PHY-396 K. Problem set #10. Due November 10 (2026), Tuesday.

. First, a reading assignment: §4.7 of the Peskin&Schroeder textbook about the Feynman
rules of the Yukawa theory. Find out where the sign rules for the fermionic lines come
from. Also find out the origin of the Yukawa potential V(r) oc e™™" /r. (There is also

a much shorter explanation of the Yukawa theory and the Yukawa potential on the last

three pages of my notes on QED Feynman rules]

. Second, a simple QED problem: pair production of muons in electron-positron collisions,

e"et — p . As I explained in class, there is only one tree diagram for this process,

i
which yields the amplitude
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In class I have focused on the un-polarized pair-production cross-section — see notes

on the subject], — but in this exercise you should focus on the polarized amplitudes for

definite helicities of all 4 particles involved.

For simplicity, let us assume that all the particles are ultra-relativistic so that their Dirac

spinors u(e™), v(e™), u(u™), v(uh) all have definite chiralities,
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cf. homework set#7, eq. (31).
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http://web2.ph.utexas.edu/~vadim/Classes/2026f/QED.pdf
http://web2.ph.utexas.edu/~vadim/Classes/2026f/traceology.pdf
http://web2.ph.utexas.edu/~vadim/Classes/2026f/traceology.pdf
http://web2.ph.utexas.edu/~vadim/Classes/2026f/hw07.pdf

(a) Show that in the approximation (2),

s(efpuler) = vlep)muler) = 0, (3)

which means there is no muon pairs production unless the initial electron and positron

have opposite helicities.

This fact is of great practical importance for the electron-positron colliders. Any kind
of particle production which proceeds through a virtual vector particle — a photon, or
Z9, or even something not yet discovered — would have the v(e*)y,u(e™) factor in the
amplitude, so the electron and the positron must have have opposite helicities, or they

would not annihilate each other and make pairs.

Now suppose we have a longitudinally polarized electron beam — say A = +% only — but
the positron beam is un-polarized. Because of eq. (5), only the left-handed positrons would
collide with the right-handed electrons and produce pairs, while the left-handed positrons
would do something else. Likewise, if the electron beam has the A = —% polarization,
then only the right-handed positrons would collide with our left-handed electrons and
make pairs, while the left-handed positrons would do something else. Thus, as far as
the pair-production is concerned, the positron beam could just as well be longitudinally

polarized with A(et) = —\(e™).

In other words, if we want to study polarization effects in fermion pair production, it’s
enough to longitudinally polarize just the electron beam. We do not need to polarize
the positron beam — which is much harder to do — because the electrons of a definite

helicity would automatically select positrons of the opposite helicity.

(b) Show that the u~ and the u™ produced in electron-positron collision must also have

opposite helicities because otherwise
a(pp ) o(puf) = alpp’v(ph) = 0. (4)

(c) Let’s work in the center-of-mass frame where the initial e~ and e collide along the

z axis, p{ = (F,0,0,+FE), py = (F,0,0,—F). Calculate the 4-vector v(e*)y"u(e™)



in this frame and show that

v(ef )nuler) = 2E x (0,—i,+1,0),, v(eh)nuler) = 2E x (0,+4,+1,0),.
()

(d) In the center-of-mass frame, the muons fly away in opposite directions at some angle
0 to the electron / positron directions. Without loss of generality we may assume

the muons’ momenta being in the xz plane, thus

PV = (E,+Esin6,0,+FE cosf), pY = (E,—Esinf,0,—F cosb) (6)

Calculate the 4-vector @(u~)y,v(u™) for the muons and show that

v(pf) = 2E x (0,—icosf, —1,+isinf),

u(py )V v(pg) = 2E % (0,+icosf, —1, —isin6).

(e) Now calculate the amplitudes (1) for all possible combinations of particles’ helicities,

calculate the partial cross-sections, and show that
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(f) Finally, sum / average over the helicities and calculate the un-polarized cross-section

for the muon pair production.



