Second Quantization of Identical Bosons

Quantum Mechanics of many identical bosons can be done in the wave-function formal-
ism, but it’s often convenient to use the formalism of the creation and annihilation operators
in the Fock space. For historical reasons, this formalism is called the “second quantization”,
but this name is misleading: There is no new quantization, just the same old quantum
mechanics re-written in a new language. In these notes I shall develop the second quan-
tization formalism for any kind of identical bosons — they can be relativistic particles, or

non-relativistic particles (for example helium atoms), or even quasiparticles like phonons.

At the core of the second quantized formalism are the particle-creation and particle-

annihilation operators. For the relativistic particles these operators can be assembled into

quantum fields; this procedure is the exact reversal of what we did in an arlier set_of noteq

bn the spectrum of a free scalar field. For the non-relativistic particles we may also construct

the non-relativistic quantum fields, and I shall do it later in these notes.

THE FOCK SPACE AND ITS BASIS

The Fock space is the Hilbert space of an arbitrary number of identical bosons,

F = éH(Nbosons), (1)
N=0

and our first task is to construct the basis of this space which may be interpreted in terms
of occupation numbers n,. Here o’s should label 1-particle quantum states, so we start with
the single-particle Hilbert space H; and build some kind of a complete orthonormal basis
of states |a) with wave-functions ¢ (x)" T assume |a) to be eigenstates of some kind of
a l-particle Hamiltonian, H; |a) = €4 |a), but the specific form of the operator Hj is not

important for our purposes, as long as it has a discrete spectrumir

* By abuse of notations, I include spin, isospin, and any other discrete quantum numbers a particle may
have with the x = (z, y, 2, spin, etc.).

T For example, a free non-relativistic particle in a large box, for which « = (p,spin) with discrete
momenta p, and ¢, = p?/2m.


http://web2.ph.utexas.edu/~vadim/Classes/2026f/spectrum.pdf
http://web2.ph.utexas.edu/~vadim/Classes/2026f/spectrum.pdf

Given a one-particle basis {|a)}, we may construct a complete basis of the two-particle
Hilbert space Hy using eigenstates of the operator Hy = H 1(15Y) + (27d). Naively, this op-
erator has eigenstates |o) ®|3) with energies e,+¢€3 and wave functions ¢ (x1) x ¢g(x2). How-
ever, two identical bosons must have a symmetric wave function ¢o5(X1,X2) = ¢ag(x2,x1).

Consequently, we must symmetrize:

@) ®18) + 1B)®la)
or 3 # a,
0, 8) = |B,a) = V2 2)
la) ® |a) for 8 = a,

or in the wave-function Language

Ga(x1)95(x2) + $p(x1)Pa(x2) 540
Pap(X1,X2) = ¢pa(x1,X2) = V2 NG)
¢a(xl)¢a(x2) for B = Q,

Similarly, wave functions of N identical bosons must be totally symmetric,
¥(x1,%2,...,Xy) = P(any permutation of the xj,x2,...,xXy). (4)

To construct a complete basis of such N-particle wave functions, we use eigenstates of the
N
Hy =) H(i*" particle). (5)
i=1

Without the symmetry requirement (4), all eigenstates of this Hamiltonian would be of the
form |a) ® [3) ® - - - ® |w), with energies €, 4 €g + - - - + €, but because we are in the Hilbert

space of N identical bosons, we must symmetrize such states according to

o) @ |B) ® -+ @ |w) + all distinct permutations of «, 3,...,w

a? PR ’w - 0 0 0 )
o 8 ) V# of distinct permutations

Pa(x1)0p(x2) - - - ¢ (xn) + all distinct permutations of a, 3, ... ,w

gbag...w(xl, X9, ... ,XN) =

V# of distinct permutations
(6)

Consequently, the order of the N single-particle labels «, 3,...,w of a state (6) does not



maftter,

la, B, ...,w) = |any permutation of the o, 3,...,w), (7)

which means that we may uniquely specify such a state in terms of its occupations numbers

ng that count how many times each 8 appears in the list a, §,...,w. For example,
|Oé, a, Ba 67 s 57 6> - ‘3017 2ﬂ7 2’77 ]-57 167 0allothers> . (8)
Formally,
N
lar ...,an) = [{ng}) where ng = Z(saiﬁ : (9)

=1

Note that > gnp =N, so all but a finite number of the occupations numbers must vanish.

The states (6) are eigenstates of the Hamiltonian (5) in the N-boson Hilbert space Hy,
so together they form a complete orthonormal basis of the H . In terms of the occupation
numbers, this basis comprises states |{n5}> where ng are non-negative integers which total
up to N, > gng = N. Removing the latter constraint, we construct a bigger Hilbert space
which spans |{ng}) with all values of the N = 3 snp. Physically, this space is the Fock

space
o
F = |vacuum) ©@ Hi @ Ho @ H3 @& --- = @HN (10)
N=0
of the quantum theory of an arbitrary number N = 0,1, 2,3, ... of identical bosons.

