RELATIVISTIC ENERGY AND MOMENTUM

OVERVIEW

Non-relativistically, the momentum and the energy of a free particle are related to its

velocity v as
p = mv, FE = const + %va, (1)

where m is the particle’s mass. In special relativity, the relations are similar for particles

moving much slower than light, but for fast particles there are more complicated formulae

p:vmV:%:mv(l+;—;+O(z—i)> (2)

and
3 4 6
E = ymc® = mc® + tmv? + gzs + O(TZ—Z). (3)

The m in these formulae is the rest mass, i.e. the mass of the particle in its rest frame.
Nowadays, when we say mass we mean the rest mass, but in the early days of the relativity

theory the name mass was commonly used for the relativistic inertia or relativistic mass
M(v) = ~(v) x m; (4)
in terms of this relativistic mass
p = M@wv and E = M(v)c. (5)
In particular, Einstein’s famous equation E = Mc? was written in terms of the relativistic

mass M (v) rather than the rest mass m!

The relativistic energy and momentum form a 4—vector. For a single particle moving

with proper velocity u*,
E
P = (;;px,py,pz) = mu", (6)

hence

2
(p-p) = f_Q — p? = m*(u-u) = m?c? (7)

regardless of the particle’s 3-velocity v. Consequently, the particle’s energy as a function of



its momentum is
E = 2p? + *m?. (8)

For multiple particles, their energy-momenta 4—vectors p* add up:

N
Pl =Y plt 9)
a=1
which in 3D terms means
N
Buet = »_ Ea, (10)
a=1

N
Pnet = Zpa- (11)
a=1

For any closed system — that is, the system not interacting with anything else — these
net energy and net momentum are absolutely conserved. That is, the particles may
exchange energy and momentum with each other, may split and rejoin into new particles,

but the net energy and the net momentum of the whole system stay constant.

On the other hand, the net mass of all the particles in the system is not conserved.
Instead, the mass can be converted to or from the kinetic energy and hence to/from other
forms of energy. This fact used to be esoteric knowledge of a few physicists, but became
painfully known to the whole world in August 1945, when 0.7 grams of uranium, and then
1 gram of plutonium were converted to energy, with devastated consequences for the cities

of Hiroshima and Nagasaki.

Note the distinction between an invariant quantity — which has the same value in all
inertial frames of reference — and a conserved quantity — which has the same value before

and after some process:
e Mass is invariant but not conserved.
e Energy is conserved but not invariant.
e Electric charge is both conserved and invariant.

e The velocity is neither invariant nor conserved.



DERIVATION OF RELATIVISTIC MOMENTUM AND ENERGY.

Before we explore the consequences of the relativistic formulae (2) for the momentum
and the energy, let’s derive them from the conservation laws. In any collision of particles,

the net momentum is conserved,

particles particles

Z p?fter _ Z pllpefore’ (12)
7 7

and in an elastic collision the net kinetic energy is also conserved,

particles particles

Z Klafter _ Z Klbefore’ (13)
7 7

Moreover, these conservation laws must work in any inertial frame of reference! Alas, plug-
ging non-relativistic formulae (1) for the particles’ energies and momenta into these conser-
vation laws make them invariant under the Galilean boosts v/ = u + v, but not under the

Lorentz boosts which act non-linearly on the velocities.

To repair the law of momentum conservation, we need to change Newton’s formula

p = mv to

p = M(v)v (14)

with some velocity-dependent inertia M (v), although by the rotational symmetry of the
3-space it should depend only on the speed v = |v| but not on the velocity’s direction. For
the moment, all we know is that M is some analytic function of (v/c)?; we shall determine

its exact form from the Lorentz invariance of the momentum conservation in collisions.

Indeed, consider an elastic collision of two similar particles in the center-of-mass frame.
Relativistically, this frame is defined as the frame where the net momentum is zero before
the collision and hence also after the collision. Thus, in the CM frame, the two particles

collide head-on — so their momenta is equal in magnitude and opposite in direction, — and



after the collision they also fly in opposite directions. In terms of velocities,

M(vg)vg + M(vp)vy = 0 before the collision,

(15)
M(ve)ve + M(vg)vg = 0 after the collision,
and since M(—v) = M(+v) it follows that
Vo = —Va, Ve = —Vq, (16)

or graphically

Vb

Vd

Also, assuming the kinetic energy K(v) is some monotonically increasing function of the
speed |v| which does not depend on the velocity’s direction, conservation of energy in an
elastic collision makes the particle’s speeds after the collision equal to their speeds before

the collision, thus

Vol = Vol = [vel = [val = v (17)

Now let’s consider the same collision in the lab frame where one of the particles was at

rest before the collisions. Lorentz-boosting all the velocities by u = —v;, = +v,, we find (in



the coordinates where x axis points in the direction of v,)

lab
Va,x

lab
Yay

lab
Ve,

lab
Ue,y

lab
vd,x

or graphically

2v

1+ 5%

lab lab
Ub,:E = Ub,y = 0,

v(1 + cos @)

1+ B%2cosf’
vsinf

Y(1+ B2cosb)’

v(1 — cosf)

