PHY-396 K. Solutions for the problem on coherent states.

Problem 1(a):
To simplify the exp(¢al — £*a) in the definition of a coherent state |€), we use the product-of-

exponentials formula

~ ~

VA B: AP = oxp (A4 B+ YA B + Bl(A-B)[AB] + ). (S

In particular, for A = &af, B = —¢*a and [fl, B] = ££* being a c-number, all the multiple

commutators vanish and
fil=8"a exp (de —&a+ %f{*), exactly. (S.2)
Consequently
€y W gl gy = olelP/2e8a" 8t gy — o lelP2e8aT gy (S.3)

where the last equality follows from a |0) = 0 and hence exp(—¢&*a) |0) = |0).
Next, let’s show that

Cilgettt — 5 — ¢ (S.4)

Indeed, the Campbell identity for any operators or matrices X and Y says that
ep(+X)Y exp(—X) = ¥V + [X.Y] + JX Y] + XY 4+ oo (S5)

But for X = £alf and Y = @ we have [X,Y] = —¢, and since this is a c-number all the multiple

commutators vanish. Consequently,
exp(éalaexp(—¢a) = a — &€ + 0, (S.6)

exactly as in eq. (S.4).



In light of this formula,
(@ —&)€) = e gesa" x =l /280" 10y = IE/2887 o 10y = 0 (S.7)
where the last equality follows from @ |0) = 0. Thus, the coherent state |£) indeed satisfies

(@=9I) =0 = al) = £lg). (5.8)

BTW, the coherent states are often defined by the condition a [£) = £ |€). We may formally
prove the existence of such a coherent state for any complex number £ by noting that the
operators @' = a — & and @'t = af — £* satisfy the same commutation relation [@/,a'T] = 1 as
the @ and a' operators. Consequently, the same formal argument that proves the existence
of the ground state |0) annihilated by the a operator also prove the existence of the state |)
annihilated by the @’ = a—&. Alas, the formal proof of existence does not tell us what that state

looks like, so the explicit construction used in this problem provides the missing description.

Problem 1(b):

In the coordinate basis, the annihilation operator a acts as

wm + 1ip  wm + "o,

v 2hwm vV 2hwm

a =

and the condition a [£) = £ |£) becomes a first-order differential equation

<h% + wm xx — V2hwm X f) Ye(x) = 0 (S.10)

for the wave-function 1)¢(x) of the coherent state. This equation has a unique solution (up to

an overall normalization), namely

Ye(x) = const X exp <§ 2777?0 Xx — 7;1—; X x2> ) (S.11)



or equivalently,

Ye(x) = const x P/ e_mw(m_ff/zh, (S.12)

a Gaussian wave-packet with

2
T = \/%XRef and p = V2hwm x Im¢. (S.13)

Note that the width of the wave packet (S.12) does not depend on &, so all coherent states have
the same Az. In particular, since | = 0) is the oscillator’s ground state, all coherent states

have the same width as the ground state.

Problem 1(c):
For any normal-ordered product of creation and annihilation operators — i.e., a product in

which all creation operators are to the right of all annihilation operators — one has
(€@ @)ley = ke, (S.14)

simply because a [€) = £[6) = (a)'[€) = €'[¢) and (¢]a = ¢* (€] = (€] (ah)F = (€7)* (¢].
In particular, (¢| (A = a'a) [¢) = €*¢. On the other hand,

n? = alad’a = alalaa + d'a = (€]n2)e) = (€9)%% + ¢¢ = A + @ (S.15)

hence An = \/(n2) — n? = /n.

In a similar manner,

T= anw(&+“T)’ P = %((d)%(&*)%QaTaH), (S.16)
hence
. h . . h
€la’le) = 5 —(E+&)?+1) = @ale)’ + 5 —. (8.17)
Likewise,
h h
€Ple) = TR (g +ig)? 1) = (@ple” + B2



Altogether, this gives us for any coherent state

Ar = )" Ay = T Aewap = I (S.18)

| St

Q.ED.

