DISPERSION OF WAVES
Phase and Group Velocities

In these notes we study waves — of any kind — propagating in linear but dispersive

media. For a harmonic wave
U(z,y,2;t) = U(z,y,2) x e ™, (1)

the wave equation is
2,2
g, wn(w) _
(72 5 ww) = 0 )

where the refraction index n2(w) depends on the frequency w; For simplicity, we assume
n?(w) to be real (i.e., a real function of w), so the wave equation (2) has non-attenuating
plane-wave solutions

Also for simplicity, let’s focus on the one-dimensional waves.

For a frequency-independent n, the wave equation (2) Fourier-transforms to a PDE for

waves with arbitrary time-dependence,

o
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<v2 + ia—z) U(r,t) =0, v = —, (4)

v2 Ot?

and in 1 space dimension, the most general solution of this equation is the superposition of
two pulses of arbitrary shape, one traveling right at velocity +v and the other traveling left

at velocity —uv,

U(z,t) = P1(z—ot) + Pa(z + vt). (5)

Alas, for the frequency-dependent n(w) the situation is more complicated: not only the wave

velocity depends on the frequency, but also one must distinguish between the phase velocity



and the group velocity. The phase velocity is the velocity of a plane wave’s phase:

U(x,t) = Vpexp(ikxr — iwt), phase ¢ = kz — wt = k (:c — %t), (6)

thus the phase ¢ moves at the velocity

Uphase — 7. — . (7)

The trouble with a perfectly uniform plane wave is that it transmits no information. To
send a signal, the wave must be modulated in some fashion. For example, at time ¢t = 0 we

start with a modulated wave packet
Uzt =0) = F(x) x eho? (8)

where the amplitude profile F(z) changes with 2 much slower than the phase ¢*°*. Then

— as we shall see in a moment — at later times ¢, the wave pulse looks like
U(z;t) = F(x — vgroupt) X exp(tkor — iwpt), 9)

with the similar profile F' but shifted to the right through the distance vgroup X t. Thus, the

amplitude of the wave pulse moves with the group velocity
dw w
VUgroup = % £ E = Uphase - (10)

To verify eq. (9) for a traveling wave pulse — as well as eq. (10) for the group velocity,

— consider a Gaussian wave packet

_ 2 .
U(z;tg=0) = Ygexp (—7(36 1 go) ) x etko® (11)
a

of real width @ much larger than the wavelength A = 27 /kg. Fourier transforming this wave

packet from the x space to the k space, we have

U(k;to=0) = /d:c e kT W (289 = 0) = Qﬁalfgxexp(—aQ(k—ko)Q) x e iwo(k=ko) = (19)

cf. lny notes on Gaussian integrals and Gaussian wave packetd. The RMS width of this

k-space wave packet is Ak = 1/(2a), so the wider the original pulse is in the z-space, the

smaller is the effective range of the wave-numbers k it contains.


http://web2.ph.utexas.edu/~vadim/Classes/2026s/Gaussian.pdf

At a future time ¢ > 0, the k-space wave-packet becomes

U(k;t) = W(k;to = 0) x exp(—iw(k)t) (13)

where w(k) is a non-linear function of the wave number k. In general, this function — called
the dispersion relation — may be very complicated, but for a wave-packet spanning a narrow

range of k = kg £ Ak, Ak < ko, we may approximate

d
wik) ~ w(ko) + d—: x (k—ko) = wo + vy x (k— ko) (14)
where wy = w(kp) and vy = dw/dk is the group velocity, exactly as in eq. (10). Consequently,

the future-time wave-packet (13) becomes

U(kit) ~ U(kity=0) x exp(—iwot — ivg(k — ko)t)
= 2y/Ta¥y x exp(—aQ(k - kO)Q) x ¢~ iwo(k=ko) » exp (—iwot — ivg(k — ko)t)
= 2y/maVge ot x exp (—a2 x (k — ko) — i(xo +vgt) x (k — ko)) -
(15)
Now let’s Fourier transform this future wave-packet back to the coordinate space. Since

~%wol and the parameter shift

the only time-dependence of this packet is the overall phase e
xo — xo+vgt, we get back to the original wave packet modulo these overall phase factor and

the zq shift,

— 10 — v.1)2
U(z;t) = o exp(ikor — iwpt) X exp (_(x xz 5 vgt) ) . (16)
a
Thus, the Gaussian wave pulse remains a Gaussian wave pulse of the same width Az = a,

but its center xg moves to the right with the group velocity

dw

%7 (10)

Ug =

Quod erat demonstrandum.