1—/2cosf’
—vsinf

Y(1 = B2%cosh)’

lab

Note that after the collision Udry %+ —0

lab
¢y

(18)

so to assure momentum conservation in the y

direction we must have velocity dependent relativistic inertia M (v); specifically, we need

M(vg®) %

—vsin 6

+ M(viab) X

and hence

(1 = 32 cos h)

M(vl2b) 1+ B%cosf

M(

) 1—pB%cosf’

v(1 + B2 cos 0)

(19)

(20)

In particular, consider a grazing collision with a very small scattering angle ¢. In the limit



of 6 — 0, we have

viab 0 while viP - ylab (21)

a

so eq. (20) becomes

M(vEP) 14
MO)  1-2

Moreover, the expression on the RHS here is nothing but fy(v}f‘b); indeed,

2 2
1 — 1 (,Uilab/c)Q -1 — ( Qﬁ ) _ (1—ﬁ2) N ,Y(v(llab) _ 1+ﬁ2

’}/Q(Uéab) 1+ 62 1+ 62 1 — 62
(23)
Thus, momentum conservation requires
M(Ulab)
G = ) (24
and hence for any other speed v’
M) = y(v") x M(0). (25)
Given this formula for the relativistic inertia M(v) — and hence the momentum
P = M(“)" = V(U)mrestv (26)
— the Second Law of Newton becomes
dp d(yv)
F = — r 27
at et (27)
In terms of the acceleration a = dv/dt,
d(yv) dry 3. (v-a) 352 _ 3
o = At (Ezv X—m v =ran + (h AT =)y, (28)
hence
F F
a; = L put a| = —3 [ (29)
YMMrest Y Mrest

In the early days of the special relativity theory, the ymyest was called the transverse rela-

tivistic mass while v>myest was called the longitudinal relativistic mass. This proliferation of



different things called some kind of mass was rather confusing, so eventually the name mass

was reserved for the rest mass m = M(0).

Now consider the relativistic kinetic energy K (v). Since it depends only on the speed

|v|, we may write it as a function of v(v),

K() = f(v(v)) (30)

for example, the non-relativistic kinetic energy can be written as

O (= § @1

In an elastic collision, the net kinetic energy is conserved, K.+ K4 = K, + K3, so in the lab

frame we should have

FOP) + FOd) = FOa) + F) (32)
But in the lab frame fyéab = 1 and we have already calculated
1+ B2
lab
et (3)

In a similar fashion

ab 1+ B%cosd ap 11— pB%cosf

indeed
1 4 (%?5)2 + (%?5)2 . B32(1 4 cos 0)? B 32sin? 0
v2(vlab) c? B (1+ B2 cosf)? v2(1 + B2 cos )2
(35)

(14 B%cos0)? — B2(1 +cosh)? — B2(1 — ?)sin?0
(1+ B2cosf)?




where

the numerator = (1 + 82cosf)? — 52(1 + cos0)? — B%(1 — %) sin? 0
=1 + 26%cos0 + B*cos*o
— B% — 28%cosh — B?cos’h — 62(1—52)sin20

(36)
=1 = 8 = (1= FP)cos’0 — B2(1 - 5)sin0
=1 - B - PO = (-
thus
R S 1-p° ? lab 1+ B2cosb
) <m) = W= (37)
and likewise
Q2
Jab L= freosf (38)

1— B2

With these formulae for the 7, .4 in the lab frame, the kinetic energy conservation in

the elastic collision requires

1+ B2cosb 1 — B%cosf B 1+ B2
(H50) + (55 - 1 (55R) + o) .

and this equality must hold for any angle 6 and any g < 1. Mathematically, the only analytic

function which obeys this requirements is the linear function
f(y) = Axy + B (40)
for some constants A and B. In terms of the kinetic energy, this means

K(w) = Ax~(v) + B, (41)

and in order to agree with the non-relativistic limit of the kinetic energy, we need A = mc?



and B = —A, thus

2 1,2 mo*
K@) = mc® x (y(v) —1) = gmv* + O(—2) (42)
c
Or in terms of the total energy of the particle,
E = mc® xy(v) + const = M(v)c? + const. (43)

To find the constant term here, we need to consider an inelastic process in which the net
energy of all kinds is conserved but the kinetic energy is not. And as Einstein found out,

the mass is also not conserved!

To see how this works consider a nucleus emitting two photons of equal frequencies in

opposite directions,

-~ e
NV\/VWVWV\/VV\’\/VWVWWVWW
(w, —k) (w,+k)

The two photons have opposite momenta 4k, so their net momentum is zero and there is no
recoil — the nucleus initially at rest remains at rest. However, its internal energy U drops

by the energy of the two photons,
AU = Uy — Uy = 2hw (44)
Now consider the same process in a different frame where the nucleus moves with velocity v

in the direction of one of the photons. In this frame, the photons have different frequencies

due to Doppler effect,

w = Y1+8)xw, w = v(1-7) X w, (45)



and hence larger net energy

hwi + hwe = 2hw X 7. (46)

This energy comes from the net kinetic + internal energy of the nucleus £ = K + U, hence
AE = Ey — Ey = AK + AU = v x 2hw. (47)

But the internal energy change is only AU = 2Aw, so the kinetic energy must also change

by
AK = (y—1) x 2hw. (48)
On the other hand, we know that in its original frame the nucleus does not recoil, so in any

other frame its velocity should also stay constant, whatever it was. And the only way to

change the kinetic energy of a nucleus without changing its velocity is by changing its mass,

msy = m; — Am, (49)
such that
(y=1ExAm = AK = (y—1) x 2hw, (50)
thus
am = 2% (51)

Note velocity independence of this formula!

