ELECTROMAGNETIC POTENTIALS

The four microscopic Maxwell equations

V.B = 0, (M1)
0B
VxE + 5 0, (M2)
1
V.-E = —p, (M3)
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are often divided into two pairs: The homogeneous Mazwell equations (M1) and (M2) which
don’t depend on any charges or currents, and the inhomogeneous Mazwell equations (M3)
and (M4) which do depend on p and J. The most general solution to the two homogeneous
equations obtain from an arbitrary scalar potential V' (r,t) and a similarly arbitrary vector

potential A(r,t) as

B(r,t) = VxA(r,t), E{rt) = —w — YV V(r,1). (1)

Indeed, V-B =V - (V x A) =0 to satisfy eq. (M1), while

to satisfy eq. (M2). Conversely, eq. (1) provide the most general solution to egs. (M1) and

(M2) that hold true everywhere in space and for all times. Indeed, a mathematical Theorem

— which is a special case of the [Poincaré Lemmd for the differential forms — says that a

vector field whose curl vanishes everywhere in space is a gradient of some scalar field, while
a vector field whose divergence vanishes everywhere in space is a curl of another vector field.
In particularly, the magnetic field obeying eq. (M1) must be a curl of some vector potential
A(r). Moreover, this must be true at all times ¢, so a time-dependent magnetic field should be

a curl of some time-dependent vector potential, according to the first eq. (1). Consequently,


https://en.wikipedia.org/wiki/Poincar%C3%A9_lemma

the Induction Law (M2) becomes

OB ) OA
O—VXE—I—E—VXE—}-a(VXA)—VX(E—i—E). (3)

The vector field E 4+ A has zero curl, so it should be a gradient of some scalar field. Calling
that scalar field —V (r,t), we get

E(r,t) = —A(r,t) — VV(r,1), (4)

precisely as in the second eq. (1).

For any given time-dependent fields E(r,t) and B(r, ), the potentials A(r,t) and V(r,t)
are far from unique: there is a whole family of such potentials related by time-dependent

gauge transforms

A'(r,t) = A(r,t) + VA(r,t), V'(r,t) = V(r,t) — %A(r,t) (5)

for a completely general function A(r,t). Indeed, adding a gradient to the vector potential

A would not affect its curl, thus
B’:VX(A':A—i—VA):VXA+VX(VA):B+O, (6)

while for the electric field, the effect of A cancels out from the transformed A’ and V’

potentials,
E = —65?/ - vV’
:—%—?—%@—vv+>% (7)
)

I shall return to the gauge transforms momentarily. But meanwhile, let me notice that

while the potentials V' and A and the egs. (1) automagically solve the two homogeneous



Maxwell equations, the two inhomogeneous equations (M3) and (M4) become second-order

PDEs in terms of the potentials. Specifically,
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= V(V-A) = VA + 55 A+ SV (). 9)

For every solution of these equations, there is a whole family of physically equivalent solu-
tions related by the gauge transforms (5). To eliminate this redundancy, we should impose
an additional linear condition — called the gauge condition — at every spacetime point

(x,y, z,t). Two most commonly used gauge conditions are:
e the transverse gauge V - A = 0, also known as the Coulomb gauge or as the radiation

gauge,

e the Landau gauge

%
VA + 5o =0 (10)

In the transverse gauge, eq. (8) reduces to the ordinary Poisson equation for the scalar

potential,

ViV = —é. (11)

There are no time derivatives in this equation, only the space derivatives, so its solution is

the instantaneous Coulomb potential of the charge density p(r,t),

p(r’ . 1) d3Vol
12
0= e 12

hence the name Coulomb gauge. Note that instantaneous propagation of the scalar potential

does not mean instantaneous propagation of the electric field or any other physical quantity;



instead, the electric field propagates only at the speed of light according to the wave equations

<V2 — 0175_;) (E) =0 (13)

that we have spend several weeks studying. What happens is that any change of p at some
point r’ leads to instantaneous changes of both scalar and vector potentials V' and A at
other points r, but these changes cancel out from the electric field E. But in addition to the
instantaneous 0 A there is also a delayed d A which propagates at the speed of light, and it’s
that delayed piece which changes the electric field.

To see how this works, consider the vector potential A(r,t) in the transverse gauge. For

VA =0, eq. (9) becomes

1 62 9 1 ov

where the second term on the RHS can be re-expressed in terms of the charge density p and

hence of the current density J. Indeed, in light of eq. (12),
1 oV (r,t) p(r', t) d3Vol'
gV( ot ) = cono Vi, /// 47T6()|I‘—I'

— /// d*Vol' dp(r',t)
- Mo inlr—1/| ot (15)

{( by the continuity equation ))

d3Vol' ,
= Ve [ N (a

Thus, eq. (14) becomes a forced wave equation for the vector potential,

1 02 9
C—2w -V A(I',t) = ,UOJT(I'7t)7 <16)

where

Ir(r,t) = J(r,t +v/// d*Vol (V- I, 1) (17)

4r|r — /|
is the transverse part of the current J(r,¢) or simply the transverse current, hence the name

the transverse gauge.



More generally, any vector field can be written as a sum of transverse field which has

zero divergence and a longitudinal field which has zero curl,
f(r) = fp(r) + fr(r), V-fr =0, Vxfy = 0. (18)
The simplest way to see how this works is via the Fourier transform

/// d3k kT f(Kk ///d3re kT f(r), (19)

The Fourier transform of the curl and the divergence of f are simply ik - f(k) and ik x f(k),

so the decomposition into the transverse and longitudinal pieces amounts to splitting the

f (k) vector into the parts perpendicular and parallel to k,

fr(k) = —5—k, fr(k) = f(k) — f,(k). (20)

£L(r) = (iV)%(iV ) /// Vol o 6y (21)

4r|r — /|

and hence
d*Vol
f = (1), 22
o) = 1) + e [ S ) (22)
Comparing this formula to eq (17), we see that Jp(r,¢) is indeed the transverse part of the

electric current density at time ¢.

Note that extracting the transverse component of the electric current is non-local in
the coordinate space; instead, the Jp(r,t) at any particular point r and time ¢ depends on
J(r/,t) at other points 1’ but the same time ¢. Consequently, the vector potential A(r,t)
which obeys the forced wave equation (16) contains an instantaneously propagating piece
due to Jp(r,t) at the same (r,t), which is in turn instantaneously affected by the J(r’, t)
at some other location r’. Fortunately, one can show that this instantaneous piece is purely
longitudinal, so it does not affect the magnetic field while its contribution to the electric field
cancels against the instantaneous scalar potential. However, this would be a graduate-level

exercise, so let me kip it in this undergraduate class.



The transverse gauge is commonly used in Quantum Electrodynamics (QED), which has
to be formulated in terms of the potentials to allow local interaction with the Dirac field of
the electrons. It is particularly convenient for calculating the EM radiation by the atoms,
hence yet another name, the radiation gauge. Even classically, this gauge convenient for the
EM radiation by small antennas, since the gradient of the scalar potential (12) decreases
with distance as 1/r2 or faster, so it affects the electric field only at the relatively short
distances from the antenna. In the radiation zone further away from the antenna, all we
need is the vector potential, thus

)
B = A, E~ ——A. 2
V x A, g (23)

Now consider the Landau gauge (10). Writing eq. (9) for the vector potential as

1 0? 5 1 oV
= | 5= — A <A — — 24
wI = (G52 - V) A+ v(a+ 55, (24)
we see that in the Landau gauge it becomes simply
1 62 2
(0_2 52 \% )A(r,t) = poJ(r,t). (25)

Likewise, eq. (8) for the scalar potential — which me may write as

p 0

_ = —_—— . —_ 2
o T (V-A) VvV o)
1 02 9 0 1 oV
= (?@‘V)V B E(V'A+c_2§)’
— in the Landau gauge becomes simply
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The Landau gauge is convenient for the manifestly relativistic treatment of electrodynamics.
Indeed, the differential operator involved in both egs. (25) and (27),
1 02 9 1 02 0? 0? 0?