In other words, what we have done thus far is to construct a basis of the entire Fock
space comprising states |{n5}> with definite occupation numbers. We can think of this basis
as a common eigenbasis of a family of commuting hermitian operators ﬁﬁ with eigenvalues
ng = 0,1,2,.... Such operators are very useful for extending additive operators such as (5)

to the whole Fock space and for writing them in compact form

H

= . 11
whole F Zﬁ:eﬁnﬂ ( )

Indeed, the operators (5) and (11) have the same eigenstates |aq,---,ay) and the same

eigenvalues Zﬂ €4l = €a, T+ €ay -



For example, consider the free non-relativistic spinless particles (in a big box). The
single-particle Hamiltonian is H; = ﬁfﬂ, so we may identify |a) as |p). Consequently, the

Fock-space Hamiltonian

2
A~ p R
Htot = Z % X np (12)
P
comprises all the net Hamiltonians H, = 3 ﬁfﬁ(im) for any number N of the particles.

Likewise, the Fock-space net momentum operator

f)tot = Zp X ﬁp (13)
P

comprises the net momentum operators P N = ZZ f’(ith) of N particle systems for any N.

CREATION AND ANNIHILATION OPERATORS

To construct more interesting operators in the Fock space we need the creation and
the annihilation operators, so our next task is to construct the harmonic-oscillator-like &L
and ao. We begin this by noticing that in the Fock space, the occupation numbers ng are
completely independent from each other. That is, given any state |{n5}> € F, we may
change one particular nq — ng, &= 1 while keeping all the other ng unchanged, njy = ng for
B # a, and the state |{n};}) would be a valid state in the Fock space F. This means that

the Fock space is a direct product of single-mode Hilbert spaces,

F = ®H(mode B) where H(mode [3) spans |n5> forng =0,1,2,3,.... (14)
B

The Hilbert space of a single mode looks like a Hilbert space of a Harmonic oscillator,
so we may construct oscillator-like creation and annihilation operators according to
nln—1) forn >0,
i) © Varipm+1), ap) ¥ viin=1) (15)
0 for n =0,
and hence a'a = 7 and [a,a!] = 1. Similarly, the direct product of single-mode Hilbert

spaces in eq. (14) looks like a system of many harmonic oscillators, one oscillator for each



mode 5. This allows us to construct a whole family of oscillator-like creation and annihilation

operators in the Fock space, namely

ol [{ns}) ' Ve +1|{nls = ng + dag}),
def { Va ’{n'ﬁ =ng—0ap}) for ng >0, (16)

0 for ng, = 0,

CAloz ’{nﬂ}>

It is easy to see from these definitions that the operators &L, (o, and 1, for different modes
a # [ commute with each other, but for the same mode [aq, dT] = 1. Altogether, we have

the bosonic commutation relations

(g, ag) = 0, [af.al] =0, 4,45 = dap. (17)

The operators dL and a,, do not commute with the net particle number operator N = > 3 n 5
Instead, [N, d&] = —|—&L, []\7, (o) = —aq and hence
Nal = al(N+1) and Na, = a,(N—1), (18)

T

an G, operator creates a particle while an a, operator annihilates (destroys) a particle.
That’s why the dL are called the creation operators and the a, are called the annihilation

operators.

Now let’s consider the action of the creation and annihilation operators in the wave-

function language.

Theorem: Let |N, 1) be an N-boson quantum state with a most general — but totally
symmetric — wave function ¥ (X1,...,xy). Let ¢'(x1,...xn11) be the totally symmetric
wave function of the (N + 1) boson state |N + 1,0') = al | N, v) while ¥ (x1,...xn_1) is

the totally symmetric wave function of the (N — 1) boson state |[N — 1,¢") = a,

N, ).



Then:

N+1
1

(X1, XNy1) = NSt ; Gal(xi) X V(X1, .. Kiy oo XN41),s (19)

W(x1,...,xn_1) = VN [d®xn ¢h(xn) X (X1, ..., XN_1,XN). (20)

In particular, for N = 0 the state a}, |0) has ¢/(z1) = ¢a(x1), while for N = 1 the state
o |B) has ¢ (no arguments) = (pq|1)). Also, for N = 0 we simply define a4 |0) L))

T

Let me momentarily use egs. (19) and (20) as definitions of the creation operators ag
and the annihilation operators a,. To verify that these definitions are completely equivalent
to the definitions (16) in terms of the occupation-number basis, I am going to prove the

following lemmas:

Lemma 1: The creation operators al, defined according to eq. (19) are indeed the hermitian

conjugates of the operators a, defined according to eq. (20).

Lemma 2: The operators (19) and (20) obey the bosonic commutation relations

g, ag) = 0, [al,al] = 0, [ag.a5] = dap. (21)
Lemma 3: Let ¢3..,(X1,X2 ..., Xn) be the N-boson wave function of the state
Lo gt
|a’/8’"'7w> = _aw"'aﬁaa|0> (22)

where the creation operators &L act according to eq. (19) while T is the number of trivial

permutations between coincident entries of the list (o, 3,...,w) (for example, a <>  when

a and  happen to be equal). In terms of the occupation numbers n.,, T' = H7 n,!. Then

distinct permutations

of (a,f,...,w)
1
Gofw(X1,X2 ..., XN) = 75 > Pa(x1) X P5(x2) X -+ X Pp(xn)
D el
(a713”"7w)
(23)
all N! permutations
of (a,B,...,w)
= VD (~BZ } $a(x1) X @z(x2) X -+ X g (xXn),



where D = N!/T is the number of distinct permutations. In other words, the state (22) is

precisely the symmetrized state of N bosons in individual states |a), |3), ..., |w).

I shall prove the Lemmas 1-3 in the Appendix at the end of these notes. For the moment
let me simply state that these three Lemmas mean that the definitions (19) and (20) of the
creation and annihilation operators in the wave-function language indeed completely agree

with the definitions (16) of the same operators in terms of the occupation number basis.