Let’s write down formulae for the phase and group velocities of EM waves in terms of

the frequency-dependent refraction index n(w). For the phase velocity, we immediately have

w c
Uphase(uJ) = ]{;(w) = n(w)’ (17)
while for the group velocity
c dk d dn
Vo (@) dw  dw = - 1
Ugroup (W) “dw dw(wn(w)) nw) + Y (18)
hence
c
Ugroup<w> = O g, - (19)

n(w) + wg—z

As an example of different phase and group velocities, consider the EM waves in plasma.
Next lecture, we shall learn that the plasma is transparent to EM waves with frequencies

higher than the so-called plasma frequency

e2n,
= 20
Wp oMM (20)
where n, is the free electron density in the plasma, and for such waves (with w > w)
“ 2,2 2 2
n(w) = 1_E = kT = w - w (21)
For the dispersion relation (21), the phase velocity is
Uphase = % —ex —2 > c, (22)
w? — w2
while the group velocity is
2 2
dw d(w?) /2w 2 k y W= Wy _ (23)
v = — = — = C — = C _— C.
SO  dk d(k?) /| 2k w w

At first blush, the superluminal phase velocity looks troublesome, but it’s actually OK

because the phase of a uniform plane wave does not carry with it any matter, energy, or



information. On the other hand, the amplitude pulse of the wave does carry both energy
and information, so it really should not propagate faster than light. And indeed, the group

velocity (23) of this pulse’s motion comes out to be slower than light.

For other kinds of transparent materials, the behavior of n(w) and hence phase and group
velocities of the wave depend on the quantum resonant frequencies of the atoms, molecules,
or ions comprising the material. When the wave frequency w is far from any of these resonant
frequencies, we have so-called normal dispersion in which n(w) is approximately real — and
hence little attenuation of the wave — and increases with frequency, (dn/dw) > 0. In this
regime, the group velocity of an EM wave is always slower than c, as you shall see in a future

homework..

But when the wave’s frequency is close to one of the resonant frequencies of the material
— or within a continuous band of such resonant frequencies of a solid or liquid material
— we get the anomalous dispersion regime in which n(w) becomes complex, with real and
imaginary parts having comparable magnitudes, and the real part Ren(w) suffers wild up
and down swings as a function of w. In this regime, we have a complex k(w) = k,(w) +ik(w),
so the exact meaning of the complex vy = dw/dk(w) becomes unclear. A naive guess would

be that the speed of the signal propagation should be

dw or R S dw (24)

ther Rev, = R
cuer ety © dk(w) Re(1/vy)  dkp(w)’

— and near a resonance both of these quantities could become superluminal for some w’s,
— but the actual signal speed is a lot more complicated than (24). Indeed, the imaginary
part of k(w) means an attenuating wave, and Im k ~ Re k means a wave attenuating over a
distance scale comparable to the wavelength \. Because of this attenuation, we cannot form
a wave packet of width a much larger than the attenuation distance, thus we are limited to

a S A. Consequently, in the k-space, the wave packet must have a rather large width

1
Ak = — ~ k 25
=~ ko, (2)

and this completely invalidates the approximation

d
wik) ~ wy + % x (k— ko) for |k — ko| S Ak (26)



we have used to calculate the wave-packet’s propagation. As we shall see in the next section,
going beyond this approximation makes the wave packets not only move in space but also
spread out and change their shape. Consequently, the velocity of a wave packet becomes
somewhat ill-defined as the front end of a packet moves faster than its rear end, and calcu-
lating the velocities of each part of the packet becomes rather complicated. In principle, we
should consider a packet with an abrupt front end and verify that that front end never moves
faster than ¢ — hence no superluminal signals — but this would be a very hard exercise way

beyond the scope of this class.

Dispersion of Wave Packets

A non-linear relation between w and k is called dispersion because it makes the wave
packets widen — i.e., disperse — as they travel. When a series of pulses carries some
information — like in a telegraph line — this widening can make the pulses overlap each
other and make the signal unreadable. To avoid this problem, one has to keep the pulses

rather far from each other, which severely limits the rate at which they can carry information.

To see how this works, let’s start with a Gaussian wave packet

(x — xo

2
. 1

but this time use a better approximation for the w(k), namely

w(k) ~ w(ky) + j—: x (k — ko) + %%‘2’ x (k—ko)?  for |k —ko| S é (27)
Or in more compact notations
w(k) ~ wy + vgx (k—ko) + 3w x (k—ko)? (28)
where
wo = w(ky), vy = W = Z—:, W= %, (29)

and we assume a real w for a real k and vice verse, thus no attenuation, just dispersion.



