ANOMALIES AND DIFFERENTIAL FORMS
Introduction to Differential Forms

Mathematics of various antisymmetric tensor fields becomes much simpler in the lan-
guage of differential forms. Students interested in string theory and related fields should
master this language and then go ahead and learn as much differential geometry and topol-

ogy as they can; take a class on the subject or at least read a book. Wikipedia has a quick

and dirty introduction to differential forms at pttp://en.wikipedia.org/wiki/Differential fornj

and related web pages.

The differential form language is also very useful to describe axial and chiral anomalies
of all kinds — which is what these notes are about. So let me start with a very basic

introduction to differential forms.

Consider a space or spacetime of dimension D; it can be Euclidean or Minkowski, flat
or curved; it might even be a differential manifold without any metric at all. A differential
form of rank p < D in such a space combines an antisymmetric tensor with p indices and
a differential suitable for integration over a sub-manifold of dimension p (a line for p = 1,

a surface for p = 2, etc., ete.). For example,
A = Ay(x)da", B = By, (z)dx" A dz", C = Chw(z) dz* Adat Ndav,. ... (1)

For p = 2, a 2—form should be integrated over an oriented surface, so the order of dx* and dx”
matters; in fact they anticommute, da# A dz¥ = —da” A da*, so the 2-index tensor By, ()
should be antisymmetric. Likewise, the 3-volume differential daz* A daz* A dz¥ is totally
antisymmetric with respect to permutation of indices Auv, so the 3-index tensor C),, ()

should also be totally antisymmetric in all of its 3 indices. And a general form of rank p
E = Eyuyep,(x)de! Ndah Ao A dat'? (2)

involves a p-index totally antisymmetric tensor Ey, puy...u, ().
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The exterior derivative of a rank-p form E is a form dFE of rank p 4+ 1 defined as

dE = (dEupgep, (@) Adatt Ao Ndat? = O\Ey g, () dz* Adatt A - Adatr ) (3)

but this compact formula hides the antisymmetrization due to anticommutativity of the dz*

differentials. In the antisymmetric tensor form, J = dE means

1 p+1 ‘_
I € = Ea[mEm,..W](x) = (1O Byt (7) n
! -

= 0 Epypyir — OBy £ o 4 (=1)P0y  Eprp .

The exterior derivative generalizes the 3D notions of gradient, curl, and divergence. Indeed,
a scalar ¢(x) is a 0-form and its gradient V¢ is a vector defining a 1-form (V¢); dz® = dé.
Likewise, for a vector A(z) and its curl B(z) = V x A(z) we have a 1-form A = A;(z)dz’
and a 2-form B = Bij(.r)dmi A dxd = dA where B;; = 0;Aj — 0jA;; note that in 3D this
antisymmetric tensor is equivalent to an axial vector, B;; = €;j;,By. Finally, for a vector E (x)
and its divergence f(z) = V- E we have an exterior derivative relation f = dFE for the 2-form
E = Ei(x)eijkdxj Adz¥ equivalent to the vector E;(z) and a 3-form f = f(x)eijkdxi/\da:j AdzF

equivalent to the scalar f(x).

There is a version of Leibniz rule for wedge products of forms: For any p-form By, and

a g-form C,,

d(By ACly) = (dBy)) ACy) + (=1)P By A (dCy). (5)

But the most important property of the exterior derivative is its nilpotency: for any dif-
ferential form E, ddE = 0. This rule corresponds to the differential identities for all kinds
of antisymmetric tensors, in particular the vector calculus identities V x (V¢) = 0 and

—,

V - (V x A) = 0. The proof is very simple: If E is a form of rank p, J = dF is a form of



rank p+ 1, and K = dJ is a form of rank p + 2, then applying eq. (4) twice, we have

1

K)\,uyl-”l/p (SC) = m 8[>\JIW1...VP] (.’E)

1
= m 8[)\5[MEV1...UPH (CL’)

1
= 8[)\8MEV1~-~VP](J:)

p!

=0

where the last equality follow from 9j\9,; = 0.

Next, a couple of definitions. A differential p-form is called ezact iff it happens to be
the exterior derivative of some (p — 1)-form Q, @ = dQ2. A form @Q is called closed iff its
own exterior derivative vanishes, d@) = 0. By nilpotency of the exterior derivative, any ezact
form is closed: d@Q) = ddS) = 0. But the converse relation depends on the topology of the

manifold in which the differential form live.