ONE-BODY AND TwWo0O-BODY OPERATORS
IN THE WAVE FUNCTION AND THE FOCK SPACE LANGUAGES

Of particular interest to QM of many-particle systems are operator products d:&d L
&gdgéyd s> etc., containing equal numbers of creation and annihilation operators. Such prod-
ucts — and their sums — commute with N and may be used to construct physically inter-
esting operators for systems where the particles are never created or destroyed. For example,

for the free non-relativistic particles (in a big box)
~ p N A~ . “
Hior = Z —CLLGW Piot = Z PGLCLW (24)

cf. egs. (12) and (13).

The operators (18) are examples of net one-body operators, i.e., additive operators
which act on one particle at a time In the wave-function language (AKA, the first-quantized

formalism), such operators act on N—particle states according to
N
Aflvgtf) = Z A(i*™ particle) (25)
i=1
where A is some kind of a single-particle operator. For example,
N
the net momentum operator pvh — Z pi, (26)

N
the net kinetic energy operator K. (wh) Z p (27)



N
the net potential energy operator f/n(g,:f) = Z V(Xi). (28)
=1
In the Fock space language (AKA, the second-quantized formalism), such net one-body
operators take form

~(fs ~ PN
AR =S (el A1) x alag (29)
o,B

where the matrix elements A, g = (| A |3) are taken in the one-particle Hilbert space.

Lemma 4: Although egs. (25) and (29) look very different from each other, they describe

exactly the same net one-body operator.

At this point, it should be obvious to you why and how the lemma works when A has
only diagonal matrix elements in the basis {|«a)}, for example the energy and the momentum
of a free particle in the momentum basis in eqs. (24). The general case with off-diagonal
matrix elements is not so obvious, but you can find the proof in the Appendix to theses

notes.

Lemma 5: Let 121, B, and C' be some one-particle operators, and let A® I g C’(fs)

net ’ net net

be the corresponding net one-body operators in the fock space according to eq. (29).

if [4,8) = ¢ then |4 BY)] = 1. (30)
For example, consider a gas of free atoms with nonzero integer spin s = 1,2, .... In terms of

the creation and annihilation operators, the net spin operator for the whole gas becomes

§net = Z Z <37ms|gl

/
P ms,ms

S, my) X al . a (31)

P,ms CLp,m’s ’

and since the single atom’s spin operator obeys the angular momentum commutation re-
lations [5{,5‘{] = ieijkgf, the net spin operator satisfies the same relations [Ai Sﬂet] =

net’
- ijk Gk
1€V S

Again, the proof of Lemma 5 is in the Appendix to these notes.



Interactions between particles are described by operators involving two or more particles

at the same time. For example, a two-body potential Va(x; — x;) gives rise to the net

potential operator which acts on a wave functions of N particles as

~

Vnet‘I/(Xl,...,XN) = % Z VQ(XZ‘ —Xj)\If(Xl,...,XN).

where V,, 5,6 are the matrix elements

Vi = [dxs faxa ()5 x2) x Valxt = x2) x 6, 0x0)050x2).
In particular, in the momentum basis |p),

-3
Voipspipe = L7 70 4p pitps X Wi(a)

where q=p)—p1=p2—py and W(q) = /dX eV (x),

hence

o _ 17-3 AN
Vnet - QL ZW(q) Z ap1+qap2*qap2ap1'
q P1,p2

(32)

(33)

(34)

(35)

(36)

More generally, in the wave-function language we start with some operator B in a two-

particle Hilbert space, make it act on all (i,7) pairs of particles (except (¢ = j)) in the



N-particle Hilbert space, and total up the pairs,

,7=1,.

Anet Z b and 7™ particles). (37)
oy

In the Fock space language, such a two-body operator becomes

BE = 1S ((al® (8)B(17) @ 18)) alalasa., - (38)

a?57’775

Note: in this formula, it is OK to use the un-symmetrized 2-particle states (a| ® (5| and
|7)®|8), and hence the un-symmetrized matrix elements of the By. At the level of the second-

(fs) stat At et

quantized operator Bnet , the Bose symmetry is automatically provided by ana g = Ggly and

a5~ = a,ag, even for the un-symmetrized matrix elements of the two-particle operator B.

Lemma 6: For any two-particle operator B egs. (37) and (38) define exactly the same net
operator Buet. Similar to the other lemmas, the proof of this Lemma 6 is in the Appendix

to these notes.

The two-body operators in the Fock space obey the same kind of commutation relations
as the corresponding two-particle operators. For example:
Lemma 7: Let A be a one-particle operator while B and C are two-particle operators.
Let A® BY " 0nd &) pe the corresponding net operators in the Fock space according to

net ’ net ) net

eqs. (29) and (38).

if [(A(1st)+21(2nd)),é] — ¢ then [A“S) Bff:t)} = ) (39)

net net

Again, the proof of this Lemma is in the Appendix.

Generalization of the Fock-space formalism to operators involving more than two par-

ticles at the same time is straightforward. Three-body additive operators become sums

of aLaTBaTyagaea s With appropriate matrix-element coefficients, four-body operators involve

AAAA

products afatafataaaa of four creation and four annihilation operators, etc., etc.