U=Goe YV ~ 2o " o2 " 03 oz (28)

— called the d’Alembert operator or simply the d’Alembertian — is invariant under Lorentz

transformations of space and time coordinates between differently moving frames of reference.



Also, the similarity between the equations (25) and (27) allows combining the scalar and the
vector potentials into a 4—vector potential, while the charge density and the current density
are combined into another 4-vector. We shall return to this issue later in class, probably in

April.

The Landau gauge condition does not completely fix the gauge. Indeed, let the potentials
A(r,t) and V(r,t) obey
1 oV

A = . 1
\Y4 +026t 0 (10)

Then for any A(r,t) which satisfy the free wave equation OA(r,t) = 0, the transformed

potentials
A
A" = A + VA, V/:V_aa_t’ (29)
also obey the Landau gauge condition,
1 oV’ 10V 1 0
A/ il - V.A - 2_ 7 )A = 0.
\Y + 2 o \Y + 2 o + (V =z 8t2> 0 (30)

To eliminate this residual ambiguity of the potentials, we need an additional rule such as
causality. In general, causality requires that physical quantities such as electric or magnetic
fields E(r,t) and B(r,t) should not be affected by the charges or currents at later times
t' > t, — today’s fields cannot be affected by tomorrow’s charges and currents. In principle,
the potentials A and V' do not have to be causal, as long as the fields E and B are causal.
However, we may require the potentials to be causal as an additional gauge-fixing constraint

to eliminate the residual ambiguity of the Landau gauge.

Solving the Wave Equations

Consider the wave equation
Ov(z,y,zt) = S(z,y,2,1) (31)

for some continuously distributed source S(z,y, z,t). The causal solution to this equation is

3 O/
U(r,t) = // d4;/7; S(r', tret) (32)




where

R
RY jr—v| and te © ¢ - =, (33)
C

Note the source S(r', tet) is evaluated at the retarded time t,e, which is earlier than the time
t when we measure the wave W(r,¢) by precisely the time interval R/c it takes the wave to
propagate from the source point r’ to the observation point r. That’s why the solution (32)
not only obeys the wave equation (31) but is also causal: the wave at time ¢ depends on the

source at earlier times t..¢ but not at any later times.

Without this causality condition, eq. (31) would have other solutions, for example the

d3vol R
/// R I‘ atadv) for tadv =t + ; , (34)

but the only causal solution is (32). I am not going to prove this uniqueness in class — alas,

advanced solution

the math involved in this proof is beyond the undergraduate level. Instead, let me prove that
(32) is indeed a solution to the wave eq. (31). Note that the integration range in eq. (32) is
the whole 3D space; this range is the same for all observation points and times (r,t), so we

may put the derivatives WRT (z,y, z,t) inside the integral, thus

/ / /d3v01 IZ|< ;T;;t)). (35)

Inside the integral, the space-derivative part —V? of the D’alembertian is made from deriva-
tives WRT (x, y, z) while the source S is taken at (2/,y’, '), which naively suggests V,S(r’) =
0. However, the source S is also time-dependent; moreover, it’s evaluated at the retarded

time .t that depends on the distance R from r to r’. Therefore,

VeSS tet) = S, tret) * Vitret (36)
® def .
where § = 0S5/0t while
Vit v, =l 2oy r-r (37)
rlret — r = —— T n —= ,
t c c © R



hence

VeS( tet) = —= S(t', 1) (38)
Likewise,
vrS(ratret> - _gg(ratret)a (39)
hence
s _ o () _ oS Moy 28 mme 2. 1
Vid = Vi < cS> = —(Vr n)c c VeS = R ¢ c cS n Rcs+ CQS’ (40)

and therefore

S 1 1 1
21~ - 2 ~ 1. 2 =
V2 <R) = VS + 2(VrR) V.S + (er)S
P

R R? c (41)
—%:S:— < é+§{<§’4m§(3)(r—r)*5
= %5—47?5(3)(1' r')* S

On the other hand, for any fixed r and r/, the partial time derivative WRT ¢ is the same as
partial time derivative WRT ¢,

OS(r trey)  OS(r tret) o,
ot = Olret = S(r ) tret) (42)
and likewise
2 / tre 2 / tre .o
8 S(r7 t) o 8 S(r t) _ S(rlatret)- (43)

o2 N ot?

ret

Consequently;,
Oeesy (S(r',tret)> _ 1 9%2S(r!, tret) v (S)

R AR 02
:M M—l—@ré (r—1') % S(r/, tret) (44)

= 416 (x — 1)) % S(r', tret)




and therefore

/ / / d3Vol O ( zﬂ;‘*))
— ///d3vol (e — 1) % S(r, tret) (4)
(r,t)

Thus, eq. (32) is indeed a solution to the forced wave equation OW = S| quod erat demon-

strandum.

Coming back from the abstract math to the electromagnetic potential, we may immedi-

ately apply eq. (32) to the equations

OV(r,t) = %p(r,t), (27)
OA(r,t) = pod(r,t), (25)

for the EM potentials in the Landau gauge. Thus, for any continuous charge and current

distributions p(r, ) and J(r,t), the EM potentials in the Landau gauge are

Ar,t) = Z—;/// ds;gd J(r, tret). (47)

EXAMPLE

Take an infinitely long wire along the 2z axis carrying a time-dependent current

1) {0 for ¢ <0, (48)
B Iy fort>0.

That is, not current for t < 0, then at t = 0 we abruptly turn on the current Iy and keep it
steady for all subsequent times ¢ > 0. Let’s find the potentials V' (r, ) and A(r,t) and hence
the EM fields for this current.

10



First of all, we presume there are no charges but only the current I(¢), thus p(r,t) =0

and therefore V(r,t) = 0. As to the vector potential, plugging

J(@,y,2,1) = 1{t)o(x)d(y)z (49)
into eq. (47) we arrive at
_ N_Oi s L (tret)
A(r,t) = pm dz 7 (50)

where in cylindrical coordinates (s, ¢, z) for the r
R = /s2+(2—2)2 = clet = ct — /s> + (z—2')2 (51)

The current I(t) is turned off for t;¢¢ < 0 and turned on for ¢, > 0. In terms of the observer
time t and the cylindrical coordinates, t,et > 0 means
ct > (/2 4+(z—2)2 = (t)? > s* + (z—2)* ((andalsot>0)), (52)

or equivalently

Therefore, for s > ¢t we have A = 0 while for s < ¢t

Y dz’
Afs.0.21) = 1002 / az (54)

where b = 4/(ct)? — s2. Evaluating the integral here, we find

z+b

! 2 _ g2
d% 21nct+b _ ol (ct+\/(ct) s) (55)
s

a S
z—b

and therefore

Als 1) = HoloZ (CH v (Et)2 - 52) . (56)

2T
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Given this vector potential, the electric field obtains as

0A . ,LL()[()Z C

E(s,t) = ot 2 (ct)Q — g2’

(57)

but only for ¢t > s, otherwise E = 0. Likewise, the magnetic field is absent for ¢t < s while

for ¢t > s it becomes

0A, - ,u()[()& ct
B = A= — = + .
(s,t) V X S ¢ s G (58)

As a cross-check on our answers, let’s verify that at the late times ¢ — oo, the E and B

fields asymptote to their static values. Thus,

iy
Elfrom eq. (57)] _HoT0Z 0 (59)

ct>s 2nt t—o00

which agrees with no electrostatic fields since there are no charges, only the current, while

1olog
BIf . (B8)] ——
[ rom eq ( >] ct>s 27s

(60)
which is the indeed the magnetostatic field of the steady current Ij.