In terms of the internal energy U of the nucleus — i.e., the energy it has when it’s not

moving —
AU
or in terms of the net energy £ = K + U,
AE = & x AM(v). (53)

The same formula applies to other inelastic processes, even when there is a recoil, and this
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have lead Einstein to his famous formula
2 2 ’
E = M) xc® = vv)yme® = ————. 54
(v) (v) —— (54)
In particular, a particle at rest has a tremendous hidden energy Ey = mc?. In any inelastic

process, this energy increases or decreases, and this leads to an increase or decrease of the

net mass of the system.

In general, any change of net energy changes the net mass of the system, even in such
mundane non-relativistic processes as pool-ball collisions or chemical reactions, although the
resulting Am is too small to measure. But in nuclear reactions Am is typically of the order
1073 xm, and that can be easily measured by a mass spectrometer. In fact, once can calculate
the energy released or consumed in some nuclear reaction by simply looking up the masses
of initial and final nuclei and calculating the Am. For example, in the deuterium-tritium

fusion reaction

D} + T3 = Hed + ny, (55)
the masses are
m(D) = 2.014102 u,
m(T) = 3.016 049 u,
(56)
m(He!) = 4.002602 u,
m(n) = 1.008, 665 u,
so in the fusion reaction the net mass is reduced by
Am = 18.884-1073 u, (57)
where u is the atomic mass unit,
u = 1.660539-2072" kg = 931.494 MeV/c>. (58)

Consequently, the fusion reaction should release energy
AE = (18.884-1073 u) x ¢* = 17.59 MeV.
and the experimentally measured fusion energy indeed agrees with this value.

11



In a more extreme example, an electron and a positron can annihilate each other, so their

2

entire hidden energy 2 X mec” is converted to the energy of the photons produced in the

annihilation. On the other hand, when highly energetic elementary particles collide, their
kinetic energies can be converted to the mass of some heavy new particles. For example, at
the Large Hadron Collider at CERN, the protons are accelerated till their v factor reaches
about 7000; in other words, their kinetic energy is 7000 larger than the rest energy mpcz. In
GeV units, each proton has energy about 6500 GeV, and when two protons collide, a notable
fraction of the net 13,000 GeV energy is converted to the masses of many particles particles
created in the collision. Some of these particles can be much heavier than the original proton,
for example the Higgs particle has mass My = 126 GeV/c?.

ENERGY-MOMENTUM 4—VECTOR.

The relativistic energy and momentum of a free particle form a Lorentz 4-vector
= (L) = (59)
where u# is the 4—velocity of the particle. Indeed, in components
pl= wm = u'm and p’ = = = yem = um. (60)

Consequently, the net energy and momentum of any multi-particle system also form a 4-

vector
E particles
t
Prlfet = < Ze >Pnet> = Z maug (61)
a
which transforms under Lorentz symmetries as any other 4—vector,

E/ net __ ,Y(Enet _ UPﬁlet),

Plnet =~ (Pnet o E Enet) (62)
I I 2 )

Plnet — Pllet ]

Therefore, if the energy and the momentum are conserved in one frame of reference, then

they are also conserved in any other reference frame!

12



Now consider the Lorentz square of the energy-momentum 4-vector p#. For a single

particle we have

EQ
P = g = = (mo — () = mAE ) = i (63)
or in terms of the particle’s 4—velocity u”,
pl = mut = plp, = m? x utu, = m2c. (64)

Either way, the energy and the momentum of a particle are related as

E? = &#p? + midh (65)

In the 4—momentum space, this formula defines a hyperbolic hypersurface called the mass
shell.
In the non-relativistic limit, the mass shell condition becomes
2 4
p p
P om v P . 66
mes 2m 8m3c2 (66)
while in the ultra-relativistic limit v > 1 and hence |p| > mc we get
2.3
mec
E = ¢p| + + - (67)
2|p|
In particular, for the massless particles like the photons
(68)

E = ¢|p|,

in perfect agreement with w = c|k| for the EM waves in vacuum and the quantum formulae

E = hw and p = hk.
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In general, massless particles (i.e., particles having zero rest mass) must move with
the speed of light — otherwise, they would have zero energy and zero momentum — while
particles with non-zero rest masses must move slower than light. Among the presently known
particles, only the photon is exactly massless. The neutrinos do have masses, although they
are very small — less then eV /c? — and since we cannot detect neutrinos with energies much
less than an MeV, all the neutrinos we have ever detected were ultra-relativistic with v > 109,
and their speeds were experimentally indistinguishable from the speed of light. The only
reason we know about the neutrino masses is because of the quantum oscillations between

the 3 neutrino species!

