and
ginelastic. — (A" for n > 4. (26)

Consequently,
A2 4+ 0(N3)

Utotal = o-l?lleaEStiC + O()\4) = 327T$

(27)

By the optical theorem, this gives us the imaginary part of the forward elastic amplitude as

elastic A4+ 0(\3)
I — 9F.E rel N TN 928
m M (forward) 1E2Iviz] R2rs (28)
where in the center of mass frame
OFE Eal Vi | = 2E2x 20 = sxw (29)
(where v is the speed of each particle relative to the CM), hence
elastic A
I = =~ + O(N). 30
m M (forward) 327 + O (30)
In terms of the loop counting for the amplitude on the LHS here, this means
elastic
In ree | =0, 1
m Miree <forward> 0 (31)
elastic Ao
hile I = — . 2
while  m Mio0p <forward> 32 >0 (32)

Note: the optical theorem not only explains why the tree amplitude is real while the one-
loop amplitude is complex, it also gives us specific predictions for the imaginary part of the
one-loop amplitude in terms of the tree-level total cross-section. In the same way, it would
give us a specific prediction for the imaginary part of the two-loop amplitude in terms of
the one-loop total cross-section, etc., etc. But let’s not get too far into the higher-order

calculations.



Instead, let’s verify the tree-level and 1-loop level predictions (31) and (32). At the tree

level, we indeed have

M = X M = 0 (3)

for any scattering angle € and not just # = 0. Likewise, we shall see im a moment that

v - ImMelastic _ )‘QU

1loop 32—71_ (34)

where

p| m? 4m?

Indeed, we have seen earlier in class that

2
Melastic _ A
1loop 3972

(@) = J/m?) = Jw/m?) = J(s/m?)), (36)

where
1

J(t/m?) :/dx log

0

m? —tx(1 — )
2

m

and likewise for .J(u/m?) and J(s/m?). For elastic scattering ¢ < 0, hence

1
m? + positive
t) = |dr log ————— 38
R (38)

0

which is real and positive. Likewise, u < 0 and hence J(u/m?) is real and positive. But

s > +4m?  which makes J(s/m?) complex rather than real. Indeed,

1

J(s/m?) /dx log —sa(l = ) , (39)

m2

0



and for s > +4m? the argument of the logarithm here becomes negative for some x:

L1 L2 1 1 m?2 1Fv
> - - - = 40
N/ o
For a negative or complex argument the logarithm becomes complex,
log(z) = log(|z]) + iarg(z), (41)
which has a branch cut in the complex z plane along the negative half of the real axis,
A |i
I ——— >
A
thus
log(negative + i) = real + . (42)
Consequently;,
2
_ 1 — +7r for 1 < x < 79,
Tmlog S“’é ) _ { (43)
m 0 otherwise,
and therefore
; 2
— (] —
Im J(s/m?) = /dx Im logm sxé z) = +7 X (g —x1) = *mw (44)
m
0

(where v is the particles’ speed in the CM frame). The sign of this imaginary part depends

on the side of the logarithm’s branch cut we end up on for negative m? — sz(1 — x), which



in turn depends on the analytic continuation from a real s to s + i€ or to s — ie:

for s — s+ie, m?—sz(l—z) = real —ie = log = real — i, (45)
45
while for s — s —ie, m?—sz(l—x) = real + ie =— log = real + im,
and hence
ImJ((s:i:z'e)/mQ) = F7mo. (46)
In the context of the one-loop elastic amplitude (36), this means
T MSSUC (5 + e 1) = —A—21 J((s £ie)/m?) = i& (47)
m Mloop (5 £ i6:1) = —oo 5 Im J((s £ie)/m”) = Lo

As we see, this formula is in perfect agreement with the optical theorem’s prediction (32),

provided we interpret s as s + ie.
The reason for the choice of s — s + ie rather than s — s — ie stems from the origin of

the J(s/m?) in the s-channel amplitude

1

A2 d*k —i
Fls) = 2 /d%/(ZW)4 (k2 — A(x, s) +i€]?’ (48)

0 reg

cf. eq. (20) of jmy infroductions to the one-loop amplitudeq for a similar ¢-channel amplitude.