Poincare Lemma: in a topologically trivial manifold, all closed differential forms are exact.
That is, if a p-form @ happens to have d@) = 0 then there exists a (p — 1)-form €2 such that
dQ) = Q. But this is not true if the manifold has topologically non-trivial p-cycles over which
() may be integrated. Instead, there is a not trivial linear space of closed p-forms modulo

exact p-forms, i.e.
H, = {equivalence classes of {Q;) such that d@Q,)} modulo dQ(p_l)}. (7)

This space H,, is called the p-cohomology of the manifold in question. It has a finite dimension

equal to the number of independent topologically non-trivial p cycles of the manifold.

For example, consider a 2-torus 72 = S! x S'. It has two independent 1-cycles corre-
sponding to the two S! circles of the manifold. In terms of the 2 periodic coordinates of the
torus, (x,y), * modulo 27 Ry, y modulo 27 Ra, one cycle corresponds to x running from 0 to

2n Ry = 0 at a fixed y, while the other cycle has y running from 0 to 27 Ry = 0 at a fixed x.

Now consider the 1-forms A = A,dz" on the torus. An exact 1-form A = dA is a

gradient of a O-form A, thus A,(z,y) = 0uA(z,y). However, to be a proper 0-form, the



function A(z,y) must be single-valued on the torus, thus
Az,y) = Az +27R1,y) = A,y + 27R2). (8)

Consequently,
7{ A = 7{ A =0, (9)
x cycle ycycle
OOH, a closed 1-form A has a zero curl 9,4, — 9, A, = 0, so locally A is a gradient of some

scalar, A, (z,y) = 0,P(x,y). However, the scalar ® here does not have to be single valued,

as long as its gradient is single valued. Consequently, we may have

§ 4= ety - o) £ 0 (10)
x cycle
and likewise
j{ A = O(z,y+21R2) — P(x,y) # 0. (11)
y cycle

For example A; = dx is locally the gradient of ®1(z,y) = z, but since this ®; is multi-valued
on the torus, the A; form is not exact. However, A itself is single valued and has a zero
curl, so it is closed. Likewise, the Ao = dy is closed but not exact. Furthermore, it is easy

to see that any multi-value ®(x,y) with a single valued gradient 9,,® has form
O(z,y) = axz + [ xy + single-valued A(z,y) (12)

for some constant coefficients o and S related to the integrals (10) and (11). Consequently,

any closed 1-form A can be written as
A = aA; + [BA2 + exact dA. (13)

Which means that the H; cohomology of the torus is 2-dimensional, with the A; = dz and

the A, = dy serving as its basis.



Differential Forms for Gauge Fields

Let’s start with the abelian gauge fields. The potentials A, (z) form a 1-form A = A, dz"
subject to gauge transforms A’ = A — dA for a 0-form A. The tension fields F},, (z) form a

2-form

F = Fydat Ndx” = dA, (14)

which is gauge invariant because ddA = 0 by nilpotency of the exterior derivative d.

The covariant exterior derivative of a p-form W of electric charge ¢ is
DV = d¥ + igANV. (15)

Unlike the ordinary exterior derivative d, the covariant exterior derivative D is not nilpotent.

Instead,

DDV = iqgF N V. (16)

Next, consider the non-abelian gauge fields. This time, the potentials Af(x) form a
matrix-valued 1-form A = gA7t“dz/. Likewise, the non-abelian tension fields form a matrix-

valued 2-form

F = gl ttdat nda” = dA + AN A (17)

Note the antisymmetry of the wedge product A A A: in components, it turns the product of
A, and A, into the matrix commutator [A,, A,]. The covariant derivative of a fundamental
multiplet ®(z) of scalar fields becomes in matrix notations D, ® = 9,® + i.A,® where ® is
a column vector. Together, these derivatives comprise a fundamental multiplet of 1-forms
D® = dP+iAdP. Likewise, for a fundamental multiplet of p-forms (I>’('p), the covariant exterior
derivative D yields a (p 4 1)-form

D(I)( = d(I)(p) + iA/\(I)(p). (18)

)

=a
=

(p

For an adjoint multiplet of scalars =(z) = Z%(2)t* or p-forms Z,) = )t“, the gauge

P)



field in the covariant derivative acts by matrix commutation rather than matrix multiplica-

tion. Thus, in the matrix-valued differential form language,

DE(p) = dE(p) + ’L[.A,E(p)] = dE(p) + iAAE(p) — i(—l)pE(p)/\A. (19)