To see how the neutrino oscillations work, note that in quantum mechanics, eq. (67) for

the energy of an ultra-relativistic particle becomes the Hamiltonian operator

3
~ C ~

H ~ cp| + 5= M (69)

2|p|
where M? is the 3 x 3 matrix in the Hilbert space of the neutrino species. This matrix is
non-diagonal in the basis in which we make and detect neutrinos, and this causes neutrinos
to oscillate from one species to another. Specifically, if the neutrino is created at time t =0
in a state vector |1g), then after it has traveled through long distance L in time ¢t = L/c, its

state vector becomes

___isomeoverall phase -CShL r2
v) = e xexp (S B ) i) (70)

The matrix exponential of a non-diagonal matrix is itself non-diagonal, and the off-diagonal

matrix elements of this exponential are probability amplitudes for changing the neutrino’s

species. For more information, please see the Wikipedia arficle on neufrino oscillationd.
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RELATIVISTIC COLLISIONS

Having dealt with a single relativistic particle, let’s consider a collision of two relativistic
particles. The collision can be elastic or inelastic, and (in the inelastic case) may have any
number of particles in the final state. But come hell or high water, the net energy-momentum

of the colliding particles must be conserved, thus
Pl = i + 05 = pi. (71)
a

A convenient Lorentz-invariant parameter of the collision is the Lorentz-square of the net

energy-momentum, or rather
2
s = c¢"P,P". (72)
This s parameter has the same value in all inertial frames, but its physical meaning becomes

particularly clear in the center-of-inertia frame — often called the center-of-mass frame —

where the net 3-momentum happens to vanish, Py = 0. In this frame

2p2
- CPnet

s = E2

net

2
= Elets (73)
so /s is the collision energy in the center of mass frame,

Eem = \/g (74)
In any other frame, the net energy is larger,

Eget = 52 + C2P2 - Egm + C2P%et > E(?mv (75)

net

but the extra energy is completely tied up the the conserved net momentum, so it does

nothing but make the system’s center of mass move at constant velocity

2
c“Pret
v = . 76
Enet ( )
The only energy available for making new particles, — or anything else besides the center

of mass motion — is the Fep = +/s.
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Let’s calculate the center-of-mass energy in the lab frame of a fixed-target experiment:
In this frame one initial particle has high speed while and hence high energy F; and high
momentum pi, while the second initial particle is at rest, thus Fo = Myc? and p2 = 0.

Consequently;,

s = A(p1+p2)® = (B1+ My®)? — *pi
= FE? + 2E1My® + M3t — Pp? = M + 2E\Myc® + M3 (77)
= (Ml + M2)2C4 + 2<E1 — Mlcz) X MQC2.

In the non-relativistic limit, this formula leads to

Mo
Eem = ~ (Mg + My)® + (Ey — Mic?) x ——— 78
c Vs & (M + M) + (Ey 1C)XM1+M2’ (78)
or in terms of the kinetic energies K = E — M¢?,
Mo
Ko = K x —————. 79
cm 1 M1+M2 ( )

On the other hand, in the ultra-relativistic limit of £y > Mic?, eq. (77) becomes
Eon ~ V2E| X Myc? <« E. (80)

In particle physics, there are two types of collision experiments: the fixed-target experi-
ments, in which a beam of accelerated particles collides with a solid or liquid target, and the
collider experiments in which two particle beams moving in opposite directions are focused
on some point where they collide with each other. In the fixed target experiments, all the
accelerated particles collide with some particle in the target, which makes for a much higher
collision rate than in a collider where most accelerated particles miss each other. On the
other hand, in a collider the entire energy of the two accelerated particles is available in the
CM frame for discovering new physics, while in a fixed-target experiment most of the energy
is wasted on the center of mass motion, and only a small fraction E., < E; goes towards

the interesting physics.
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For example, the oldest proton-proton collider at CERN — the PS, which started working
back in 1959 — had two 28 GeV proton beams colliding head on, so the CM-frame energy
available for discovering new physics was 56 GeV. To reach the same energy at a fixed-target
experiment — a proton beam hitting a tank of liquid hydrogen — we need a proton beam
of energy
s = Bay

P = —=
1 2 M2

= 1670 GeV, (81)

and no accelerator had reached this energy level until 2010, half a century after the PS.
Ironically, the first accelerator producing proton beams with energy higher than (81) was
the LHC at CERN which is also a collider. Today, the CM-frame collision energy at LHS
is about 13,000 GeV; to reach this energy at a fixed target experiment, we would need a

proton beam of energy

E; ~ 90-10° GeV, (82)
and we would be lucky to reach this energy level in another half-a-century.

Examples of Relativistic Kinematics

Consider a collision of two particles or a decay of one unstable particle into two or
more particles. There are several equations relating energies and momenta of all initial-
state and final state particles involved in such a collision or a decay. First, the the net

energy-momentum must be conserved; in the 4—vector form,

initial final

d.ou = 0t (83)
i !