10



NON-RELATIVISTIC QUANTUM FIELDS

In the previous section, we defined the creation and the annihilation operators in terms
of a particular basis of single-particle states |«). Changing to a new basis {|u)} involves a
linear transform |p) = )" |a) x (o|p) and hence a similar linear transform of the creation

T

/ annihilation operators from @, and @, to dL and a,, namely

i, = Salh < (o), a, = > ag x (ula). (40)
«Q

«

Indeed, in the Fock space |a) = al, |0) while |u) = &L |0), so the creation operators transform

exactly like Dirac kets; by Hermitian conjugation, the annihilation operators transform like

Dirac bras. And thanks to unitarity of this transform, the a, and the &L obey the same

bosonic commutation relations (17) as the a, and the al.

Of particular importance is the coordinate basis in which the x-labeled operators become

quantum fields. Specifically, the creation field
W) = al = Yl x 6,(x) (41)
@
which creates a particle at point x, and the annihilation field
@MEazg%ww> (42

which annihilates a particle at point x. These fields obey the continuous version of the

bosonic commutation relations (17), namely

[@(x),@(x’)} =0, [@T(x),@(x')] =0, [@(x),@(x’)} = s (x—x). (43)

In the non-relativistic many-particle theory, many operators may be expressed in terms of

the creation and annihilation fields as [ d3x (something local). For example, the net particle

11



number operator N becomes
N = ki, =[x D) (44)
[0

which tells us that n(x) = \/I;T(X)\/I}(X) is the local particle density operator. Consequently,

the potential energy operator for particles interacting with an external potential Vg (x) is
Viet = /d?’xVe(x) X A(x) = /d3XVe(X) x Ul (x) ¥ (x). (45)

Similarly, the net momentum operator is
Pot = S pafi, = /d3x W) (VT (). (46)
P
and the net non-relativistic kinetic energy operator is

2 2
rkin P i 3. V2 - 1 (3 = -
i =" ——ala, :/dxq/T(x) (—\I!(x)) = 45— Bx VU (x) - VI(x). (47)

2m 2m m
p

Thus, the non-relativistic particles in an external potential V(x) but not interacting with

each other have the Fock-space Hamiltonian of the form

2m

_ /d3xxfﬁ(x) (—QV—Q + Ve(x)) U (x).

m

H = HEY 4 Vi = /d3x (L VIi(x) VI(x) + ve(x)xfﬁ(x)@(x))
(48)

For this Hamiltonian, the Heisenberg equations for the quantum fields become similar to the
ordinary Schrodinger equations for single-particle wave functions. Indeed, in the Heisenberg

picture of QM, the time-dependent quantum fields satisfy

~

et = [Be0.i] = (3 1) B, "

—z'%@(x,t) = [ﬁ,@(x,t)] = (—% + Ve(x)) Ui(x,1).

Despite the similarity, these are not the true Schrodinger equations of the many-particle sys-

tem because: (1) They apply in the wrong picture of QM (Heisenberg instead of Schrédinger).

12



(2) The true wave-function ¥ (xy, ..., xy;t) of N particles depends on all of their coordinates
X1,...,Xy, unlike the quantum field (I\J(x, t) which depends on a single x regardless of how
many particles we have (or rather had since ¥ does not preserve N). (3) Adding interac-
tions to the Hamiltonian (48) would make egs. (49) non-linear, while the true Schrodinger

equations are always linear, no matter what.

Indeed, let the particles have a two-body interaction potential (32). In terms of the

quantum creation and annihilation fields, the Fock-space two-body potential becomes

Vi = § [ [dtxa Vol = xa) x D1 x) 1 x0) T x0T, (50)
Adding this interaction to the free Hamiltonian (48) makes the Heisenberg equations for the
quantum fields nonlinear (and non-local), namely:

i%@(x,t) — [@(x,t),ﬁ] - (—V—; + Ve(x)) U (x, 1)

However, without the two-body (or multi-body) interactions between the particles, the
Heisenberg equations (49) are linear and look just like Schrodinger equation for a single-
particle wave function. This similarity suggest that the quantum fields \Tf(x, t) and {I\/T(X, t)
may be obtained via the second quantization, which works like this: First, one quantizes
a single particle and writes the Schrodinger equation for its wave function. Second, one
re-interprets this wave function as a classical field 1)(x,t) and the the Schrodinger equation
becomes an Euler-Lagrange field equation which follows from the Lagrangian density

Lo = ~hIm(U"0) — 1 VUTY — Vi) x 0 (52)
(Note, —hIm(1*1)) = ihp*h + a total derivative.) Third, one switches to the Hamiltonian

formalism where the canonical conjugate field for ¢(x) is w(x) = iht)*(x) and the classical

13



Hamiltonian is

2m

2
H = [dx (z'iw* X 1 — c) - /d3x ( VTV + Vi) x ¢*¢> . (53)

Finally, one quantizes the fields 1(x) and 1*(x), hence the name “second quantization” as
the “first quantization” was writing down the single-particle Schrodinger equation in the first
place. Consequently, 1(x) and 1*(x) become quantum fields ¥ (x) and Wi(x) obeying the

commutation relations

~

[‘P(x),@(x')} — 0, [@T(x),@f(x')] — 0, [@(x),@f(x')} = O (x—x). (43)

— which follow from the ihty*(x) being the canonical conjugate of the 1(x)), — and the

classical Hamiltonian (53) becomes the Hamiltonian operator

H = [d* (;—2 VUi(x) VI(x) + ve(x)@(xmx)) . (48)

m

Historically, the second quantization was used as a heuristic for deriving the non-relati-
vistic quantum field theory. Some people tried to take the second quantization literally and
got into all kinds of trouble because it does not make physical sense: A wave function is
not a classical field, and it should not be quantized again. Instead, one should not take the
intermediate steps of the second quantization seriously but focus on the end result — which
is a perfectly good quantum field theory. However, the physical content of this theory is not
a single particle but an arbitrary number of identical bosons, and the \/I}(X) and \TJT(X) are
not quantized-again wave functions but quantum fields which destroy and create particles in

the Fock space. And of course, physically there is only one quantization.