In particular, the tension fields JJ;,, themselves form an adjoint multiplet of 2-forms F, hence

DF = dF + iAF — iFA. (20)

However, back in homework set#d we saw that the non-abelian tension fields obey the

homogeneous Yang—Mills equation

D/\Ful/ + D,u]:y)\ + DV«F/\,LL = 07 (21)

which in the differential form language becomes

DF = 0. (22)

Similar to the abelian case, the covariant exterior derivative is not nilpotent but squares

to the tension 2-form, DD = +F. That is, for a fundamental multiplet of p forms

DD(I)(p) = iFA (I)(p) , (23)

while for an adjoint multiplet of p forms

)] = ifAE(p) — iE(m/\f. (24)

Also, the covariant exterior derivative obeys Leibniz rules. For example, for an adjoint
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multiplet B, of p-forms and another adjoint multiplet C(g) of ¢ forms,
D(By) A Cig) = (DBy) A Cg) + (=1)" By A (DCg)). (25)
Moreover, since traces of commutators vanish, we have
tr(D(BAC)) = tr(d(BAC) + i[A,(BAC)]) = dtr(BAC) + 0, (26)
and therefore
dtr(BAC) = tr(D(BAC)) = tx((DB)AC) + (=1)Ptr(B A (DC)). (27)
We shall find this Leibniz rule quite useful later in these notes.

Anomaly forms

In class, we have calculated the axial anomaly of QED or QCD with massless fermions

as

N
9, Ik = —ﬁ{? tr (91 FosFoun). (28)

But axial symmetries of massless Dirac fermions exist in all even spacetime dimensions
d = 2n = 2,4,6,..., and in all such dimensions they suffer from anomalies due to gauge

fields that couple to the fermions. Specifically,

GNJZ = __n. N ) tr(6041/31042/32“0%571}'&161JTOQBQ .. .Fanﬂn)7 (29)

as you should have derived in problem 2 of homework set#244.

Now let’s rewrite these formulae in the language of differential forms. In d spacetime
dimensions, a current J# is dual to the (d — 1)-form *J, which can be integrated over a

hypersurface (of dimension d—1) to yield the net charge or charge variation. For a conserved
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current, 9,,J*(x) = 0 translates to d+J = 0. But for an anomalous axial current .J/;, eq. (29)

translates to the differential form language as
2Ny (=1)"
n!  (4m)"
where @2, Lt o (]—" ANFN---A .F), product of n tension 2-forms. (31)

dxJa = Q(2n) (30)

Note: while the anomaly equations (30) apply only for d = 2n, the anomaly forms Q(2n)
themselves can be constructed in spaces of any dimension d > 2n, and they turn out to be
quite useful in many contexts besides the anomaly eqs. (30). In particular, they are quite

useful in string theory.

A very important property of all the anomaly forms (s, is that all of them are closed,

dQ 2, = 0. (32)
Indeed, by the Leibniz rule (27),

dtr(FAFAN---ANF) = tr((DF)ANFA---ANF) + te(FADF)A---AF)
+ -+ tr(FA---AFA(DF)) (33)
= 0 because DF = 0.

By the Poincare Lemma, it follows that in flat Minkowski or Euclidean spacetimes — which
are topologically trivial — all these closed forms should be exact. That is, for any even
2n = 2,4,6,..., Qu2n) = dQg,_y) for some (2n — 1)-form Q(y,_1). Moreover, we may
construct such forms — called the Chern—Simons forms — as traces of polynomials of F

and A forms. For example:

Q) = tr(A) fonly for the abelian fields], (34)
Yy = tr(F) = Q) (35)
Qg = r(AAF — LANANA), (36)
dQ(3) = tl"(F/\.F) = Q(4), (37)



Q) = tr(ANFAF — SANANANF — 5ANANANANA), (38)
Qs = (FAFAF) = Q. (39)

etc., etc.

Verifying these formulae is a part of your homework set#244 (problem 3(a)).

Although the Chern-Simons forms €y, 1) are constructed from the anomaly forms
((2n), they can be quite interesting in their own rights. They are particularly useful for
gauge theories in odd spacetime dimensions d = 2n — 1. For example, in d = 3 dimensions,
adding the Chern—Simons 3-form to the Lagrangian,

k
L = Lym + gQ(g), (40)

makes the gauge bosons massive without breaking the gauge invariance of the theory, cf.