Second, for every initial-state or final-state particle, it’s energy and momentum must be

related by eq. (65), or in covariant form
Vi: p? = m2c¢® and Vf: p'f2 = m?ccz. (84)

In many situations, these relations allow us to find the final particles’ energies, or at least

establish the relations between their energies and directions of motion.
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EXAMPLE#1: decay of a charged pion into a muon and a neutrino,

™ = ut o+ oy, (85)

By energy-momentum conservation

Pr = Pu + Dy (86)

(where I use «a for the Lorentz vector index since p, v, and 7 are used up as the species

labels), hence

2 2 2 2
P, = (Px—Dpu)” = Pi + Dy — 205Dy,
Y T T e (87)

P = pr—m)® = P2 + Do — 205Dy

At the same time, there is a mass shell condition for the 4-momentum of each particle,

pi = M pl = M.*, p, = M.* ~ 0. (88)

Plugging these conditions into egs. (87), we immediately get
2 -y = M2 + Mgc2 while 2p,-p, = M2? — Mgc2. (89)
Now, in the rest frame of the initial pion
prPp = (Mnc) x (Ey/c) — PPy = Mz < E, — 0, (90)
and likewise
Pr-py = My x Ey, (91)

so eqs. (89) give us the energies of the muon and the neutrino as

M2 + M? M2 — M2
E, = ——*%txc? E, = ——Ftx
oM, 2M,

Numerically, Mrc? = 139 MeV, Muc2 = 105 MeV, hence after the decay £, = 109 MeV and
E, =30 MeV.
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ExXAMPLE#2: Compton scattering.

This is the elastic scattering of a photon and and electron,
vy +e — 7+ e, (92)

usually analyzed in the lab frame where the initial electron is at rest. In this frame, some of
the initial photon’s energy is transferred to the electron, so the final photon has a lower energy
than the initial photon. By the Planck formula E = hw, this means that the scattered photon
has lower frequency — and hence longer wavelength — than the initial photon. Arthur
Compton experimentally discovered this effect in X-ray scattering in 1922, and in 1923 he
explained it in terms of X-ray quanta being relativistic particles. Today, the Compton effect
is a simple (or at least simple enough for this class) consequence of special relativity and
basic quantum theory, but back in 1923 understanding photons was the bleeding edge of

science, so in 1927 Arthur Compton got a Nobel Prize for his discovery.
Let’s work out the relativistic kinematics of the Compton scattering (92).

e The initial photon has frequency w and direction n, hence wave vector k = (w/c)n,

and therefore energy-momentum
Pt = —(1,n). (93)

e Likewise, the scattered photon has direction n’, frequency w’, hence wave vector k/ =

(w'/c)n’ and therefore energy—momentum

hw'
]9/7” = 7(1711/)- (94)

e The initial electron is at rest in the lab frame, thus

Pt = mec(1,0). (95)

e Finally, we don’t have any direct knowledge of the scattered electron, but we know
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that the net energy—-momentum must be conserved,

pr 4+ ptt = pl + P, (96)
hence

pt = pb + oy — Pl (97)

Now, let’s take the Lorentz squares of the two sides of eq. (97):

) = (p)* + (p7)° + (¥)?
/ / (98)
+ 2(pe - py) — 2(pe-P5) — 2(py - D)
On the top line of this formula, we have
() = (pe)? = mic? (99)
because that’s true for any electron in the Universe, and likewise
() = ()* =0 (100)

because that’s true for any photon. Consequently, the whole top line of eq. (98) cancels
out between the LHS and the RHS or vanishes altogether, so the whole equation reduces to

vanishing of its second line,
2(pe “py) — 2(pe ply) — 2(py pfy) = 0. (101)

In this formula, in the lab frame where the initial electron is at rest,

hw

(pe - py) = mee(1,0)- —(Ln) = mehw(l-1=0-n = 1) = mehw, (102)
and likewise
(pe - 1) = mehw. (103)
Finally,
rot) = 0 ) = P () = 1o new) = 5 1 cose),
(104)

where # is the angle between the scattered photon’s direction n’ and the initial photon
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direction n, cos® = n-n’. Plugging all these formulae into eq. (101), we arrive at

hlww'!
2

2mehiw — 2mohw’ = 2 (1 —cosf). (105)

c
Finally let’s divide both sides of this formula by 2m.hww’, thus

1 h
DT e X (1 —cosb). (106)

1
W'
Or in terms the wavelengths A = 27¢/w and N = 27¢/w/,

21h

MeC

N — X =

X (1 —cos@). (107)

, which is how Arthur Compton himself wrote his famous formula.

Numerically,
2mh

MeC

A~ 2.43 pm, (108)

which is why it’s easy to see that X' > X for the scattering of hard X rays, and the effect
becomes overwhelming for the hard gamma rays. On the other hand, the Compton effect is
harder to observe for the soft X rays, much harder for the UV rays, and almost impossible

at longer wavelengths.