Jefimenko Equations

Given the retarded potentials

vien = o fff dg;fll Pt ). (46)
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deriving the electric and the magnetic fields
B=VxA E=-—-VV (61)

seems to be the matter of straightforward calculus. For example,

B(r,1) — Z—;er///d:\gﬂ/J(r’,tret)
_ ZO ///d3\/'ol Vi X <7J(r;’;ret)) (62)
_ ///d3v1 ( Ve x I, tet) + <vr% - 7;—‘;‘) xJ(r’,tret)).

Note that the current here is evaluated at the point r’ rather than r, so naively Vy xJ(r/, t) =

0. However, the current is retarded: it’s evaluated at the time t,¢ rather than the observer

time ¢, and the retardation depends on the distance R = |r — r/|. Consequently,

0 Otret  * n; e
8—mJ (I‘ tret) - 8:; * Jj(rlatret) = _?Z * Jj(rla tret)a (63)
and in particular
/ n_ -,
Vr X J(I' 7tret> = —; X J(I‘ 7tret>- (64)

Plugging this curl into eq. (62), we arrive at

1 1
B(r,f) = 42 ///d3vo1 n x (a.](r’,tret) + @J(r’,tmt)). (65)

This is the Jefimenko equation, named after Oleg D. Jefimenko who derived it in 1966. Note

two differences between the Jefimenko’s magnetic field (65) and the quasi-static Biot—Savart—

B(r,t) ~ Z; ///d3v1 =3 X I(.1). (66)

First, in the Jefimenko equation the current is evaluated at the retarded time tyoy =t —R/c

Laplace approximation

rather than at the observer time ¢. Second, in the Jefimenko equation, the magnetic field

13



depends not only on the current but also on its time derivative J. Suppose the current

changes on the time scale T,

Jj~ = (67)

Then the relative contribution of the Jefimenko’s J term versus the quasi-static J term is

J term 1 1 R
J ~ — = = (68)
J term cRt1 R cT
For relatively short distances R < cr from the current, the Jefimenko’s term is small, and
we may use the quasi-static approximation. But at long distances R > cr, the Jefimenko’s

term becomes dominant. Consequently, at long distances, the magnetic field scales with

distance as B oc 1/R instead of the quasi-static behavior B oc 1/R?.

Now let’s calculate the electric field:

B d3Vol 1 Vol
E(I‘,t = _Z_;)_a/// ) ret - Areo vr// p(rlatret)
(' ) ot trr) (©9)
_ 3 I, lret r,lret
- i [ffeet <Mat< 7 )W( =)

where jugeg = 1/c2,

9 <M) _ I ter) (70)

but

r' tre 1 n n
v, (u) = 75 Vert' tret) = 255 p(t s tret) = — =P tret) — 5 P tret). (T1)

R R R R2 P

Plugging all these formulae into eq. (69), we arrive at the Jefimenko equation for the electric

field,

1 3 / n n o 1 °
E(r,t) = —|-47T€0 ///d Vol (@ p(r' tret) + ﬁp(r',tret) — %J(r',tret)) ) (72)

For the static charges and steady currents, the second and the third terms inside the (- --)

here vanish, while the first term yields the good old Coulomb field of the charge distribution

14



p(r’). But for the time-dependent charges and currents, all three terms inside (- --) become
important; in particular, the last two terms become more important at the long distances
R > cr from the charges and currents. And the fact that all charges and currents in eq. (72)
are evaluated at the retarded time is also quite important, especially for the radiation by

largish antennas. We shall study such radiation in some detail later in class.

Radiation by Point charges

LIENARD—WIECHERT POTENTIALS

Thus far, we have focused on the retarded potentials — and hence the EM fields —
due to continuous charge distributions p(r,t) and J(r,¢). In this section, we turn to the
potentials and fields generated by a single charged particle moving along some path w(t). (I
use w for the particle’s location because we have too many different R’s in our notations.)

For such a moving point particle,

p(r,t) = Q5P (r—w(t), Jr,t) = Qvt)d®(x—w(t)) wherev(t) & d";—it). (73)

The current here follows from the continuity equation: For a moving particle

(@O - w(n) = Q%

" o VB (r — w(t))
— Qv(t) - V6D (r — w(t)) (74)
= Ve QI (x — w(1)),

so we need

V-I(r,t) = 4V (Qv)®(r —w(t) = I(r,t) = Qv(t)d®(r —w(t)). (75)

In the Landau gauge, the EM potentials formally obtain as integrals

1 3O (v — wit,
V() = 47?60 ///d3vol e Rw(fmt)),

_ HoQ 3 ! V(tret)5(3)(r/ — W(tret))
e = 192 [[lg Yo )

(76)

but evaluating these integrals is not as simple as integrating over 5(3)(1" — const) because

15



the particle’s position w(t.et) is evaluated at the retarded time

(77)

which also depends on the r’. Consequently,

///dSVol/ O (r — Wlte)) = m instead of 1, (78)

where
O(ry, — wi(tret))
- 79
Specifically,
or), Owp (tyet) Owp  Olyet n;
o= ok GO Tet) s GOk T s — u(te) X 2 (80
Tk =y ar’, T D < or Ok T klle) X7 (80)
where n; is the component of the unit vector n = (r — r')/R. The determinant of the
matrix (80) is simply
n
det(Jix) = 1 — V(tret)-z, (81)

SO

where the subscript ‘ret’ indicates that both the particle’s velocity v and the unit vector n

from r' = w to the observer point r should be taken at the retarded time tet.

Likewise, evaluating the integrals (76) for the retarded potentials generated by the mov-

ing particle, we obtain

V(r,t) = 47?60 ///d3vol’ o’ —R W (fret))

Q 1
47eg [R (1= (v- n)/c)] et ’ (83)

16



47 R
poQ [ v ] (
= . 84)
4 |R (1= (v-m)/c) et
Note: in both of these formulae, we have identified r’ with the particle’s location W (tyet),
hence
r— W(tret)
R = |r—wi(t , n - ————= 85
| ( ret)| |I‘ - W(tret)| ( )

The potentials (83) and (84) are called Liénard—Wiechert potentials after Alfred—Marie
Liénard and Emil Wiechert who derived them back in 1898-1900 and used them to un-
derstand the EM radiation by a moving charge. Although they did it before the Special
Relativity was discovered, their results are valid for all particle speeds — slow or relativistic,
as long they are slower than light. In particular, the 1/(1 — (v - n)/c) — often written
as 1/(1 — B -n) for B = v/c — in the Liénard-Wiechert potentials (83) and (84) is very
important for the EM radiation by relativistic particles.