Fall_ 2024 midterm exan] (problem 2). Similarly, in d = 5 dimensions one may add the

Chern-Simons 5-form {25y to the Lagrangian, which gives rise to interesting parity-violating
interactions between the gauge bosons. This is particularly important for the supersymmetric
5D gauge theories, where supersymmetry relates the {5y to the scalar-dependence of the

gauge couplings.

There are also many uses of Chern—Simons form in string theory, in both odd and even

spacetime dimensions. But that subject is beyond the scope of our QFT class.

Now consider the behavior of Chern—Simons forms under gauge transformations,
A = i(@uyut + vAUt,  F = UFUl, (41)

for some z-dependent unitary matrix U(z). (Or more general, an xz-dependent element U(x)
of the gauge group G.) By the cyclic symmetry of the trace, all the anomaly forms Q(2n)

are gauge invariant:
Qlony = tr(F A AF) = t(UFU A AUFUTY) = tr(FA--AF) = Qgny- (42)

On the other hand, the Chern-Simons forms (2(3,_1) are not gauge invariant. However,

since their exterior derivatives d€)y, 1) = ((2,) happen to be gauge invariant, the gauge
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variations of the Chern—Simons forms must be closed,

d(Q/(2n71) _Q(2n71)) = 0. (43)

Consequently, by the Poincare Lemma, in flat Minkowski or Euclidean spaces, the gauge

variations of the Chern—Simons forms must be exact,
Q/(2n71) - Q(2n71) = —dH(g,_9) (44)

for some (2n — 2) form. In particular, for infinitesimal gauge transforms parametrized by a

matrix-valued zero form A = A%(z)t* — thus to the first order in A

U(x) = 1 + iA(x), SA = —DA = —dA — iAN + iAA, OF = —iFA + iAF,
(45)

— one may construct the H s, _o) forms in egs. (44) as
H(Qn—Q) = tr(A X dK(Qn—3)) (46)

for some (2n — 3)-forms K(9,,_3) that are polynomials in A and F. (Or, equivalently, poly-

nomials in A and dA.) In particular,

Hp = tr(A) [for the abelian theories only], (47)

6[\9(1) - —dH(O) y (48)

H(Q) = tr(A X d.A), (49)

oAd3) = —dH(y), (50)

Hyy = tr(Ax d(ANdA + SANANA)), (51)

5AQ(5) - —dH(4) y (52)
etc., etc.

Again, verifying these formulae is a part of your fomework set#244 (problem 3(b)).

10
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The way we have constructed the H s,,_9) forms is known as the anomaly descent: Start
with the Q(2,,) = tr(F A---AF) forms (known to mathematicians as indices), then construct
the Chern—Simons forms so that df2s,_1) = Q(2,), and then construct the H forms such
that 0AQ2,—1) = —dH(9,—2). However, once constructed, the Hs,_) forms may be used
in any dimension d > 2n — 2, including d = 2n — 2 for which the original ()(3,,) form does
not exist. And as we shall see momentarily, the H(g,_g) form in d = 2n — 2 dimensions
governs the non-abelian gauge anomalies of chiral gauge theories: Under an infinitesimal

gauge transform, the effective action for the gauge fields varies by

5S[A(x)) = (coeff) x / Him_s-ay. (53)

whole
spacetime

Non Abelian Anomaly in 4 Dimensions

Let’s start with the non-abelian anomaly in 4 dimensions, as they were already explained

in class, cf. [ny nofes on anomalied, pages 50-58. Let the theory in question have a general

gauge group GG and some chiral fermions, namely LH Weyl fermions in some generic multiplet
(mp) of G, and RH fermions in some different multiplet (mp) of G. Both (mp) and (mpg)
multiplets may be reducible — i.e., comprise several irreducible multiplets, — but we do not

need their details for the general discussion here. All we need are the chiral traces

Zabe def gy (2 1} — o) (19425, Y) (54)
for all sets of 3 gauge group generators t¢,t%,t°. (These traces were called A¢ in my notes
on the gauge anomalies.) By the cyclic symmetry of the traces (54), the coefficients Z%¢ are

totally symmetric WRT permutations of a, b, ¢, and for any simple gauge group
Zabc = dabc X (Znet = Rg(mL) - Rg(mR)) (55)

where R3(m) is the cubic index of the multiplet (m). Thus, if the gauge theory is chi-
ral, (mg) # (mg), but the multiplets of LH and RH fermions have the same cubic index,
Rs(mp) = R3(mpg), then the gauge anomaly happens to cancel and the functional integral

over all the chiral fermions of the theory happens to be gauge invariant.