Finally, note the h factor in the numerator of the RHS of eq. (107). Thanks to this
factor, the Compton effect disappears in the classical limit A — 0. And indeed, in the purely
classical electromagnetism there is no Compton effect, and the scattered EM wave has the
same wavelength as the incident EM wave. It takes quantum mechanics — packaging a
discrete amount of EM energy Aiw and EM momentum £k into a single photon — to generate

the Compton effect.
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Relativistic Dynamics
NEWTON LAwS

Let’s start with the three Laws of Newton in the relativistic context. The First Law
is built into the principle of relativity, so in the relativistic mechanics it holds without any
changes from the days of Newton. Likewise, the Second Law remain valid in its momentum

form: In any inertial frame

dPbody all forces acting
—rbody  _ Fnet — 1
dt on body Z on the body )’ (109)

provided the p here is the relativistic momentum p = ymv.

But the Third Law becomes tricky. The net relativistic momentum is always conserved,
so when two particles collide at the same point in space, their momenta change by equal and
opposite amounts, Ap; = —Apao, just as they would in the non-relativistic mechanics. But
when two particles (or extended bodies) interact at non-zero distance from each other, we
generally do not have Fia(t) = —F21(¢). One reason for this is the simultaneity of the two
forces acting at different places depends on the frame of reference, so in the would-be Third

Law formula

Fio(t]) =7 = —Fa(ts) (110)

we would not be able to identify ¢t; = t3 =t in any invariant way.

Also, a force between two bodies separated in space should be mediated but some kind
of a field, electric, magnetic, gravitational, whatever. For the EM fields, we saw that they
can carry energy and momentum of their own and exchange them with the charged bodies.

So instead of the naive Third Law, we end up with

P,
dt

Flg(t) + Fo1 + (111)

Note: every term here depends on a particular frame of reference, but the net sum vanishes

in any inertial frame.
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Formulae similar to (111) exist for the bodies interacting with each other by means of
gravitational fields, or some other kind of non-EM field, but dealing with such forces is way

beyond the scope of this class.

MoTiON UNDER A CONSTANT FORCE

Consider a particle of rest mass m subject to a constant force F. For simplicity, suppose

the particle has zero velocity at time tg = 0, so the Second Law

‘fi—lz _F (109)
leads to
p(t) = tF. (112)
In terms of the particle’s velocity v,
P _p
pzvmv:>V:7—m:f (113)

where E = ymc? is the relativistic energy of the particle. In terms of the 3-momentum,

cp
E = cym?2+p? = v=———. (114)
/m202+p2

In particular, for motion under the constant force F and hence momentum (112),

ctF
Vm2c2 + F22

v(t) = (115)

Now let’s integrate eq. (115) to find the particle’s displacement r(¢) as a function of time

t. Let’s use the coordinates where the motion is along the x axis, starting with z(0) = 0.
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Then

t
Ft’dt’
#(t) = / ‘

FQtIQ

_ % /d< m2c2+F2t’2>
=0
= £(\/mQC2 + F2¢2 — mc)
F

= /()2 + (m/F)2 — (mé/F).

This is an example of a hyperbolic motion,

[\]

z(t) = \/(ct)2+b* + const  forb = %

so called because the world-line of the particle is a hyperbola,

(116)

(117)

(118)

For a more complicated example, suppose the particle has non-zero initial velocity vg in

a direction L to the force. Specifically, let the force point in the x direction while vq is in

the y direction. In this case,

p(t) = Ft,

py(t) = const = mygup,
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Consequently, the energy grows with time as

E(t) = c\/m202 + p2(t) +p§ = c\/m202 +p§ + 22 (119)

and therefore

v(t) = (120)

becomes in components

ck't
ve(t) = ,
\/(m202 +p2) + F22
(121)
cpy
vy(t) =

\/(mzcz +p2) + P22
Note: while the force F' accelerates the particle in x direction, the y component of the
velocity becomes smaller due to larger inertia ym while p, stays constant.

Finally, integrating the velocity components (121) over dt we arrive at the displacement

from the original position,

t
Ax = /vx(t')dt’ = %(\/m2c2 +pg 4 F2t2 — \/m2c2 +p§),
0
t ) (122)
t
Ay = /vy(t/)dt' = q% ar sinh ——————.
/ [1m2c2 +p12/

Next, consider the work-energy theorem

AE = Work :/F-dr (123)
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for the relativistic energy (119). Infinitesimally,

dp mv
dWortk = F-dr = — -vdt = dpv = d| ———=] v
dt P (\/1—112/02)

mdv mv(v - dv)
- <m * 02[1_02/62]3/2> v

(124)
_ (v-dv) 2 2/ 2 2 _ 2
= E_2jape (mc (1—v7/c*) + mv® = mc )
2
= d|——= = dBa.
V1—v2/c?
so indeed we should get
AFE = /F -dr. (125)

In particular, for the motion under the constant force F starting from motion L to the force,

E(t) — E(0) = F-Ar = FxAx
= F*%(\/m2c2+F2t2 — m202+p§) (126)
= c(x/m202+F2t2 - m202+p12/>.