The physical origin of the Liénard—Wiechert factor 1/(1 — B - n) is basic spacetime
geometry. In spacetime, the particle’s motion w(¢’) makes a worldline, and for any particular

observer time t and location r, the retarded time ¢, obtains as an intersection of the

particle’s worldline with the past light cone of the observer:

time axis

«<«—— observer (r,t)

particle’s worldline

past light cone

retarded (W (tyet), tret)

17



Thus, the retarded time t,e is an implicit function of the observer location and time (r,t)

defined by the equation
c(t —tret) = |r— W(tpet)]- (86)

Note that at a fixed observer location r, the retarded time runs at a different rate than the

observer time: In light of eq. (86),

cdt — cdtret = d|r —W(tet)] = —n-dwW(tret) = —D - Vdiet (87)
and hence
dtret C 1
— = 8
dt c—Mn-v 1—8-n (88)

Also, the volume of a moving body appears to the observer to be stretched or shrunk
by the same factor. For example, suppose a fast train moves directly towards you along the
x axis. Because the train’s caboose is further away from your than the locomotive, you see
it later than the locomotive, and during this little time difference, the locomotive gets a bit
closer to you, which makes the apparent length L' of the train longer than its true length L.
Indeed, suppose you observe the train from the location x = 0, the train’s locomotive is at
xp(t) = zo — vt, and the caboose at x.(t) = x;(t) + L = xg + L — vt. Then you observe the
locomotive at z(t)") for

ret tc — xg

1
t = t;et+z(x0—vt§et) — 4= = zo(t)Y) = —

(xo—vt). (89)

Likewise, you observe the caboose at x.(:¢") for

1 tc—xg— L
t= %~ (ggt Loty = gt = IO ety = S (g L—ot).
C C—U cC—v
(90)
Therefore, the apparent train length is
L = z(t') — z(t) = —— x L. (91)
CcC— v

On the other hand, the retarded time is the same across any particular cross-section of

the train, so its apparent height and width are the same as its real heights and width.

18



Consequently, the train’s volume V scales the same as the length L:

apparent volume £’ __c 1 . (92)

real volume L c—v 1-0

Now suppose the train moves in the opposite direction, directly away from you. In this case,
you see the caboose at an earlier retarded time than the locomotive, and during this time
difference, the caboose moves towards the locomotive, thus making the train appear shorter
than it is. Repeating the above algebra for this case, we get a few different signs, so we end
up with

apparent volume L c 1

= = = . 3
real volume L c+ov 1+ (93)

Finally, let’s look at the train from some point away from the tracks, so our line of sight is
at angle m — 6 to the train’s direction. (From the train’s point of view, we are located at
angle 6 from the train’s direction, hence B -n = (v/c) cos . Remember that the unit vector
n points from the train towards you rather than from you to the train.) Assuming we are
far enough away that 6 stays approximately constant during the observation, we find that

the train’s apparent dimension in the direction of the line of site changes by the factor

c c
— 94
c—| c—vcost (94)

while the apparent dimensions in the other 2 directions L to the line of sight are the same

as the true dimensions. Therefore, for the train’s volume we end up with

apparent volume c B 1 (95)
real volume  ¢c—wcosl 1—B-n’

I have spent a bit of time explaining this geometric factor because it’s precisely this
factor that affects in the d-function integral (82). And consequently, it is this geometric
factor which enters the Liénard-Wiechert potentials (83) and (84).

For future convenience, let me rewrite egs. (83) and (84) as

Q 1
dmeg F(r,tret)’

Vr,t) = (96)
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) . QNO V(tret) . V(tret)

Ar,t) = =— ——"— =
(I', 41 F(I‘,tret) 62

for  F(r,tpet) def [R*(l — V.n)]ret = [|r—w| — (I'—W)~X

C

EXAMPLE

As an example of Liénard—Wiechert potentials, consider the potentials of a particle mov-

ing at constant velocity v = const. For simplicity, let’s choose our coordinate system such

that the particle is at the origin at ¢ = 0, thus

w(t) = tv.

An observer located at r at time ¢ sees this particle at the retarded time such that

2
ct — cltyey = |r—tetVv|” -

Taking the squares of both sided of this equation, we get

02(t2 — 2Utret _'_t?et) = (I‘ - tretv)2 =’ - 2tret<r ’ V) + tl%etv27

and hence

(=02, — 2Pt —r V)t + (E2—1%) = 0.

Solving this quadratic equation, we get

c2t+(r-v) + VD

2 _ 2

tret -

for

D= (Pt—r-v)? — (=) —r?).
To determine the sign in eq. (103), let’s take the v — 0 limit in which

2
c“t £er

— ¢+ L
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c2 c’

(99)

(100)

(101)

(102)

(103)

(104)

(105)



Obviously, the right answer for the retarded time is the lower sign in this formula, thus

At — (vor)— VD

— v

tret =

Consequently, for a particle moving at constant velocity

v — w(tret)| =
while
V- (r — w(tpet))
hence
F(ratret) = |I‘ - W(tret)| -

- 20 2[—v2t+(v-r)+\/1_)] -

C(t - tret)

L[(CQ — )t — <02t —(v-r) — \/1_))}

2 _ 2

[—vzt + (v-r) + \/5}

2 _ 2

= Vv (I‘ - tretv) = (V ’ I‘) - UQtret
2
At — (V-I‘) - \/'Z_)}

v
c2—v2[
2 2
vD
— v

= (v-r) —

2 _ 2 2

(I‘ - W(tret)) ’ %

- -
/D WD VD
T2 -2 c(c2—v?) ¢’

5 ¢ 2((v-r) —vzt> —

(106)

(107)

(108)

v2V/D

c(c? —v?)

(109)

According to egs. (96) and (97), this immediately leads to the Liénard—Wiechert potentials

D

where

To complete this example,

_ Q¢
 4meg /D'

+ (=) (r? = ).

(110)

let’s calculate the electric and magnetic field for the charge
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moving at constant velocity. In light of eqs.(96), (97), and (110),

0A v 0
E——VV—E——(V—FC—QE)V
_ L9 c vo
B +87r60 D3/2 (v+028t b,

B :V><<A:V*Cl2> = VV X —

Q 1 Q 1
= —— VD — X VD,
8meg ¢D3/2 *v +87r6() c¢D3/2 M

where

VD = 2(r-v—ct®)v + 2(2 —v?)r,

0

ED = —23(r-v—ctHt — 23(* — v,
hence

2ot
vxXVD = 0 + 2(c? — v} (v x 1),

(v + XQ)D — 0 + 2(c2— ) (r — vb),

and therefore

c(c? —v?
E(r,t) = 47?60 <D3/2 )(r—vt),
2 —v? v
B(r,t) = 47?60 (CD3/2)<V><I‘) = C—2><E(r,t).

(111)

(112)

(113)
(114)

(115)

(116)

(117)

(118)

Note that the electric field points out radially from the current location w(t) = vt of the

charge rather than its retarded location w(tet)!

Finally, let’s simplify the formula for the D. Working in the cylindrical coordinate system

where the particles moves along the z axis, we have
D = (Pt—r-v)? + (& -0*)(? =P
= (Pt —v2)? + (=) (2 + 5% = AP
= 1? x [04 — (=) = 021)2] — 2tz x ve?

+ 22 x [1)2—1—(02—112) = 02} + 5% x (2 —v?)

(119)



hence

2 .2
c(c® —v?) _ Y (120)
D3/2 [72(2 _ vt)2 + 52]3/2
where
2
def &
= S 121
gl 22 (121)

is the Lorentz contraction factor for lengths of a moving body in the direction of its velocity.
In this context, the denominator of eq. (120) is simply the cube of the distance from the

moving body before the Lorentz-contraction of the z direction.