3. Next, a harder QED problem: the elastic scattering e~ e™ — e~ et of ultra-relativistic
electrons and positrons. This process is called the Bhabha scattering after Homi Bhabha
who has calculated its cross-section back in 1935. His calculation was the leading order in
perturbation theory; in modern terms, it corresponds to the three-level of QED. Today,
the Bhabha cross-section is known to very high precision, so the observed rate of Bhabha

scatterings at electron-positron colliders is used to monitor the collider’s luminosity.

At the tree level of QED, there are two diagrams contributing to the Bhabha scattering,

namely

e et

(a) Evaluate the two diagrams and write down the amplitude M = M; + Mjy. Mind

the sign rules for the fermions.

Now comes the real work: calculating the un-polarized partial cross-section

do M2
()., = o 1o

where |M|? stands for | M|? summed over final particle spins and averaged over the spins

of the initial particles. Note the two diagrams (9) must be added together before squaring

the amplitude, because
M+ Mo = M + |Mof* + 2Re(MiMs) # (M + [Mal®.  (11)

For simplicity, assume F > m, and neglect the electron’s mass throughout your calcula-
tion. You may find it convenient to express products of momenta in terms of Mandelstam’s

variables s, t, and u. In the m, &~ 0 approximation, p% = p% = p’12 = p'22 =m?2 ~ 0 while
(mip2) = (Phph) = 55, (pph) = (paph) =~ —3t. (pipd) = (p2ph) = —gu. (12)

(b) Start with the second diagram’s amplitude Ms. Sum / average the |Ms|? over all



spins and show that

1 t2 2
7> Mo = 26t x (13)

all spins

(c) Similarly, show that for the first diagram

1 s2 + u?
T > IMP = 2et x - (14)

all spins

(d) Now consider the interference M7 x My between the two diagrams. Show that

1 2
1 Z M x My = 264Xu—t. (15)
all spins 5

(e) Finally assemble all the terms together and show that for the Bhabha scattering

do o2 sttt a? 3 + cos? 6 2
— = — X ——————— = — X | —— | . (16)
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4. Finally, another problem on spin averaging; it involves weak interactions rather than

QED, but uses the same techniques.

Consider the muon decay into an electron, an electron-flavored antineutrino, and a muon-
flavored neutrino, u~ — e Ver,. At the tree level of the Standard model, this decay

proceeds through a single Feynman diagram

(17)

Since I have not yet explained the Standard Model in class — although I plan to do it
just before the Thanksgiving break, — let me simply spell out the Feynman rules relevant

to this diagram.



The vertices and the external fermionic legs attached to them are

where g9 is the SU(2)y gauge coupling.

W™ is a massive vector particle, so its propagator is

igﬁ)x

(19)
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The approximation here corresponds to the effective Fermi theory of weak interac-
tions. It is valid for all nuclear beta decays as well as weak decays of all particles
much lighter than My, ~ 80 GeV. In particular, it is valid for the muon decay in

question.

Assemble the muon decay amplitude (in the Fermi theory approximation) to

M = 5" [@(v)7 (1 = A2 )u(p)] x [ale )yl = 7)o ()] (20)
where
2
Gp = 4\/;# ~ 1.17-107° GeV 2 (21)
w

is the Fermi constant of low-energy weak interactions.

Sum the absolute square of the amplitude (20) over the final particle spins, average

over the initial muon’s spin, and write the result as a product of two Dirac traces,

1 G*
|M|? def 3 Z IM]* = TF x tr(matrix product #1) X tr(matrix product #2),

all
spins
(22)
Since the neutrino, the antineutrino, and even the electron are much lighter than the

initial muon, you may neglect their masses.



Both matrix products in eq. (22) carry 2 Lorentz indices, eventually to be summed over.
But it’s more convenient to do that summation after we evaluated the traces of these

matrix products.
(c) Evaluate the traces in eq. (22).

(d) Sum the product of two traces over the Lorentz indices, and show that altogether

(M2 = 64GT (b po) (Pe - o) (23)

Given this formula, calculating the muon’s decay rate is a straightforward phase space
exercise, and we have already done this exercise in the previous homework (set#9, prob-

lem 5). The results were

dr G%—v 2 1
JE, ~ 1on8 MeFe My —AE) x O(5 M, — Ee), (24)
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net 19273 (25)