The physically correct way to derive the non-relativistic QFT is the way we did it in
this note, the second quantization is only an old heuristic. Today, when one talks about a
second-quantized theory, it is simply a name for a quantum theory of an arbitrary number
of particles, usually formulated in terms of creation and annihilation operators in the Fock

space.

14



Appendix: Proofs of the Lemmas
i

Lemma 1: The creation operators a,, defined according to eq. (19) are indeed the hermitian
conjugates of the operators ao defined according to eq. (20).

Reminder: the equations (19) and (20) spell out the wavefunctions ¢'(x1,...,Xxy41) and
"’ (x,...xn_1) of the states |[N + 1,¢) = a}, |N,v) and [N — 1,9") = Gqo | N, psi) in terms
of the (totally symmetric) wave function ¥ (x1,...,xy) of the N-boson state |V, v). Specif-

ically,
1 N+1
(X1, XN11) = N ; Ga(Xi) X V(X1,. s Xy oo XN41), (19)
W(x1,. . xno1) = VN [dxy ¢h(xn) X (X1, ... XN_1,XN). (20)
T

Proof: To prove that the operators aq and a, are hermitian conjugates of each other, we
need to compare their matrix elements and verify that for any two states | N, ¢) and |N, )
in the Fock space we have

(N, ¥l aq |Nw) = (N.g|al [N, ¥)". (54)
Since the a, always lowers the number of particles by 1 while the dL always raises it by 1,
it is enough to check this equation for N=N-1— otherwise, we get automatic zero on

both sides of this equation.

Let " (x1,...,xny_1) be the wave function of the state |N — 1,9") = a4 | N, ¥) according
to eq. (20). Then, on the LHS of eq. (54) we have

(N —1,9]d, |N,¢) = (N —1,4|N —1,9")
—/d3x1 -../d?’xN_qu*(xl,...,xN_l) x ' (x1,...,XN_1)

:/d3X1 -../dng_lig*(Xl,...,XN_l) X
X\/N d3XN¢Z><@ZJ(X1,...,XN)

= \/N/d?’xl ~~~/d3XN{/;*(X1,...,XN1) X ¢Z(XN) X Q/J(Xl,...,XN).
(55)

15



Likewise, let zzl(xl, ...,Xy) be the wave function of the state |N, {bv'> = al, |N — 1,12) ac-
cording to eq. (19). Then the matrix element on the RHS of eq. (54) becomes

<N7w’dL|N_171;> :/d3X1 "'/d3XNw*(X17"'7XN)Xw/(xlv"wa)
Z/d3X1 ---/dSXN@/J*(Xl,...,XN)X

N
x Tlﬁzd)a(xi) XKL, K XN)
=1

N
1
= \/_NZ/dgxl ---/dSXN@D*(Xl,...,XN)X
i=1

X Ga(xs) X DX, - Ky XN).
(56)
By bosonic symmetry of the wavefunctions ¢ and i[j, all terms in the sum on the RHS are

equal to each other. So, we may replace the summation with a single term — say, for : = N

— and multiply by N, thus

R ~ N ~
(N, lal [N —1,¢) = —x/d3x1 ..-/d?’wa*(xl,...,xN)x%(xN)xw(xl, CXN_1).
VN
(57)
By inspection, the RHS of egs. (55) and (57) are complex conjugates of each other, thus

This completes the proof of Lemma 1.

Lemma 2: The operators (19) and (20) obey the bosonic commutation relations
(g gl = 0, [af,al] = 0, a4k = dap. (58)

Proof: Let’s start by verifying that the creation operators defined according to eq. (19)
commute with each other. Pick any two such creation operators dL and d;, and pick any

N-boson state |N,1). Consider the (N + 2)-boson wavefunction " (x1,...,Xnt2) of the

16



state |N + 2,¢"") = deg |N, ). Applying eq. (19) twice, we immediately obtain

1
(%1, XN g2) = D dalxi) X dp(x;) X
VIN+1D(N +2) iji=1,...N+2
i#]
X (X1,...,XN42 except X;, X;).
(59)

On the RHS of this formula, interchanging o <+ /3 is equivalent to interchanging the summa-
tion indices ¢ <» 7 — which has no effect on the sum. Consequently, the states deg |N, )

and &gd& |N, ) have the same wavefunction (59), thus
alal [N, y) = alal [N, ). (60)

Since this is true for any N and any totally-symmetric wave function ¢, this means that the

creation operators &L and dj;, commute with each other.

Next, let’s pick any two annihilation operators a, and &B defined according to eq. (20)
and show that they commute with each other. Again, let |N,%) be an arbitrary N-boson
state . For N < 2 we have

Galg [N ¥) = 0 = azal [N,9), (61)

so let’s focus on the non-trivial case of N > 2 and consider the (N — 2)-boson wavefunction

" of the state |[N —2,¢"") = Galg |N, ). Applying eq. (20) twice, we obtain

W) = VRV D) [y [P dioen) x 6hev-)

X ¢(X17 SR 7XN727XN717XN)'
(62)

On the RHS of this formula, interchanging o <> [ is equivalent to interchanging the
integrated-over positions of the N*' and the (N — 1) boson in the original state |N,).