Anyway, in light of eq. (120), the electric and the magnetic fields of a uniformly moving
point charge are
Q  ((z—vt)z+ s8)
dmen [y2(z — vt)2 + s2]3/2

po®@ yusg
Ar [y2(z — vt)2 + s2]3/2

E(s,z,t) =
(122)
B(s, z,t) =

In the non-relativistic limit of v < ¢, we have v = 1, so the electric field becomes the
instantaneous Coulomb field of the moving charge:
Q (z—vt)z+ss Q r—vt

E _ . 123
dmey [(z — vt)2 + 52]3/2 4rey v — vi|3 (123)

But for the particles moving at speeds comparable to ¢, the Lorentzian v factor becomes

important.

F1IELDS OF A MOVING CHARGE: GENERAL CASE

Now let’s go back from our example to the general case of a charged particle moving at a

non-uniform velocity v(t) # const. Thus far, we have found the Liénard-Wiechert potentials

Q 1

Virt) = dmey F(r,tret) (96)
Ar,t) = Vtget) «V(r,t), (97)
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for F(r, tey) [R* (1 - ";“)]ret - [|r—w| - (r—w)~%]ret (98)

for this general case, so let’s use them to calculate the electric and the magnetic fields. At

first blush, the EM fields should obtain by a straightforward differentiation,

E:—VV—%—? B = VxB. (124)

However, the Liénard—Wiechert equations (96) and (97) give the potentials as functions of
r and the retarded time ¢t — which in turn depends on both r and ¢, — so taking their

derivatives WRT r and ¢ is not so straightforward.

Our first step is to sort the interdependence of these variables. Taking the differential of

the basic equation for the retarded time

ct — ctret = |r— W(tret)|, (125)
we get
cdt — cdlyes = n- (dr — vdlye) (126)
and hence
dt —n-d
Aty — SR (127)
c—mn-v
Consequently;,
Ot, —
et - ° [Vtret} - " (128)
Ot | afixedr c—n-v @fixed t c—n-v

and hence for any function F(r,t.e) of the observer location but the retarded time,

8_F _ [ aF % 8ieret 8F N L
ot Qfixedr B _8tret ot 8tret Qfixedy C— DV )
F
vr| = [vr] + { 0 } [Vt
Ofixedt Qfixed tret Otret Qfixed r Qfixed t

—1

or
] .\ P
@fixed tret atret Qfixed r c—n-v
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In particular, for F(r,t.) as in eq. (98),

[VF} —n - Y (129)
Q@fixed trer c
OF | 2
{ — nv+ L - Yipow), (130)
8tret_ Qfixedr ¢ ¢
and therefore
F] 1 .
[a— = 7—cn~v+v2—v-(r—w)], (131)
Ot | afixedr €7DV
[ F] —n- Y- " | v+ or—vo(r—w) (132)
@fixedt c clc—n-v)

Using all these formulae, we may finally take derivatives of the Liénard—Wiechert poten-

tials (96) and (97). Starting with the gradient of the scalar potential, we have

Q gl Q VF
vV o= dme Vf B _47T60W
~ e ] Y n . (r-w)
_Feoﬁ{_n+z+m(—(n-v)+?—v. : )}
(nsing F = R(1 —n - B) for = v/c) (133)
@ p—n n R .
R [<1—ﬂ-n>2 T a-Bny (52‘“‘“?2“"’”

@[ B (1-fm @y ]
© d7meg |R2(1-B-n)2  R2(1-B-n)3  AR(1-B-n)|’

Next, the time derivative of the vector potential. Since A o« v/F where both v and F are

at the retarded time, we start with

9 (v v v OF
atret (F) - F N ﬁatret
v B R .
"~ R(I-B-n)  RE1-B-np <‘C’3'“ +ef - :<“'V>) (134)
_ ‘.’(1_ﬂ‘n)+ﬂ(n-\.’) +C2ﬂ(,3‘n—ﬁ2)

R(1—B-n)? R*(1—B-n)?’
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hence

Q<X)_ Otret 1 i} 81
ot\F) \ 0t 1—-B-n) OtekF

. . ) 9 (135)
_V0-fow + Bu¥) | BB m )
B R(1— B -n)? R2(1— B -n)3’
and therefore
A Q 0 (v
Ot Amepc2 Ot <F) (136)
_ @ BBn-p)  Q v(-B-m)+ BV
 d7meg R2(1— B -n)3 d7eg AR(1— B -n)3 '
Finally, combining the VV and A terms into the electric field, we arrive at
0A
e B __(1=Fm = n@m-v)
 4weg |R2(1—-B-n)2 R:21—-B-n)3  cR(1—B-n)
CQ [BBm-p)  V1-on) < B)
4y | R?2(1— B -n)3 AR(1— B -n)3
(( after a bit of algebra ))
Q@ (1-p)(n-p) Q nx((B-n)xv)
© 4dmegR? (1—-B-n)3 dreg PR (1—B-n)3
Or rather,
. Q [1=pHn-p) Quo | x ((B—m)xV)
B = 47reg { R2(1— B -n)? L(t + 47 [ R(1— B -n)3 ]M ' (137)

The green term here is called the generalized Coulomb field because for a slowly mov-
ing particle it becomes the ordinary Coulomb field; indeed, for f < 1 (i.e., v < ¢) the
expression inside square brackets becomes simply n/R?. Like the ordinary Coulomb field,

the generalized Coulomb field scales with the distance as 1/R? and does not depend on
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the particle’s acceleration a = v. However, it does depend on the particle’s velocity due
to relativistic effects. In eq. (137), we wrote this generalized Coulomb field in terms of the
particle’s position and velocity at the retarded time, because that the only way we can write
it for a general particle’s trajectory. For a known and simple trajectory, we might be able to
rewrite this field in terms of the observer time, just as we did in our example of a particle

moving at constant velocity. Indeed, for v = const one can show that

Q {(1—62)(n—ﬂ)} _ [ =) )T

47T€0 R2(1 — ﬂ . n)3 47'(50 [72(2 _ vt)2 + 52]3/2 )

timet

so the generalized Coulomb field is exactly as we had in our example. But let me skip the

proof of this formula, as we have already had too many painful calculations.

The red term in the electric field (137) is called the acceleration field because it depends
on the particle’s acceleration a = v. Unlike the generalized Coulomb field, the acceleration
field scales with distance as 1/R rather than 1/R?, so for v # 0 this term dominates the
electric field at long distances. It is this term that’s responsible for the EM radiation by
an accelerating charged particle, so its also called the radiation field. We shall explore this

radiation in the next section of these notes.

But first, let’s calculate the magnetic field B = V x A that accompanies the electric
field (137). Since A o v/F where both v and F' are taken at the retarded time, we have

v v 0 v
<V . F> Qfixed ¢ N <v X F)@ﬁxedtret + (Vtret)@ﬁxedt 8 atret <F) ’ (139)
where
v v
2 - Ja
(V % F )@ﬁxedtm F? % <V )@ﬁxedtret
v
T R21-B-n)2 (n =)
cB xn
— 14
R2(1— B -n)?’ (140)
1 n
(Vitret) afixedt = “c1-B-n’ (141)
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aﬁet (%) B % -

= T RI-B-n)p RA1—B n)? (142)
Consequently,
\% B cB xn n v —v(B-n) + Bn-v)
(VXF)@ﬁxedt T R1-Bn?  (1-B-n) " R(1— B -n)2
n_eBB-n-@)
c(1=B-n) R*(1-p n)? (143)
((after a bit of algebra ))
_ (1= 5*)(B xn) L axmx((B-n) X V))
 R%(1-B-n) ¢R(1— B -n)?
and therefore
_Q [(1-p%(Bxn) Quo |nx (mx ((B—mn)xv))
B = e [ R2(1—pB -n)3 ]ret T e [ R(1— B -n)? . (144)
Comparing this formula to eq. (137) for the electric field, we immediately see that
B(r,t) = 2 E(r, 1), (145)

C

including both the generalized Coulomb and the acceleration terms in the electric field.

