Mandelstam Variables

Consider any kind of a 2 particles — 2 particles process
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The 4-momenta pf, ph, p¥', and pJ' of the 2 incoming and 2 outgoing particles satisfy 8

constraints: the on-shell conditions for each particle

2 2 2 2 2 2 2 2
b1 = My, Pz =My, pll = mll ) pl2 = m/2 ) (2)
and the net 4-momentum conservation
/ /
P+ vy = pl" + p3 (3)

Altogether, this gives us 4 x 4 — 8 = 8 independent momentum variables, and the number

of independent Lorentz-invariant combinations of these variables is only 8 — 6 = 2.

However, for practical purposes it’s is often convenient to use 3 Lorentz-invariant vari-

ables with a fixed sum,

s = (p1+p2)2 = (p/1+Pl2)27
t = (p—p)? = (ph—p)* @
u = (p—ph)? = () —p2)?

s+t +u= m%—km%—km'f—kmg.
Indeed,

s+t +u= (p+p)’ + (o1 —p1)* + (p1—ph)?
= 3p + p3 + P74+ pE + 2(pip2) — 2mp)) — 2(pivh)

= p} + P8 + pf + PE+ 2pi x (p1+pa—pl—ph=0) (5)
=i + 03 + o7 + 5
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/
:m1+m2+m1 2

+m2.

The s, t, and u are called Mandelstam variables after Stanley Mandelstam who introduced

them back in 1958.



In the center-of-mass frame where p; + p, = p} + p) = 0, /s is the total energy of
the colliding particles, \/s = F; + F, = E] + E}. Also, for an elastic collision in the CM
frame, ¢ parametrizes the scattering angle according to t = —(p} —p;)? = —p? x (1 —cos ).
Hence, the Lorentz-invariant definitions (4) translate the CM-frame energy and the CM-

frame scattering angle to any other frame of reference.

All Lorentz-invariant combinations of the four momenta p/, pl, p/1” , and p/2” can be
expressed in terms of the Mandelstam variables. For example, the Lorentz products k“k:t of

any two momenta are

2(pip2) = (1 +p2)® — pi —p3 = s —mi — m3,
201p) = (Pr+ph)? — o — by = s —mf — my,
2(mph) = i + 2 — (p—p)? = mi + mf —t, ©
2paph) = p3 + P8 — (p2—ph)* = m3 + mf — ¢,
2piph) = pi+ P8 — (1 —ph)? = mi + mf — u,
20paph) = p3 + P — (p2—ph)* = m3 + mf — w

s+t+u:4m2,

=5 — 2m2,

2

)
2(pip}) = 2(paph) = 2m* — t,
) = 2m° — w.

For future reference, let me give you similar formulae for the e“e™ — p~pu™ pair-
production,

_ 2 2 2
s+ U+ u=2M; + 2m; = 2M,

2pip2) = 5 — 2m2 =~ s,

20piph) = s — 2M}, (8)
2piph) = 2Apaph) = M, + mi — t = M} — t,
20pirh) = 2(pap)) = My + mZ — u ~ My — u



and for the e~e™ — ~~ annihilation process p_ + py — ki + ko,