11
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But suppose the anomalies do not cancel, 2" = 0, or more generally Z%¢ =£ (0 for some
combinations of the adjoint indices a, b, c. In this case, we have learned earlier in class that
the effective action for the gauge fields stemming from the fermionic functional integrals is
not gauge invariant. Instead, under the infinitesimal gauge transforms A%(z), the effective
Euclidean action varies by

92 Zabc

ASA] = L= /d%e A% x Mg, (Ag <8HA,§ - % fcdeAgA‘;)) . (56)

Consequently, the gauge symmetry currents J*% instead of being covariantly conserved,

D, J** =0, obey anomalous equations

D,Jr = —%ewvaa (A% (5 — Freteagas)) (57)

inconsistent with the Yang-Mills equations D, F#"® = Jt9,

In the differential form language, eq. (57) becomes

92 Zabe

a _ b e g ecd pc d
Dt = L2 d (AP (dar — Seetac nat)) o
Zabe ) . .
=~ d (A A (A + AN A))
while eq. (56) becomes
Zabe . , . .
ASIA] =~ /A xd (AN (@A + FANA)). (59)

where the 4-form on the RHS is integrated over the whole Euclidean space. Furthermore,

since the anomaly coefficients Z% obtain as generalized traces
def
Z0 = o (1)) Z trgn,) (1)) — trn (480 }), (60)
cf. eq. (54), we may rewrite eq. (59) as

AS,[A] = —#/ux(z\ < A{ A (dA + SANA)}). (61)

Actually, the anticommutator here is unnecessary since the two factors in it commute with

12



each other up to a total derivative,
[A, (dA + LANA)] = ANdA — dANA = d(—ANA), (62)

hence
d[A, (dA + FANA)] = 0

and therefore

d{A,(--)} = 2d(AN(--")). (63)
Thus,
ASJA] = —# /trX<A X d(AA (A + SANA)). (64)

By inspection, the differential form under the integral here looks just like the H 4 form
Hyy = tr(Ax d(AA (@A + 5AN A)) (51)

which obtains by anomaly descent from the 6-form
Q) = w(FAFAF). (65)

Indeed, the only differences between the 4-forms in eqs. (64) and (51) is the generalized
trace over all fermionic species in eq. (64) versus the abstract trace over gauge indices only
in eq. (51).

To repair this difference, let’s rework the anomaly descent procedure. Take a most
general gauge theory in 4D with some gauge group G — which may be simple or a product
of several factors. Let’s treat all fermions of the theory as Weyl fermions, left-handed or
right-handed. The LH Weyl fermions form some kind of multiplet (mp) of G; this multiplet
may be irreducible, or it may have several irreducible components, we do not care as long
as it is a complete multiplet of G. Likewise, the RH Weyl fermions form another multiplet

(mpg) of G; again, we do not care if it’s reducible or irreducible as long as it’s complete. If

13



both (mr) and (mp) multiplets are equivalent, the gauge theory in question is non-chiral so

it’s automatically free from any gauge anomaly. So let us focus on the chiral theories with
(mr) % (mpg).
Despite the theory in question being 4-dimensional, let’s formally define a 6-forms —

presumably living in 6 or more dimensions —

~

Q) = i) (FAFAF) = trpupy (FAFAF) = try(FAFAF). (66)

In terms of the F* components of the adjoint multiplet of tension fields,
Q) = F*NFONFC x try (t9474°). (67)

Moreover, the wedge product of component 2-forms is totally symmetric,
FONFINFC = FEAFOANF® = -, (68)

we we may just as well symmetrize their adjoint indices, thus
@(6) = FOAFOANFCx %trx (tatbtc + (5 other permutations of %, ¢°, )
= FONFPAFCx Ltr(th¢ + 19t (69)
= FONFPANFCx Lzok
for exactly the same anomaly coefficients Z%¢ as in eq. (60). Thus, if all these coefficients

happen to vanish — and hence the theory in question is anomaly free — then @(6) =0, and

we may stop at this point.