Thanks to bosonic symmetry of the wave-function ¢, this interchange has no effect, thus

dadﬂ |N7 ¢> = dﬁ&a |N> ¢> . (63>

Therefore, when the annihilation operators defined according to eq. (20) act on the totally-

symmetric wave functions of identical bosons, they commute with each other.
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Finally, let’s pick a creation operator dg and an annihilation operator a,, pick an arbi-

trary N-boson state |V, 1), and consider the difference between the states

N 4%y = aba, IN,¢) and |N,4%) = anal|N,v). (64)

Suppose N > 0. Applying eq. (20) to the wave function ¢ and then applying eq. (19) to the

result, we obtain

N
VP x) = = 3 006) % 1 )
= (65)

N
=) dp(xi) x /dSXN—f—l Go(XN+1) X (X1, Ky XN XN
=1
On the other hand, applying first eq. (19) and then eq. (20), we arrive at

VO(x1,...,xn) = VN BPxn 1 5 (Xn1) X (X1, XN, XN 41)

N+1

=/d D I

N
¢ ) Xw 7"'7?67:7"'7 )
= /dSXN+1 Pa(XN+1) X ; St ds )

—+ Cbﬂ(XN—H) X @D(Xl, .. ,XN)
N
= Y dpxi) /ngNH Pa(XN+1) X (X1, Xy XN XN41)
=1
-+ L/J(Xl, . ,XN) X /d3XN+1 QSZ(XN—H) X ¢5(XN+1)

= O(x1,...,xpN) {( compare to eq. (65)))

+ ¢(X1,...,XN) X <¢o¢|¢6> (66)

Comparing egs. (65) and (66), we see that

2/16(X1,...,XN) —¢5(X1,...,XN) = 2/}(X1,...,XN)X<¢Q|¢B> = 1D(X1,...,XN)><(5Q5, (67)

18



where (¢ |¢g) = dap by orthonormality of the 1-particle basis {¢-(x)},. In Dirac notations,

eq. (67) amounts to

(da&E - &Eda) |N7 w> = ’Na ¢> X 5045 . (68)

Thus far, we have checked this formula for all bosonic states |V, 1)) except for the vacuum

|0). To complete the proof, note that

i, |0) = 0 = ala,|0) =0, (69)

while
Gl |0) = o |1.05) = (Palés) x [0) = dap x 0), (70)

hence
il — ahay) |0) = Sa5 x |0 71
(aaa/j' aﬂaa)| > af X | > ( )

Altogether, eqgs. (68) and (71) verify that

a0 ) [0) = 5,50 (72)

T

for any state ¥ in the bosonic Fock space, hence the operators a, and &B defined according

to egs. (19) and (20) indeed obey the commutation relation [aq, &E] = 00,8

This completes the proof of Lemma 2.

Lemma 3: Let ¢np...0(X1,X2 ...,Xy) be the N-boson wave function of the state
o, B, w) = —=al,---alal 0) (73)

where the creation operators &L act according to eq. (19) while 7" is the number of trivial

permutations between coincident entries of the list (o, ,...,w) (for example, a <>  when
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« and  happen to be equal). In terms of the occupation numbers n.,, T' = HW n,!. Then

distinct permutations

of (a,B,...,w)
1
¢aﬂ~-~w(X1,X2 L XN) = ﬁ Z ba(x1) x ¢B(X2) X - X Qp(XN)
(&,5,....0)
(74)
all N! permutations
1 of (a,f,...,.w)
= ﬁ ( Z ., Pa(x1) X ¢5<X2> X o X (X)),

where D = N!/T is the number of distinct permutations. In other words, the state (73) is

precisely the symmetrized state of N bosons in individual states |a), [5), ..., |w).

Proof: Let me start with a note on the normalization factor 1/v/T in eq. (73). We need
this factor to properly normalize the multi-boson states in which some bosons may be in the
same 1-particle mode. For example, for the two particle states,

1

o, 8) = alal|0) whena#8, but |o,a) = 3&3@3'0” (75)

In terms of the occupation numbers, the properly normalized states are

ah)" ah)"
{nata) = @<|na> _ ( n)a! |O>>modea = (1;[%) [vacuum) . (76)

hence the factor 1/v/T in eq. (73).

Now let’s work out the wave functions of the states (73) by successively applying the

creation operators according to eq. (19):
1. For N =1, states |a) = al, |0) have wave functions ¢ (x).

2. For N = 2, states v/T |a, B) = &E&& |0) have wavefunctions

VI dugla.xa) = (0000 (x2) + daGe)talx))- (7D
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3. For N = 3, states VT |a, 8,7) = djydgd:& |0) have

01 001) ¢ 5 (65(x2) i (3x3) + 950 )
VT X a1 x0x0) = = |+ 0n(00) x5 (09(00)n(0) + 65(3) ()
+ 6y xa) X —=(0500) 00 x2) + 5(x2) (1)

6 permutations
of (x1,x2,x3)

== X osE)be(xs)

(%1,%2,X3)

6 permutations

1 of (o,3,7)
= 75 Z Pa(X1)d5(x2)d5(x3).
(@8.3)

(78)

Proceeding in this fashion, acting with a product of N creation operators on the vacuum
we obtain a totally symmetrized product of the 1-particle wave functions ¢ (x) through
¢, (x). Extrapolating from eq.(78), the N-particle state vT |a,...,w) = - - - @l |0), has

the totally-symmetrized wave function

all permutations

of (a,...,w)
VT x Gaw(X1y .o XN) = \/% Z ba(x1) X - X ¢ (xXn). (79)
Y (@@)

Dividing both sides of this formula by the v/T factor, we immediately arrive at the second
line of eq. (74).