Radiation by an Accelerated Charge

Consider the energy flow of the EM fields (137) and (144) generated by the moving point
charge. In light of eq. (145) related the electric and the magnetic fields to each other, the

Poynting vector is

1 1 1
S=—ExB = —Ex(@nxE) = — (E’n — (n-E)E). (146)
Ho HoC Zy

Some of this energy flow is simply the electrostatic energy that moves along with the charge,

some of it swirls around the charge in a more complicated fashion, and some of it flows away
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from the charge all the way to infinity. The electromagnetic radiation is the last part: the
energy which flows all the way to infinity. To sort the EM radiation from the other kind of
EM energy flows, let’s surround the charge — or rather its retarded position w(tyet) — by a
sphere of a large radius R, so at a delayed time ¢ = ¢t + R/c we can measure the EM power
emitted by the charge at the time t.¢. Looking at the EM power flowing in a particular

direction, we have

power dP drarea

- - 0 = —— = — 2 .
solid angle  dS) g ST FneS (147)

so the EM radiation is the part of this power which stays finite in the R — oo limit.

Now look at the scaling of the electric field

E =

Q {(1 ~ #)(n — B) Quo [n < (8- x W] (137)

471’60 RQ(l - :3 : n)i} :|ret i A

with the distance R = R from the charge: The generalized Coulomb term scales like 1/R?
while the acceleration term scales like 1/R. Consequently, the Poynting vector (146) —
which is proportional to the E2 — has 3 kinds of terms:

e Coulomb-only O(E2 , ) terms which scale as 1/R%;
e interference O(Ecouomb X Faccel) terms which scale as 1/R3;
e acceleration-only O(E?_ ) terms which scale as 1/R?.

In light of eq. (147), only the acceleration terms constitute the EM radiation whose power
(per solid angle of direction) does not diminish with distance. The other terms corresponds
to the other kinds of EM energy flows. Specifically, the Coulomb-only terms describe the
electrostatic energy moving along with the charge, while the interference terms correspond
to more complicated energy flows around the charge that don’t quite reach all the way to

infinity.

The bottom line is, the EM radiation stems only from the acceleration term — AKA the
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radiation term, — in the charge’s electric field,

Quo [nx ((B—n)xa)

Bt = S RO Bonp L e
Specifically,
Sua = i (149)
since E,,q is L n, and hence
df;g‘d = RQZEOrad. (150)

NON-RELATIVISTIC LIMIT

For charges moving with relativistic speeds v ~ ¢, eq. (148) for the radiation field looks
rather complicated, so let’s start with a much simpler limit of non-relativistic speeds v < c.
In this limit, we may neglect all terms involving 8 = v/c in eq. (148), which leaves us with

a much simpler formula

Quo
E..qa = m[—n x(nxa) =a— (n-a)n]. (151)
Consequently
Quo\” 5 .
E?ad = <m a2 Sln29 (152)

where 6 is the angle between the charge’s acceleration a and the direction n from the charge

towards the observer, and therefore

dPrad Q2/~Lg 2 .. 92
= : 1
e 167r2ZOa sin” 0 (153)

Or using po/Zo = 1/c,

dPrag Q2/~L032 s 2
0 = 162 S 6. (154)

Note the angular distribution of this radiated power: No radiation is emitted in the direction

of the acceleration a or in the opposite direction; instead, most power is emitted in the
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directions L a, and less power at some sharper (or duller) angles to a. Here is the 3D

radiation power diagram of the charge accelerating vertically up

and here is its vertical cross-section

Finally, the net power radiated by the charge obtains by integrating the directional

power (154) over 47 directions,

dP, Q?ppa®
t rad HO .92
P29 —#dQ dS; = () dQ 6.2, St 6. (155)
Using
T 2T T
#dQ sin @ :/d9 sin@/d<z§,sin29 — 27?/sin39d9 = 27 x 3, (156)
0 0 0

we arrive at the Larmor formula for the net radiated EM power by a non-relativistic accel-
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erating charge:

Q?poa®

Pnet _
ad 6mc

T

(157)

Example: An electron in a CRT is accelerated by the 2550 V voltage to speed v = 0.1¢ =
3-107 m/s slams into the anode and comes to stop over the distance d = 1 A. During the

stopping time tgiop = 2d/v = 6.7 - 10718 s, the electron has rather large acceleration

a = — = 4.5-107* m/s?, (158)

so it radiates EM power

(1.6-10712 €)% x (47 - 1077 H/m) x (4.5 - 10?4 m/s?)? _
P = 673 10° /) = 1.15-107* W.  (159)

This is a huge power for a single electron! Unfortunately, it’s only radiated over the very
short stopping time fgop = 6.7 - 107" s, so the net EM energy radiated by the electron is
only Upaqg = P X tstop = 7.7 - 1072 J, about 1.9 - 1077 of the kinetic energy it had before

stopping.

Another example: Rutherford atom.

In the Rutherford’s planetary model of an atom, the electrons orbit the nucleus like the
planets orbit the Sun, with the Coulomb force playing the role of the gravitational force.
Unfortunately, the orbital motion involve continuous acceleration, which makes the electrons
radiate EM waves and lose their energy. Eventually, the electrons lose so much energy they
fall onto the nucleus in a rather short time. This makes the classical Rutherford model
unworkable, so Niels Bohr had to invent Quantum Mechanics (or rather, the early version

of quantum mechanics) to solve this problem.

For simplicity, consider the model of a hydrogen atom where a single electron moves

around the proton in a circular orbit of radius r. The orbital speed of the electron follows
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from the Coulomb force as

2 2
MeV e
Mea = ” = FCoulomb = W ) (160)
hence
2 G (161)
vt o= —
dregme T
and the orbital acceleration
2 2
v e 1
= — = X — . 162
“ r dregme T2 (162)
According to the Larmor formula (157), this makes the electron radiate EM power
2 2 6 6
e loa e’ 1o 1 e 1
P = = X — = —=5—>5= X —. 163
67c 96m3e3mzc ~ rd 96m3e3m2cd  rd (163)
But this power comes at the expense of the atom’s binding energy
2 2 2
muv e 1 e 1
U=+— - X — = — X =, 164
+ 2 4meg 1 8meg 1 (164)
aUu
P=———. 165
o (165)

Thus, the binding energy decreases with time — 7.e., becomes more negative, — which makes

the orbital radius r shrink with time. Specifically,

dU 2 1 dr

T 166
dt 8me 2 (166)

so equating this energy loss with the EM radiation power emitted by the electron, we arrive

at
2 6
e 1 dr e 1
Smeg 12 dt 967r3e(2)mgc3 r4 (167)
and hence
dr et
3= = 168
Tt 4m2edm2c? (168)

Solving this differential equation for the shrinking radius r(¢) is trivial: On the LHS of
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eq. (168) we have d(r?)/dt while the RHS is a constant, hence

e4

- —5—53 Xt 169
4m2edm2c3 (169)

where rq is the initial radius of the electron’s orbit. Note that according to this equation,

the orbital radius shrinks to zero — i.e., the electron falls down onto the nucleus, — in a
finite time
Am2e2e3m?
tcollapse = T(?; X 2—4 <. (170)

Numerically, for rg = 0.53 A (Bohr radius of the hydrogen atom), tcopapse = 1.6 - 1071t s, a

rather short time.