After the Wick rotation to the Euclidean momentum space, eq. (48) becomes

1

S d'kp 1
Fls) = 5 / du / @) 2+ Aw,s) i (49)

0 reg

For a similar ¢-channel amplitude, we may disregard the —ie term in the denominator because
A(z,t) > 0 for all x so there are no poles in the Euclidean momentum space. But in the s

channel A(x,s) turns negative for some x, so we should retain the —ie term. Hence, in all
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the following formulae for the s channel we should replace A(x, s) with

Az,s) —ie = m? — z(1—x)xs — ic = m?> — (1 —x) x (s+ie),  (50)

which is equivalent to replacing s — s + ie. And that’s how we end up with J((s + ic)/m?

in the s-channel amplitude and therefore

. A2
Mt = 5 (T0) = J(t/m?) = Tu/m?) = I(s +ie)/m?)). (51)

In my pext set of notes about the field correlation functiond I shall give you a more

general reason for always interpreting s as s + ie rather than s — ie.

Cutkosky Cutting Rules

Going back to eq. (47), we see that the 1-loop elastic scattering amplitude is a discon-
tinuous function of s; specifically, it has a discontinuity at real s > 4m?, where the real part

of the amplitude is continuous but the imaginary part changes sign. Thus,

dise M(s,t) ¥ M(s+ie,t) — M(s—ie,t) = 2i x Im M(s + ic, t), (52)

hence by the Optical theorem we should have
disc MU (5.1 = 0) = 4iF) Fyvye x 0% (s). (53)

Similar Optical Theorems apply to the scattering amplitudes in other field theories such as
QED or QCD. Moreover, they can be derived in the Feynman diagram language from the
Clutkosky’s cutting rules discovered by Richard E. Cutkosky in 1960. Here are these cutting

rules:

1. Consider all Feynman diagrams contributing to the amplitude in question which can

be separated into 2 parts by cutting some propagators such that:

e All the incoming particles are on one side of the cut and all the outgoing particles

on the other side, and

10
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e All the cut propagators can be simultaneously put on shell for some values of the

loop momenta.

If a diagram cannot be cut to obey these conditions, ignore it. But if it can be cut in

several ways, consider all such cuttings separately.

2. For each cutting, replace each cut propagator with the delta-function putting it on-shell

1

But keep all other factors — vertices, un-cut propagators, combinatorial factors, nu-
merators of non-scalar propagators, etc., — the same as in the regular Feynman rules.

Then evaluate the loop momentum integrals.
3. Total up the contributions from all the all possible cutting of all cuttable diagrams.
4. The result is the discontinuity of the original amplitude between s + ie and s — ze.

To see how this works, let’s go back to the A®?* theory and the 1-loop elastic scattering
amplitude

MelaStiC(s,t) = F(s) + F(t) + F(u). (55)

1loop

Breaking any of the 3 one-loop diagrams into 2 parts means cutting both propagators, and

2

then putting both cut propagators on shell, q% =m? and q% = m?, requires

Por = (@1 +@)? > +4m?. (56)

Clearly, this is possible in the s-channel but not in the t-channel or in the u-channel, so the
Cutkosky’s rules tell us that F(t) and F(u) should be real and continuous — and indeed we
have seen that they are — while F(s) should have a discontinuity between s + ie and s — ie.

Let’s find this discontinuity by direct evaluation of the s-channel diagram and then compare

11



it to what obtains from the Cutkosky’s rules.

(57)
q1 + 42 = Qnet
Let’s work in the center-of-mass frame where ¢/, = (1/s,0), so we may set
¢ = (3Vs+ko, +k), ¢ = (3vs—ko, —k) (58)
in terms of the independent loop momentum k*, thus
Fs) iz2 / d*'k i i
s) = ——
2 ) 2n)t ¢ —m?2 +ie g3 —m? +ie
{(integrating over ko before integrating over k ) (59)
i / d’k /@ 1 1
2 ) @2m)3 ) 21 (ko + 5+/5)2 — E2 +ie (ko — 51/5)2 — B} + ie
where Eﬁ = m? + k2. From the kg point of view, the integrand here has 4 poles
i
—Eyx — 3/s+ie —Ex+is+ie
° °
> (60)

° °
+Ex — 35 —ie  +Ex+ 3y/s —ic

It is also regular at ky = co, which allows us to move the end points of the integration contour

away from co and close the contour either above or below the real axis. Let’s close the contour

12



below the real axis, so the poles enclosed within it are the poles at kg = :i:%\/g + By — ie.