Moreover, the initial energy £(0) in terms of p, is

E(0) = cy/m?c® + p2, (127)

so at later times

E(t) = c\/m202 +pi 4+ 212, (128)

in perfect agreement with eq. (119) for the relativistic energy.
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LORENTZ TRANSFORMING THE FORCE

By the first law of Newton, the vanishing of the net force on some body holds true in
all inertial frames. But for a non-vanishing force, its values in different inertial frames are
related by a rather messy formula; it’s somewhat similar to the relativistic velocity addition
formula (for the non-parallel velocities), but even uglier. Indeed, similar to v, the force F
is a derivative of the space components p of the 4—vector p# with respect to the ordinary
time ¢, — which is a time component of a 4—vector x*. But for the velocity v the dr and the
dt are respective space/time components of the same 4—vector, while for the force F the dp
is a space component of one 4-vector while dt is the time component of a different 4—vector.
In the velocity case, the key to its Lorentz transforms is the proper velocity u* = (dz*/dT).
Likewise, the fey to the Lorentz transforms of the force 3—vector is the proper force AKA
the Minkowski force

det dp*
Kt = — 129
dr ( )

where 7 is the proper time of the body in question. By construction, K* is a derivative of
a 4-vector WRT a 4-scalar, so it’s a proper 4-vector which transforms under any Lorentz

transform as
K" = LM K", (130)
In particular, under a Lorentz boost in the x direction,

K/O = '7relK0 - ’Yrelﬁrelea
K" = erele - VrelﬁrelKoa

(131)
K%Y = KY,
K" = K*.
In components,
dp dp dt
dr  dt dr o (132)
while
1 dE 1 (dE dt
K= -— = -(—=F-v)— = (F-8). 133
¢ dr c(dt V)dT (F-B) (133)



Consequently;,

(K-u) = Kru, = K4 — K-u = y(F-B)xyc — 7F-yv = "}/2<F~V — F-V) = 0.
(134)
The same result obtains in a manifestly covariant form from
d(p" = mut) d
Kluy = = —up = g (gmuuy) = 0 (135)
because
tmutu, = tmc® = const. (136)

Now let’s re-express the Lorentz boost (131) of the Minkowski force K* in terms of the

ordinary force components F*¥:*:

VFT = ey F" = aBrery(B - F),
~NFY = yFY, (137)
fY/F/Z — fYFZ’
where 7/ obtains from the Lorentz boost of the particle’s proper velocity:
07/ = u/O = Vreluo - ’Vrelﬁrelux = C’Vrelf)/(l - Brelﬁx)- (138)
Therefore
e F* — 6rel<ﬂ F)
(1 - Brelﬁx) ’
Fv
v — ’ 139
71'01(1 - Brelﬁx) ( )
F/Z — FZ

’Vrel(l - Brelﬁz) .

Note that similar to the 3—velocity transformation rule, the component of the 3—force F in the

direction of the Lorentz boost tr

1 to the boost.

ansforms differently than the components in the directions
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ELECTROMAGNETIC FORCES

A non-relativistic charged particle moving through electric and magnetic fields feels the

force

F = QE + QvxB (140)

where the fields E and B should be evaluated at the particle location r(t). For a relativistic
charged particle, the net EM force obtains from exactly the same eq. (140) without any

relativistic correction. In jmy next set of noted I shall write this equation in a manifestly

relativistic form

Kt — %FW% (141)

where u, is the particle’s proper velocity and F* = —F"" is the antisymmetric Lorentz
tensor comprising both the electric and the magnetic fields. But for the moment, let’s
accept the force equation (140) for a relativistic particle as a basic experimental fact and

focus on the charged particle’s motion in the given EM fields.

For simplicity, let’s focus on the motion in the uniform and constant electromagnetic

fields. There are three possibilities here:

1. E = const # 0 while B = 0. In this case, the charged particle moves under the

constant force F = QE, and we have already studied this motion in some detail.
2. B = const # 0 while E = 0. I shall address this case in a moment.

3. Both E = const # 0 and B = const # 0. Let me postpone addressing this case until

we have learned how the EM fields mix with each other under Lorentz transforms, cf.

Imy next set of noteg.

CYCLOTRON MOTION IN MAGNETIC FIELD.

When a non-relativistic charged particle moves through a (uniform and constant) mag-
netic field B, it moves in a circle (if the initial velocity is 1. B) or in a helix at constant speed
v. Indeed, the magnetic field performs no mechanical work on the particle, so its kinetic

energy — and hence its speed — remains constant; instead, the magnetic force changes the
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velocity’s direction. Let the magnetic field B point in the z direction, then the components

vPY%7% of the particle’s velocity obey differential equations

dv® .
m—_- = Q(vxB)* = +QBvY,
dv¥ "
mes = Qv xB)Y = —QBv”, (142)
d z
m;t = Q(vxB)* = 0.
Solving these equations, we get
v® = const (143)
while
v (t) = vt sin(wt + ¢o),
(t) ( ) (144)
V(1) = vt cos(wt + ¢y),
where
B
w = @B (145)

while v+ and ¢g depend on the initial conditions. For v* = 0, egs. (144) describe uniform
motion in a circle of radius

’UJ' va‘

The direction of this motion is clockwise for QB > 0 and counterclockwise of QB < 0.