RELATIVISTIC SPEEDS

For the charges moving at speeds comparable to the speed of light, we have more com-

plicated formulae for the EM power they radiate. Starting with the radiation term

Quo [nx ((B —n) xa)
E.q = 148
T T | RA-B-n) |, (148)
in the electric field of the moving point charge, we have S,,q = (Efad)n and hence
Povs _ F°ELy _ Qo [nx ((B—n)xa)’ am)
ds) Zy 16m2¢ (1—pB -n)S .
re

Note: P, in this formula is the rate at which the radiated energy crosses the distant sphere
of radius R in unit of the observer time ¢. But the energy arrives at the observer at the
different rate than it was emitted by the moving particle. Indeed, as we saw earlier in these
notes, for a fast-moving particle, the retarded time runs at a different rate than the observer
time,
dtvet 1
dt 1-B8-n’

(172)

so from the moving particle’s point of view, the energy it emits per unit of its own time is

different from the energy received by the observer per unit of its own time by the inverse
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factor,

aw aw

G = (=B (173)

Or in terms of the power P,,q emitted by the particle by its own measurement of time, —
or rather the power dP,,q/dS) emitted in a particular direction, — is related to the power

received by the observer in that direction as

dPrad . dPobs
q = (1—8-n)=x Q- (174)
Consequently, eq. (171) for the observed power becomes a slightly different formula
dPg _ Qo Inx ((B—n)xa)f’ (175)
ds) 1672¢ (1—B-n)°

for the emitted power.

The angular distribution (175) of the radiation power emitted by a relativistic particle
is quite complicated, as it depends on the relative directions of the velocity v = B¢ and the

acceleration a. So for simplicity’s sake, let me focus on two special cases, v || a and v L a.

1. Particle moving in a straight line but at variable speed, thus a || A. Consequently, in

the numerator of eq. (175)

nx ((B—n)xa) = —nx (nxa) {(because B x a=0))
(176)
= a — (n-a)n
and hence
nx ((B—mn)xa)> = a’> — (n-a)? = a®sin?0 (177)

where 6 is the angle between the direction n towards the observer and the direction of

the acceleration a and also the velocity v. At the same time, in the denominator of
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eq. (175)

(1-B-n)° = (1—pBcosh)’, (178)
thus altogether
dP,aq _ Q?ipa® § sin? # ' (179)
dQ 16m2¢ (1 — Bcosf)d

Here is the 3D plot of this angular distribution for § = 0.6 and its vertical cross-section

Note that the peak of this angular distribution is shifted forward from 6 = 90° to
0 = 32°, although there is no radiation going directly forward. And at higher speeds
approaching the speed of light, the forward shift of the angular distribution becomes
stronger and stronger until almost all radiation is emitted in the narrow forward cone
0 <6 < O(1/y) (where v = 1/4/1 — 2), with the maximal power going in the di-
rections § = 1/2v; but again, no power is emitted directly forward, at § = 0. For
the ultra-relativistic particles with v > 1, we may approximate the angular distribu-
tion (179) as
dPraq Q*oa®  32¢'992
iQ 1672 1+ (10)7F

(180)

Now let’s find the net power emitted by the particle. Integrating eq. (179) over the
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directions, we have

dP;aq Q?pa® sin® 0
puet dQ rad - _ a) — 181
rad # dQ) 1672¢ # (1 —Bcosh)>’ (181)

where

T 2w

sin’ 6 sin’ 6 i sin® 0 df
Q— = i —_— = 2 — . (182
#d (1 — Bcosh)d /d9 Sm@/d(b(l—ﬁcosﬁ)f’ 7T/(1—6(}050)5 (182)
0 0

0

To evaluate this last integral, we change variables from 6 to £ = 1 — Bcosf. Conse-

quently,

sinfdf = —dcos = —l—g (183)

B

while
(1-¢*  —&€+2-(1-p5%
g B2

sin = 1 — cos?0 = 1 —

so the integral (182) becomes

s 148
Singede B o' _52 +2§ . (1 _ 62)
QW/W GE /d§ €5
’ 0 (184)
_2m |1 2 (1—5?) =144
- [2_52 Tae Tﬂ Ll_ﬁ
where
1 515 1 . oy
262, 20+P2  200-p2  (1-p)% (185)
-2 =144 _ 2 2 - +4B(1+%62)
3—5252176 C o 3(1+p) - 31-8)3 —  (1-p52)3 (186)
- 1—62< (S ) _ 205 e
4t £=1-p N 4 1+p)% (1-p4)  (1-p2)3 "7
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altogether = %, (188)

and therefore

1—50050)5_@szgxngxv. (189)

#d@ sin’ 6 2w (4/3)88 87 1 8T 6
(
Altogether, we find that the net EM power radiated by a relativistic charged particle

accelerating along the same axis as its direction of motion is

Q2M0 52

Pnet —
ad 6mc

T

~. (190)

2. A particle moving at constant speed v but in a curved line, so it has acceleration L
to the velocity vector, For the sake of definiteness, let the acceleration point in the x
direction while the velocity points in the z direction. Then, after a bit of algebra and

trigonometry (Mathematica helps), we find that

Inx ((B—mn)xa) = 1252 (14 cos*6) — ! _252 (1 —cos? ) cos(2¢) — 2 cos

(191)

and therefore, the radiation power in any particular direction n(#, ¢) is

dPa  Q%*u0 (14 B%)(1+ cos?6) — (1 — 2)(1 — cos? ) cos(2¢) — 4B cos b
aQ  32n% (1 — Bcosh)> '

(192)
This time, the angular distribution of this power is more complicated as it depends on
both 6 and ¢. Let me illustrate is with the 3D radiation power diagram for 8 = 0.6

and its cross-sections through the xy, xz, and yz planes:
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Similar to the a || v case, the radiated power of the relativistic particle is strongly
peaked in the forward direction, and for the ultra-relativistic particles moving almost as
fast as light, almost all power is contained in the narrow forward cone 0 < 6 < O(1/7).
However, the specific angular profile of this forward cone is slightly different from the

a || v case:

dP (1= (v0)*)* + 4(79)* cos® ¢
(d_Q)L x 1+ (70)75 (193)

instead of

dP (76)?
(m) I RTENCTEEN (194
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As to the net EM power radiated by the particle accelerating L to its velocity, eq. (192)

implies

net | @Q*ppa’ (14 B%)(1 +cos?6) — (1 — B?)(1 — cos? ) cos(2¢) — 4 cos b
Fad = 3272 #d@ (1 — Bcosh)d ’
(195)

where the angular integral evaluates using the same methods we used for the inte-

gral (182), so let me be brief and skip some intermediate stages of the calculation:

#dQ(l + B2 (1 + cos? ) — (1 — %) (1 — cos® ) cos(2¢) — 4B cosb

(1 — Bcosh)>
_ f . (14 8?)(1 +cos?f) — 0 — 48 cosf
= 27T/d0 sin 6 x 1 Feosf)
0
1+8
_ 2 /dg (L+ 898 - 2(1— g€ + (1 - 5%
B & (196)
155
— 2 2 45 9 664—263
= @((lJrﬁ )><72<1_ﬁ2)2 - 2(1-p )xm
92 _ 88480
(-9 it )
2 833 16
N 6_7; “31-p2 37T <
hence
2, .2
Py = QG’;OCa x (197)

Please note: eq. (197) for the acceleration L the velocity has a different power of the

Lorentz factor v from eq. (190) for the acceleration || to the velocity.