Finally, the top line of eq. (74) obtains from the bottom line by adding up coincident
terms. Indeed, if some one-particle states appear multiple times in the list (a,...,w), then
permuting coincident entries of this list has no effect. Altogether, there T such trivial
permutations. By group theory, this means that out of N! possible permutations of the list,
there are only D = N!/T' distinct permutations. But for each distinct permutations, there
are T coincident terms in the sum on the bottom line of eq. (74). Adding them up gives us

the top line of eq. (74).
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This completes the proof of Lemma 3.

Lemma 4: For any one-particle operator A, the wave-function-language equation

th particle) (25)

net

HM2

and the Fock-space-language equation

~(fs ~ At oA
AT = 3" (al Alp) x ala, (80)
a,B

define exactly the same one-body additive operator Apet.

Proof: To establish the equality between the operators (25) and (80), we are going to verify

that they have exactly the same matrix elements between any N-boson states (N, QZ\ and

|N7 ¢>7

(N, G| AT [N, o) = (N, 3| AL |N, v) . (81)

Let’s start by relating the matrix elements on the LHS of this formula to the A, 3 = (o] AlB).
For N = 1 the relation is very simple: Since the states |o) make a complete basis of the

1-particle Hilbert space, for any 1-particle states <1Z | and |4)

GIALW) = S (Bla) x (o] A18) x (B1) = 3 Ansx /d?’xw(wa(sc)x /d3x¢;<x>w<x>.
" 7 (82)

This is undergraduate-level QM.

In the N—particle Hilbert space we have a similar formula for the matrix elements of the

A acting on particle #i, the only modification being integrals over the coordinates of the
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other particles,

(N AL N ) =
— //dgxlgli/;{/{dSXN ZAOZB X (/dgiﬂz*(xl,...,ii,...,XN)¢a(ii)>
o,f

X (/dgxi gbz(xi)@[)(xl,...,Xi,...,xN))

= ZAQB X /---/d?’xl---d‘ngdsfq J*(Xl,...,ii,...,XN) X gﬁa(iz)

o.f
X ¢E(X1) X LD(Xl, ey Xy ,XN).
(83)

For symmetric wave-functions of identical bosons, we get the same matrix element regardless

of which particle #i we are acting on with the operator fl, hence for the net A operator (25),

(N,OLAS) IN ) = N x Y Ags x / /d3xl---d3xN_1d3de35<N (84)
: ~ i} i
w (X17"'7XN—1aXN> X ¢OC(XN)
X QSE(XN) X w(Xl, R ,XN_l,XN).

Now consider matrix elements of the Fock-space operator (80). In light of eq. (20), the
state [N — 1,¢") = a4 [N, ) has wave-function

@/J//(Xl,...,XN_l) = \/N dSXNng(XN)Xw(Xl,...,XN_l,XN). (85)

Likewise, the state |N -1, {bv”> = Gaq | N, 15) has wave-function

V' (x1,.. . xy_1) = VN [dPxy 65&EN) X O(X1, .. XN_1,XN)- (86)
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Consequently,

(N, ¥|afag N, vy = (N=1,4"||N=1,4")
:/.../d?)xl...XN_l’lLJN*(Xl,...7XN_1) Xw//(X1,...,XN_1)
= /“‘/d?’Xl'“XN_l\/N dSiN¢a()~(N> X ,(Z*(Xla"'axN—la}zN) X

x VN [d*xy G5(XN) X V(X1 XN-1,XN)-
(87)

Comparing this formula to the integrals in eq. (84), we see that

(NOLASY IN ) = 3 Aas x (N9l abag IN.9) = (N9 AS)IN,g).  (88)
a?ﬂ

This completes the proof of Lemma 4.

Lemma 5: Let fl, B, and C be some one-particle operators, and let A® B and C’(fs)

net > net net

be the corresponding net one-body operators in the fock space according to eq. (80). For

these operators,

if [4,8] = ¢ then |4 BJ)] = ). (30)
Proof: The Lemma follows from the commutator
la%ag, alas) = dpyala, — dasilay, (89)

which you should have calculated in homework set#3, problem 4(a). Indeed, given

~(fs ~ N
AL =" (al A|8) alag (90)
o,B
and
~(fs ~ At o~
B =" (11 Bls) alay, (91)
~,0
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we immediately have

~(fs) p(fs ~ ~ b
AR BE)] = 32 (alAIB) (01 B1o) lakag, ala,
a,B,7,0
{(using eq. (89) )

S (al AlB) I BI8) (5sahay — dagilay)
a,3,77,0

-3 i o 4519~ Yol 15415
a,d
((renaming summation mdlces h)

_ Z ila, ( a| AB|B) — (a| BA|B)

N—

I
Q>
Q—
Q>

=
X
—~
=2
—
P

LB =C)18) = (.

This completes the proof of Lemma 5.