But if some of the Z*¢ do not vanish, then the gauge theory is anomalous, and we may
work out the details of its anomaly by descent from the formal 6-form @(6)~ That is, given

the @(6)7 we work out the corresponding Chern—Simons 5-form

Q) = trx<.,4/\}"/\]:—%A/\A/\A/\]-"—l—loA/\A/\A/\A/\A>7 (70)
iz = Qo) i

Similar to the 6-form @(6), the Chern—Simons 5-form §(5) does not ‘fit” into 4 spacetime
dimensions of the gauge theory, but we may treat both of them as formal constructions in

higher space dimensions.

14



Going from the @ (6) ‘down’ to the 6(5) is the first stage of the anomaly descent procedure.
The second stage is going from the Chern—Simons form 6(5) ‘down’ to the 4-form H (4) such

that under infinitesimal gauge variations

~

0Q) = —dHy. (72)
As we have already seen, this calls for

H = trX(A x d(AN (dA + %’A/\A)))
‘ (73)
= lzabe s AT x d(Ab A (dA + %A/\A)c>.

Unlike the higher-dimensional forms @(6) and 6(5) we have used in the above anomaly
descent procedure, the 4-form (73) is well defined in the 4 dimensions of the gauge theory.
And it’s the whole-spacetime integral of this 4-form that governs the anomalous variation of

the effective action for the gauge fields,

1

R4

Gauge Anomalies in Other Even Dimensions

Weyl fermions — and hence chiral gauge theories — exist in all even spacetime dimen-
sions. So let’s adapt the anomaly descent procedure from the previous sections to other

spacetime dimensions.

Take a chiral gauge theory in d dimensions with gauge group G, LH Weyl fermions in

some multiplet (my) and RH Weyl fermions in another multiplet (mp). Let
+ 1, (75)
and let’s formally define a (2n) form (living in d 4+ 2 or more dimensions)

Qany = trpmy) (FAAF) = trpmy (FA--AF) (76)
where F A --- A F has n matrix-valued factors of F = F%®. In terms of the component
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2-forms F,

~

Q(Qn) = FU A FW2A... A\ Fon x <tr(mL) (talta2 - tan) _ tr(mR) (talta& . ta")>, (77)

and since the wedge product of 2 forms is totally symmetric, we may just as well totally

symmetrize the adjoint indices ay, a9, ... a,. Thus,

Zal,az,...,an

Q(Zn) = —(n_1>' X,Fal/\.FaQ/\"'/\]:a" (78)

for

ZOEen =y, (t“%‘” - t% 4+ non-cyclic permutations)
(79)

— t(mp) (t“lt“2 -+t + mnon-cyclic permutations).
Similar to 4D, if all the coefficients Z%? % happen to vanish, then the chiral gauge
theory in question is anomaly free. Otherwise, the theory is anomalous and is inconsistent

as a quantum theory.

For the anomalous theories, we may work out the gauge variance of the effective action
by the two-step descent procedure: First, start with the formal @(zn) form and construct

the Chern—Simons (2n — 1) form Q(Qn_l) such that

~

Q0 1) = Qan) - (80)

Second, consider infinitesimal gauge variance of this Chern—Simons form and construct a

on — 2) form H _oy such that
(2n—2)

-~

0AQon—1) = —dH, 2). (81)

This form has rank 2n — 2 = d so it may be integrated over a d-cycle such as the whole

Euclidean space R%, and the integral gives the gauge variance of the effective action,

ASe[A] = (coefficient) /H(an). (82)

R
Physically, we are mostly interested in the anomaly free theories, so let’s take a closer
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look at the anomaly coefficients (79), or in short-hand notations
ZbreZ £ (1) (1) (t“tb N permutations). (83)

In d = 4 dimensions, n = 3 and the traces here are cubic polynomials of the gauge group
generators. But in other dimensions, we get polynomials of other degrees — quadratic for
d = 2, quartic for d = 6, degree n = 6 for d = 10, etc., — so we end up with very different

rules for the anomaly cancellation.