Fourier transforming the initial wave packet (11) to the k space, we have
U(kitg=0) = /d:p e R U (x;tg = 0) = Zﬁa\lloxexp(—az(k—k:o)2) x e~ wolk—ko) = (19)

and hence at the future times ¢ > 0

U(k,t) = exp(—itw(k)) x Ukt =0)
~ exp(—itwy — itvg x (k — ko) — Ltw” x (k — ko)?) x

X Qﬁa\lfo X exp(—QQ(k; — kO)Q) % e—imo(k—ko)

= 2y/ma¥( X exp (— (a2 +

itw”

2 ) x (k — k())2 — i(xg +tvg) X (k— ko) — itWQ) .
(30)

Note: the exponent here has a quadratic term with a complex coefficient

g dtw”

JAR) = o + =, (31)

but it has a positive real part, so (30) is a kind of a Gaussian wave packet in the k space,

and its Fourier transform is a similar Gaussian wave packet in the = space. Specifically, as

explained in my nofes on Gaussian integrald,

dk ~
U(z,t) = %elkx x U(k,t)
v
= a_\/; exp(ikor — iwgt) X (32)

X /dk exp (— (a2 + %w”t) x (k—ko)? + i(x — xo — vgt) x (k — ko))

— (a2 + 20"t) x (k — ko) + i(x — mo — vgt) x (k — ko)

. 2
o 2 i i(z — o _tvg)
= — (0" + g t) x (k — o - 2a? + iw''t (33)

(z — 0 — tvg)?
4a? + 2wt



http://web2.ph.utexas.edu/~vadim/Classes/2026s/Gaussian.pdf

hence

/dk: exp (— (a2 + %w”t) x (k—ko)? + i(x — xg — vgt) x (k — ko))
~ exp (_(a: —x0 — tvg)Q) y

4a? + 2wt

X /dk exp (— (a® + $w"t) x (k+ const)2)
(z — o — tvg)? ™
= exp | — , X |
4a? + 2itw” a? 4 W't

2

and therefore

a

\If([[j,t) = \Ijo m

2
| ' T — 9 — v
x exp(itkoxr — iwpt) X exp <_( 4a? + 2itw%) ) . )

By inspection, the wave (35) is a Gaussian wave packet centered at xg 4+ vy X t — so it
indeed moves with the group velocity v, = w' = dw/dk, — but the packet’s width parameter
1 20 — iw"t

A = —
2a2 + W't da* + (wW''t)2 (36)

is complex rather than real, so its RMS width? is

Alﬂ _ 1 _ 4a4+(w”t)2 _ a2 N (w”)2t2
2Re A 4a? 402

Az(t) = {[a? + (wgzﬂ (38)

where w” = d?w/dk?. At the same time, the pulse’s central magnitude diminishes with time

from [Wo|? to
— |2 x B W2 x —~ (39)
-0 A+ w2z U T Ax)

To illustrate this effect, let me plot the magnitude |¥|? of the pulse as a function of x

(37)

thus

Wl x

2
a? 4 W't



at several times ¢ = 0, 1,2,3,4 (in units of a®/|w"|):

|2
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The dispersion limits the pulse rate — and hence the information transfer rate — in long

transmission lines, from 19*" century telegraph cables to modern fiber optic cables. Indeed,
whatever the initial pulse width a, by the time the pulse reaches the end of the line at time
T = L/vg, its width Az(T") must be shorter than the space interval between the pulses, or

else we would not be able to resolve them from each other. In terms of the pulse rate

1

- 40
v times between pulses ’ (40)
we need
Vg
% > Ax(T) (1)
v
and hence
(w")2T2

tt\D | de

> Az3(T) = a® + (42)

4a?

For a given travel time 7', the RHS here is minimized for a® = }|w”|T, thus even for this

optimal width of the initial pulse, we need

v "
—= > |w"'| x T. (43)
v



In other words, the pulse rate cannot be faster than

e = |t (44)
max — |w”| <7 = |w,,| <L’

and that’s why it’s important to keep the dispersion w” in transmission lines as small as

possible.

In terms of the refraction index n(w), the group velocity is

dw c
= = = — 4
Y9 dk n+ w(dn/dw)’ (45)

hence
dk?2 dk T dw \dk) YT dw (46)
__U_Sxi i_n+wd_n —_U_SX Qd_n+w(i2_n
N ¢ dw \yy N dw] c dw dw? )’
and therefore
3 2
5 vy c dn d“n
Vmax |w”| x L L / dw Y ar (47)

Thus, to maximize the pulse rate v, we should endeavor to keep the refraction index n(w)

as w-independent as possible.
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