Note that while the radius (146) of the circular motion depends on the particle’s speed,
the frequency (145) depends only on the magnetic field and on the particles charge-to-mass
ratio. This fact used by the accelerators of protons and nuclei, so the circular

motion in a uniform and constant magnetic field is often called the cyclotron motion.

For v* # 0, the motion is a superposition of circular motion in the xy plane and uniform
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linear motion in z direction, so the particle moves in a helix:

A VAVAVAVAVAVAVAVA
AN A A A A A A A

magnetic field

YYyvY

Figure 1

helical motion X

In particular, electrons or ions trapped in the Earth’s magnetic field move along such helixes.

A relativistic charged particle in a magnetic field follows a similar circular or helical
path, but in equations (145) and (146) for its angular velocity or the circle’s radius we
should replace the mass m with the relativistic inertial mass ym. Indeed, for a force normal
to the particle’s velocity — such as the magnetic Lorentz force — the Second Law of Newton

becomes

_dp  d(ymv)
F = il p = yma (147)

(where m is the rest mass of the particle). For a circular or helical motion, the centripetal

acceleration (in the lab frame) is

ac = wxuvt (148)
without any relativistic corrections, so the centripetal force is

F, = ymwovt. (149)
OOH, the centripetal force is the Lorentz force

F, = F; = Qu'B, (150)
thus
1 QB

QBvt = ymwrt = w = . (151)
m

Thus, for a relativistic particle the angular velocity of its circular motion depends not only
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on the B field and the particle Q/m ratio but also on the particle’s relativistic energy E/mc?.
In a cyclotron, this effect causes de-synchronization between the particle’s motion and the
electric field which accelerates it, so the cyclotrons cannot accelerate protons or nuclei to
relativistic speeds. In practice, the highest speed of a particle accelerated by a cyclotron is

about 20% of c.

As to the radius of the particle’s circle or helix,

o~ OB = 0B (152)
Note that this radius depends only in the relativistic momentum of the particle (or rather,
the component p* of this momentum in the directions | B) but not on its rest mass.
Consequently, any charged particle born in a high-energy collision with the same () and the
same p~ would move in a circle (or helix) of the same radius in a given magnetic field. For
example, in a detector tracking the particle’s motion in B = 1 Tesla, any particle of charge
+e, — be it a positron, a proton, a muon, a pion, etc., — and having p~ = 300 MeV /¢ would
move in a circle or helix of radius R = 1 meter. Consequently, by following the particle’s

track in this detector we can measure its relativistic momentum.

Eq. (152) is particularly important to the — accelerators where the particles
follow a fixed track in a vacuum pipe surrounded by magnets, whose B field is adjusted to
the particle’s speed so as to keep turning along the track’s curvature: In light of eq. (152),
the synchrotron needs

B — Pparticle = YTV . (153)

QR

The phase of the accelerating electric field is also adjusted to synchronize with the particle’s

motion, hence the name synchrotron.

The maximal momentum to which a synchrotron is capable of accelerating particles
follows from the synchrotron’s radius of curvature R and the maximal strength By, of its

magnets,
Pmax = QBmaxR- (154)

For example, the LHS has length of 27 km, but some of that length is taken by the straight
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sections, so the circular arcs where the magnets makes the protons turn have curvature
radius R ~ 2800 m. The maximal magnetic field produced by the superconducting magnets

is B =~ 8.4 Tesla, hence the maximal momenta or a proton circulating around LHC is

Pmax|in GeV/c] = 1090 X Bunax X R = 7060, (155)

which corresponds to maximal proton energy

Emax = €\/Dhax + M2 = pmax = 7060 GeV. (156)

And indeed, the current stage of LHS collides 2 proton beams of energy 7 TeV each.

To make a more powerful accelerator producing particles — be they protons or anything
else — of higher relativistic momentum, one needs a bigger curvature radius and/or more
powerful magnets. For example, CERN is planning to build the next synchrotron that would
be 90 km long and hopes to develop 18 Tesla superconducting magnets to manage 50 TeV

protons.

PS: Eq. (155) gives the maximal relativistic momenta of a particle going around a syn-
chrotron regardless of whether that particle is a proton, and antiproton, a muon, or anything
else, as long as its charge is +e and it lives long enough to be accelerated. But for the elec-

tron and positron synchrotrons there is a much tighter limit due to synchrotron radiation.

As we saw in my notes on radiation by moving charged, eq. (206), for a light particle moving

at a very high ~, for each turn around a synchrotron it loses a notable fraction of its energy,

AE 2 343 2 3
R~ ¢ X Fr _ e N — (157)
E 3egmc? R 3epc ~ (mc)*R

For a given relativistic momentum, this loss is proportional to m ™%, and that’s why its much
larger for the electrons or positrons than for heavier particles. Consequently, for a future
electron-positron synchrotron we would need R o< p3 . in order to to keep the energy loss
per turn down to some reasonable limit like 2%. For example, a 125+ 125 GeV Higgs factory
would need to have radius at least 3 times larger than LEP, for the total length of 80 km or

longer.
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