To see how this works, consider a simple gauge group G. In d = 4 we saw that this leads

to

tTany (m) (°474° + t9¢4") = Rg(m) x d** (84)

for the same d® for all representations (m), with the only (m) dependence being the overall

factor Rs(m), the cubic index of the representation. Consequently, in 4 dimensions

Za,b,c _ dabc > Znet (85)
for
2" = RE(mp) — Ry(mp) = > Ry - > Rs.  (86)
LH Weyl multiplets RH Weyl multiplets

Since the cubic index R3 is odd WRT complex conjugation, it vanishes for any real or
pseudoreal multiplet, so Weyl fermions in such multiplets of G' do not contribute to the
anomaly. Also, for the complex multiplets R3(m) = —Rs(m), so from the anomaly point
of view, a multiplet (m) of LH fermions is equivalent to the conjugate () multiplet of RH
fermions and vice verse. This is related to the fact that in 4 dimensions, the Hermitian

conjugate qﬁj: of a LH Weyl spinor is equivalent to a RH Weyl spinor ¢, and vice verse
VR =y

Finally, many kinds of gauge groups do not have cubic Casimirs and hence cubic in-

dabc

variants . For such groups, in 4D we have automagic Z%¢ — (), and there is no gauge

anomaly at all.
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Similar rules work in other dimensions d divisible by 4, hence odd n = (d/2) + 1. But
they do not work in dimensions d = 2 (mod 4) for which n is even. For example, in 2

dimensions n = 2, hence

tr(n) (t*?) = Rp(m) x 6% (87)

where Ra(m) is the quadratic rather than cubic index of the multiplet (m). Consequently,

Zab _ Znet « (sab (88)
for
Zmet _ R121et<mL) _ RSEt(mR) = Z Ry — Z Ry . (89)
LH Weyl multiplets RH Weyl multiplets

But the quadratic index is even WRT the charge conjugation, so it does not vanish for real or
pseudoreal multiplets. Thus all non-trivial fermion multiplets — complex, real, or pseudoreal
— do contribute to the gauge anomaly in 2D. Also, for complex multiplets Ro () = 4+ Ra(m),
so we may not trade a multiplet (m) of LH Weyl fermions for a conjugate multiplet (72) of
RH Weyl fermions or vice verse. This is related to the fact that in 2D — or in any dimension
d = 2 (mod 4) — the Hermitian conjugate 1/)2 of the LH weyl spinor is equivalent to a LH
Weyl spinor ¢, rather than a RH Weyl spinor ¢, and likewise @/J% = 1 rather than ;.

Also, while many groups do not have cubic Casimirs, all groups have quadratic Casimirs
and hence quadratic invariants 6%°. Consequently, there are no automagically anomaly-free

gauge groups in 2D.

In 6 dimensions, the situation is similar, and even more complicated. For n = 4, many
groups have 2 independent quartic Casimirs, 022 and a separate Cy. Consequently, there are
dabcd

1

abed
d2

2 independent symmetric quartic invariants and while

ey (£°2°4°40 + permutations) = Rq(m) < df*™ + Ry(m) x g (90)
for two independent quartic indices of multiplets, R4 1(m) and R42(m). Therefore, in 6D
Zabed Z1 X dcbed + Z%de (91)
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for
Z1 = Ri{¥(mr) — RiY(mg),

(92)
Zy = Rj3(mp) — RiS(mp).
Thus, an anomaly free chiral gauge theory in 6D needs
both  R¥H(mp) = RiS(mg) and RiS(mp) = Ri%(ma). (93)
And similar to 2D, all multiplets — real or complex — do contribute to these indices,

and there is no trading between between conjugate multiplets of LH and RH fermions.

Consequently, canceling all the anomalies of a chiral 6D gauge theory is a non-trivial exercise.

In 10 dimensions — which are particularly relevant to the superstring theory — because
for n = 6 most groups have 3 independent degree 6 Casimirs, hence 3 symmetric invariants
and 3 separate indices Rg1(m), R(g2(m), Re3(m) which must cancel between the LH and
the RH Weyl fermions. This constraint on the Weyl fermion spectrum of the theory is very
difficult to satisfy.

In particular, the 10D super—Yang—Mills theory has LH Weyl fermions in the adjoint
multiplet of the gauge group and no RH Weyl fermions at all. For any gauge group, the
adjoint multiplet has at least one non-zero degree-6 index, so the SYM theory by itself is

always anomalous.

Fortunately, in 1984 Michael Green and John Schwarz discovered that some of the 10D
anomalies can be canceled by adding to the theory a 2-form field B,,, (x) with certain interac-
tions, and then the remaining anomalies cancel for G = SO(32) or G = Eg x Eg. Moreover,
they saw that the 2-form field with the required interactions already exists in the superstring
theory, and verified the anomaly cancellation by a string-theoretic calculation. That result
— and the explosion of the follow-up papers — signalled the birth of the modern string
theory in 1984.
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