Lemma 6: For any two-particle operator B , the wave-function-language equation

) _ 1i,j:1,...,NB - .
et = 5 E (i"* and j*" particles)
i#£]

and the Fock-space-language equation

A (fs At At A A
Bl = 3 Y (el ® (8)B(1) @ |8)) afabasa,
a,B,7,0

define exactly the same net operator Bhet. That is, for any two N—boson states
<N ¢| Bnet |N Q/}> <N 1/J| Bnet |N ¢> for any states <N=¢| and |N71/)> .
Proof: This works similarly to the Lemma 4, except for more integrals. Let

Bagre = ({al ® (8])Ba2(]7) ® 16))

Y akasx Y (ol Aly) (7] B9) Z La XZ ) (o A|B)
o,0 B=~

(92)

(37)

(93)

(94)

be matrix elements of a two-body operator Bs between un-symmetrized two-particle states.
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Then for generic two-particle states (1| and [¢)) — symmetric or not — we have

(WIB2 ) = D Bapos x (0] (Jla) ®16)) x (21 (8]) [v)

Oﬁﬂ?’y:é

= D Bapas X / / %1 d*% (%1, %2) b (X1) d3(%2) (95)

O‘767776

X //d3X1 d3xs ¢ (x1) 5 (x2) (%1, x2).

Similarly, in the Hilbert space of N > 2 particles — identical bosons or not — the operator

By acting on particles #¢ and #7 has matrix elements
(N, 0] Ba(i™, j™) IN,0) =

— Z Baﬁﬁ(sX/"'/d3X1"'¢f/§(/"'§l?ff/"'d3XN

a7/87775

//dgfcz d3)~(j @Z*(Xl, e ,)Nii, e ,)~(j, e ,XN)gba(f(i)qb/j()N(j)

X //dgxi d3xj 05 (%) 95 (X)W (X1, -+, Xy oo, Xy X))
(96)
For identical bosons — and hence totally symmetric wave-functions ¢ and @Z — such matrix
elements do not depend on the choice of particles on which By acts, so we may just as well

let i = N —1 and j = N. Consequently, the net B operator (21) has matrix elements

3 B0 ) = MDD G B - 1) v,
N(N -1 (97)
= % XY Bagas X Lags

a7ﬁ77,6

where

Ia/8776 :/-~./d3X1---d3XN_2

//dsf(N—1 PPN DT (X1, - XN 2, XN 1, XN )P (Xn—1) 5 (XN) (98)

X //d3XN1 PPxn % (xN—1) 05 (XN )(X1, - .. XN_2,XN_1,XN)

Now let’s compare these formulae to the Fock space formalism. Applying eq. (20) twice,
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we find that the (N — 2)—particle state
’N - 27¢m> = &5d'y ‘Na ¢> (99)

has wave function

Wt xxs) = VNON=T) / /d3XN1d3xN &7 (xn—1)85 (xx)

(100)
X WY(X1,. .y XN_2,XN_1,XN)-
Likewise, the (N — 2)-particle state
[N —2,9") = aga,|N,0) (101)
has wave function
V"(x1,. . xn_2) = VNN —1) / / d*xn_1 d*xy @5 (Xn_1)d5(XN) 102)

X (X1, .., XN_2,XN-1,XN).

Taking Dirac product of these two states, we obtain

<N 1/}|a d a d,y|N,¢> — <N_27'(Z/HHN_2,¢H/>

= / : -/d3X1 PRy U (X1, Xva) X (X1, Xy _2)

(103)
where 1,35 is exactly the same mega-integral as in eq. (98). Therefore,
f) At A fs)
(N, 0] Bt IN0) = § 3 Bapsx (N $lafabaga, IN.w) = (N, 0] BL IN,w) (104)

75777

(fs)

net

where the second equality follows directly from the eq. (38) for the B operator.

This completes the proof of Lemma 6.
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Lemma 7: Let A be a one-particle operator while B and C are two-particle operators. Let

Agst), Er(list), and ééi? be the corresponding net operators in the Fock space according to

egs. (80) and (38). For these operators,

net’ “net net

if [(A(1st)+A(2nd)),B] — ¢ then [A(fs> B“S)} = (105)

Proof: Similarly to Lemma 5, this Lemma also follows from a commutator you should have

calculated in homework set#3, problem 4(a), namely

(@}, alala,as) = dyat)ala,as+ dypatalaas — oualata,a; — dusalaba,a, . (106)
Indeed, in the Fock space
2 (f At oA
AR =S (A ala, (30)
nnu
and
A f‘ al N A~ A A~
BE = 1Y (awp|Bly®6) aldha,a;, (38)

a7ﬁ7’775

so the commutator [Al(lf:t), Bﬁfj@

} is a linear combination of the commutators (106). Specifi-

cally,

~(fs ~(fs I ~ PN I SN
AR BE) = 1 S (A (a® 8| Bly®6) [)a,, aala,a,)
v, B,y,6
{(using eq. (106) )

= 1N alaba,as x> (ulAly) (v @ Bl Bly @)

148,76 v
+ 53 Y ahalayag x Y (uAlv) (e @ v|Bly®4)
) v

1a,um L ) R (107)
- 5 Z aaaﬁauaéXZ<Q®/B|B|M®5><N|A|V>

a7ﬂ7y76 'LL
— 3" dlafa,a, x> (@B Bly@ ) (u Alv)

a7/6777y 'LL

{((renaming summation indices )

_ 1 ot
- i Z aj;éa/ﬂa’)’ats X 004557’755’
04,57%5
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where
Coprs = (AN MA@ B Bly@d) + > (BIAIN) (@@ A Bly )
A A

— Z (@® B BIA®0) (Al — ) (a@p|BlyoX) (AAl6)

A
= (@@ pl (AQMB + A™)B — BAQ®) - BA2™)) |y 29)

= (o8l [(A) + A2 . B|h@d) = (e slChed).

Consequently, [AEZ?,ESE)} = ét(cf)i)

This completes the proof of Lemma 7
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