The residues at these poles are

1
at kg = +iv/s + Fx — ie: residue = , 61
R CEI@E + VAV

1
at kg = —3+/s + By —ie: residue = (62)

25 2Bk — VA (—v5)’

hence
/@( ) B —1 " 1 B 1
21 2Bk +/s \2Ex++/s 2Ec—+/s)

(63)

When we further integrate this expression over d°k, the first 2 factors stay real and finite
and do not have any discontinuities between s + ie and s — ie. The first term inside (---)
also stays real and finite and does not have any discontinuities, but the second terms blows

up when Fy = % s, so0 it is this term which generates the discontinuity. Thus,

Mok 1 1
di = — di —_ 64
seF(s) = 3 /(2@3 YAV <2Ek - \/5) (64)
where
. 1 1 1
disc | —=—= ) = - — .
<2Ek—\/§) 2Ey — /s — i€ 2Ey — /s +ie
_ i€ (65)
(2B — /5)* + €
— 2mi6(2Ex — V/3),
e—0
hence
i [Pk 1
di = — [ —= ——= X 2102y — .
isc F(s) 5 /(27r)3 CToRVE X 2w §(2Ey — /s) (66)

Now let’s compare this discontinuity with what comes out from the Cutkosky’s cutting

rules applied to the amplitude (59):

i 2 4
D(s) = % / % 2m5(q2 — m2) x 276(q2 — m?) (67)

{{ integrating over k¥ before integrating over k ))

13



(( then replacing [dk® with [dq) [dgd 6(q) + ¢3 — v/35) )

i 2 3
_ / % /dq9 /dqg 5(a + 2 — V/5) x 2m6((¢)? — K2 — m2)((g)? — K2 — m?)

2
(67)
where
1
Jaat s~ BR) x 5(d) = 5 xS = B (65)
and likewise for the [ dqg . Consequently,
iz [Pk 1
D = — [— —— x2w0(2Fy —
(S> 9 /(271’)3 (2Ek>2 X 7T5< k \/g)u (69)
and comparing this formula to eq. (66), we immediately see that
D(s) = discF(s) = disc M(s;t). (70)

Thus, Cutkosky’s cutting rules indeed yield the correct discontinuity of the scattering ampli-

tude.

Note that nothing in the above argument depends on the two cut propagators having
similar masses, so it can be generalized to a theory of several fields with different masses,
and ultimately to a theory of fields with different spins. And indeed, the Cutkosky’s cutting

rules work for all kinds of quantum field theories at all loop levels, and not just at one loop.

Finally, let me explain the relation of the Cutkosky’s rules to the optical theorem. Once
we cut a diagram a la Cutkosky, its bottom half — below the cut — become the the amplitude
M(1+2 — cut) of turning the initial state |1 4 2) into the intermediate state |cut) comprised
of particles corresponding to the cut on-shell propagators. For the one-loop example in

question, |cut) = |q1, ¢2) and
Mypelow = <q1’q2|Mtree |k17k2> = —A\ (71)

Likewise, the top half of a cut diagram — above the cut — yields the amplitude of turning

14



the |cut) state into the final state |k, k5): In our case

Mabove = <k/ ) ké} mree |Q17 Q2> = =\ (72)

while more generally
Mpbove = (out| M\|cut> = (cut| /T/l\|out)* , (73)
Mo = (cut| M |in). (74)

Finally, the remaining integral over the on-shell cut momenta ¢} and ¢} (together with the

combinatorial factor %) is precisely the phase-space integral

1 d3q1 d3q2 45(4)
2 / (27)3 x 2B, / (27)3 x 2E, 2m) 6 (a1 + @2 — auet) (75)

over the intermediate on-shell states |q1,¢2). Similarly, for other processes the remaining

integral over the cut propagators’ momenta also becomes the phase space integral over all
possible intermediate |cut) states. Finally, when there are several diagrams which can be cut
a la Cutkosky — and/or several ways to cut them — different cuts corresponds to different
types of the intermediate |cut) states, i.e. different numbers or species of the intermediate
particles. In other words, they correspond to different channels of processes |in) — |cut) or

lout) — |cut). Altogether,Cutkosky’s cutting rules yield the generalized optical theorem.:

channels Shase
disc (out| M |in) = Z / <I ) > (cut) {cut| M |out)™ x (cut| M |in) . (76)
space
(cut]
For the elastic scattering in the forward direction, the outgoing 2-particle state is the same
as the incoming state, |out) = |in), so the generalized optical theorem (76) becomes the

ordinary optical theorem

channels hase . 9
dise e = 0 > [a(P ) feur) [feun] £ ]

space
(cut|
channels (77)
= Z 4F) Bty x o(in — cut)
(cut|

= 42E1E2v12 X Ototal(in — anything).
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