For the general directions of the acceleration and the velocity — at any angle between
them — the formula for the angular distribution of the EM radiation becomes too messy
two spell out in these notes, let alone to derive it. In fact, when I needed it for myself, I
had to use Mathematica to avoid making too many mistakes. Likewise, I use Mathematica
to integrate over the 47 directions of radiating and get the net EM power radiated by the

relativistic particle. However, Alfred—Marie Liénard did all these calculations by hand more
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than a century ago, and ended up with a surprisingly simple result, nowadays known as the

Liénard—Larmor formula

Q*por® Qo
Pat = S (a? - (9xa)?) = TL(4faf 4 qal)), (198)
where the second equality follows from
212
a® — (Bxa)® = af + (1-p%al = af + 7§ (199)

Clearly, egs. (190) and (197) for the power radiated by the particle accelerating || or L to

its velocity are special cases of the Liénard-Larmor formula (198).
Example: Synchrotron

A synchrotron is a particle accelerator in which particles follow a fixed circular path
through a ring of magnets. The particles travel in bunches, and there is oscillating electric
field synchronized with the bunches’” motion so it keeps accelerating the particles in the
forward direction. At the same time, the magnetic field is adjusted to the particles’ momenta
so they keep going in the circle of the right radius. Once the particles reach the desired
energy, the acceleration stops and the synchrotron acts as a storage ring. Unfortunately,
the sideways acceleration of the particles moving in a circle makes them radiate — this is
known as the synchrotron radiation — and the radiation power comes at the expense of the
particles’ kinetic energies. So to keep the particles moving at a fixed kinetic energy, one has
to keep accelerating them forwards, which costs a lot of electric power (and hence money)

an causes all kinds of engineering problems.

Specifically, the centripetal acceleration of a particle on a circular path of radius R is

2 2 2
v B¢
= — = 200
hence by the Liénard—Larmor formula, the EM power radiated by a particle is
2 2, 3 4,4
P = Q Ho « /_}/4012 _ Q HocC % 6 Y . (201)

6me 6 R?
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Thus, over one complete turn around the synchrotron, the particle loses energy

2nR _ Quoc® Byt Q2 B

AU = P X = = — X —. 202
Be 3 R 3€o R (202)

At the same time, the kinetic energy of a relativistic energy is
Ukn = (7y—1) x mc? (203)

(I shall derive this formula in April), so the fraction of its kinetic energy a particle loses over

one turn is
AU 2 3.4 1
_ @ X il X =, (204)
Ukin Jegme?2  y—1 R
which for an ultra-relativistic particle with § ~ 1 and v > 1 may be approximated as
AU 2 3
_ @ o x L (205)
Ukin 360 mc R

This energy loss is negligible for the present-day proton synchrotrons but can be very prob-

lematic for the electron synchrotrons.

Indeed, consider the most powerful proton synchrotron ever built (as of today), the Large
Hadron Collider. The LHC is actually a double accelerator where two proton beams collide
almost head-on, but each half is a synchrotron, so the energy losses are governed by eq. (205).
The LHS tunnel is 27 km long, but 8 km are taken by the straight sections, so the radius of
curvature or the remaining circular sections is only 3026 m. The protons have rest energy
mpc2 = 938 MeV, and the LHS accelerates them to energy of Uy;, = 6.5 TeV, thus v ~ 7000.
Plugging all these numbers into eq. (205), we get

AU € (7000)3
Ukin ~ 3€0mpc? ~ 3026 m

~ 7.3-1071°, (206)

which is indeed negligibly small.
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On the other hand, the electrons and the positrons lose much larger fractions of their
energies to the synchrotron radiation than the protons, because they have much smaller
mc? = 0.512 MeV factors in the denominator of eq. (205), and also because they are often
accelerated to much larger factors of 7. For example, the highest-energy electron-positron
collider build thus far was LEP, which used to occupy the same tunnel at CERN that is now
used by the LHS. (Thus, same R = 3026 m.) At first, LEP 1 accelerated the electrons and the
positrons to U = 45.5 GeV (which corresponds to v = 89, 000) to explore the Z° particle, but
later (LEP 2) the energy was more than doubled to U = 105 GeV (v = 205, 000). Plugging
these numbers into eq. (205), we get

AU e? (89,000)3

= X ~ 2.75-1073 207
Ukin 360mec2 3026 m ( )

for the LEP 1, and

AU e? (205,000)3 )
= ’ ~ 3.36- 10" 208
Uan  Beome® 3026 m 0 (208)

for the LEP 2. At this rate of energy losses, the entire electron’s (or positron’s) energy had
to be replenished every 30 turns around the tunnel. And any synchrotron with a higher
rate of energy loss would lose its main advantages over a linear accelerator: the ability to
accelerate particles over may turns around the synchrotron rather than over a single pass
through a linac, and in a collider to to save the un-collided particles in the storage ring for

future collisions.

Note that for a given upper limit on the energy loss fraction, the radius of an electron
synchrotron or a circular electron-positron collider scales with the maximal electron energy

as

R x 73 « U3 (209)

That’s why, the next circular electron-positron colliders currently being planned at CERN
and in China are going to have much larger circumference then LEP or LHC, somewhere in

the 90 km to 100 km range.
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Example: Linear Accelerator

An alternative to a synchrotron accelerator of electrons (or positrons) is a linear accel-
erator (linac) in which the particle travels in a straight line from the injector to the target.
In this case, the particle’s acceleration is forward rather than sideways, which at first blush
seems to make the Liénard-Larmor radiation worse: unlike ai which comes with the factor
of 74, the aﬁ comes with the larger factor of v%. However, the relativistic version of the
Newton’s 2"! Law comes to our rescue: As we shall learn in April, for a force F parallel to

the particle’s direction of motion,
F = ma x~>, (210)

where m is the particle’s rest mass. Consequently, in a linear accelerator

: 2
3 energy gain me® (Yan — 1)
= F = = 211
may length L ’ (211)
hence
2 2
-1

Plugging this formula into the Liénard-Larmor equation (198) for the || case, we have

Q%o , g2 Q%o i
P = — — 213
67c (afy ) 6mc L2 (213)

which is much less that for a circular accelerator with R ~ L. Over the entire time of
acceleration, the particle loses energy AU = P X tgjgne Where tgigne =~ L/c since most of the

time the particle moves at speed close to the speed of light, thus

Qpo iy L _ Qo iy

AU =~ .
6mc L2 c 67 L

(214)

As a fraction of the final kinetic energy Ug, = (Ygn—1)mc? ~ yanmc? reached by the particle,

the energy loss to the EM radiation is

AU Qpoc® v _ Q| 9in
Ukin 6mmc? L 6regme? L

(215)

Note that for a given particle species, this fraction is proportional to vg,/L rather than to

fygn /R for the circular accelerators, which makes a tremendous difference for the electron
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or positron accelerators with vg, ~ 10°: For any existing or currently being planned elec-
tron/positron linacs, the energy losses to the Liénard-Larmor radiation are too small to

matter.
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