Problem 1(d):

In a classical harmonic oscillator, the position Z(¢) and the momentum p(¢) oscillate as

p(0)

T(t) = z(0) X cos(wt) + — X sin(wt),

(S.19)
p(t) = p(0) x cos(wt) — mwz(0) X sin(wt).
Consequently,
omwz(t) +ip(t)  mwz(0) +ip(0) cos(w —imwz(0) + p(0) sinfw
&) = 2hwm N V2hwm x cosfuwt) + V2hwm X sin(wr)

. mwf(0)+zp(0) —iwt —twt

= N X e = £(0) x e ",
(S.20)

Now consider the quantum state |¢(t)) for the classically oscillating &(t) = & x e~ ™!, In
light of eq. (1),

€(1)) = e /280" oy (5.21)

and only the second factor here depends on time. Indeed, |£(t)|? = [£|?> = const = e IEP/2 =
const, while |0) is time-independent because we work in the Schrodinger picture. In this picture,
the a' operator is also time independent, hence

d ., d 5 5

7 s = d—de x €' = —iwéal x e‘gaT, (5.22)

and therefore
d . 4
Gley = —iwgalle) = —iwalale) (523)
where the second equality follows from ¢ [£) = @ |£). Consequently,
L, d At -
ih— [€(1)) = hwala |€(t) = H () (5.24)

— the time-dependent coherent state |£(t)) obeys the Schrédinger equation.  Q.£.D.



Problem 1(e):

For any analytic function f(a) of the operator a, we have
a', f(a)) = —f'(a)

(which follows from expanding f(a) into a power series in a), and consequently

[t ', f@)] = +f"a), [a%,[a (@', f(@)]]] = —f"(a), ete.

Thus, by the Campbell identity (S.5),

2
exp(eal) f(a)exp(~at) = f(@) + €lal, f(@) + Sl o, @)
3
+ Sttt @) +
2 Il
= fla) — ExF@) + S x @) - Tk )

In particular,
exp(&al) x exp(n*a) x exp(—&a') = exp(n*a —n*¢),

or equivalently
exp(¢al) x exp(n‘@) = exp(—n"¢) x exp(n’a) x exp(¢al).
Consequently, the quantum overlap of the coherent states |£) and (n| is

gy = e M R2emIEF2 5 (0] exp(n*a) exp(€al) |0)
= T IP2em 24078 (0] exp(€al) exp(n*a) |0)

= exp (=30 — 1€ +n*¢) x 1

because e @(0) = |0), (0| efa = (0], and (0]|0) = 1. In terms of the probability overlap,

[(nl&)* = exp(=|n — &),

(S.25)

(S.26)

(S.27)

(S.28)

(S.29)

(S.30)

(S.31)



Problem 1(f):
Generalization of coherent states to multi-oscillatory systems and further to the creation /

annihilation fields is completely straightforward:
|coherent) aof e:x;p(]:—’Jr — ]3’) 0) = e N/2 ! |0) (S.32)

where

F'o= gl = ) Gal, - [dPxox)¥(x). (S.33)
«
Similar to the single-oscillator theory, (\if(x) — @(x))eF —_— T\iﬁ(x), hence
U(x) D) = B(x)|D). (S.34)

Problem 1(g):

Using eq. (S.34) and its hermitian conjugate, we have
(@ (x1) - ) Dlyr) - ) [0) = D (xr) - @ (ki) By) - Byr)  (S.35)

for any normal-ordered product of the quantum fields. Specifically, for the particle-number

operator N we have eq. (4), while for its square — whose normal-ordered form

N? ://d3xd3y Ul (x) U1 (y)B(x) U (y) +/d3x\iﬁ(x)‘if(x) (S.36)

generalizes eq. (S.15) — we have

@18(0) = [[Exdly o 0o ()0EI0E) + [Exv(BE) = (@] N]0) + (@] N]),
(3.37)
and hence AN = V/N. Q.£.D.



Problem 1(h):
First of all, if ®(x,t) satisfies the classical field equation (6) — which looks exactly like a one-
particle Schrédinger equation — then N remains constant. (This is undergraduate-level QM.)

Also, in the Schrodinger picture of the QFT,

d pt dFT g B 3. 0(x,1) -4 £t

thanks to mutual commutativity of the creation fields. Consequently, exactly as in part (e),

m% (|<1>> = N2 \0>) - Ud?)xm% @T(x)] |®)

{(using eq. (6)))

_ " A
_ /d3x ((%w + V(x)) @(x)) Bt (x) | @)
. - (S.39)
{(using eq. (3)))
_ /d3x W0 [ 292 1 v | b (@)
2M
= H|®).
Q.E.D.
Problem 1(i):
Generalizing (e) to multi-oscillatory systems is completely straightforward:
e = TTeemF = exp (=Y lea = mal?)
or for the field theory,
\<<I>1\<I)2)|2 = exp (/d3x |P(x) — <I>2(x)|2) , (S.40)

which is exponentially small for any macroscopic 6®(x) = ®1(z) — P2 (x). Indeed, a macroscopic
difference between two coherent states means (by definition) that J® affects a large number of

particles, [ |§®]% > 1, which makes for an exponentially tiny overlap (S.40).



