PHY-352 L. Solutions for the midterm exam #2.

Problem 1:

(a) The vector potential A points in the z direction but does not depend on z, hence
V- A = 0, so the potentials (1) obey the Coulomb gauge condition. Also, the scalar
potential V' is time-dependent, thus
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so the potentials (1) do NOT obey the Landau gauge condition.
(b) The electric field is

A
E=-VV — OA = —Dtz — 0 = —Dtz (S.2)
while the magnetic field is
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(¢) The two homogeneous Maxwell equations
V-B =0,

B S.4
oupg - 0 (5-4)

ot
automagically follow from the very existence of the vector and scalar potentials. The Gauss

Law

V-E= - =0 whenp=0 (S.5)
€0

is trivially true for the electric field (S.2). Finally, the Maxwell-Ampere equation
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holds true by inspection of the electric field (S.2) and of the magnetic field (S.3):

VxB = %(X%er%)x(—nyry&) _ %(—z—z) _ —0922 (S.7)
while
612% _ —C%z, (S.8)
thus indeed
VxB = é%—?. (5.9)

Problem 2:

As explained in my notes on Liénard—Wiechert potentiald, eq. (138) on page 26 and eq. (146)

on page 28, the EM fields of a moving point charge obtain as

Q [1-5*)n-B)
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E = (S.10)

where ‘ret’” means that everything inside the big brackets is taken at the retarded time

tret =t — R/c, and

B = x E. (S.11)

In the coordinate system shown on diagram (2)

r(t) = beos(wt+ ¢o)x + bsin(wt + ¢g)y for w = % , (S5.12)
we chose the moment ¢ such that at the retarded time t,or = ¢ — (b/c)
wtret + 0o = 0 or 2m X an integer =  r(tt) = bX. (S.13)
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At that retarded time,
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2 2.2
> anV N a:—%ﬁ:—ﬁbcfc,
A
hence
(1-B8-n) =1,
mep =X (S.15)
1— ﬁ2 _ B2 ~1 )
(R2(1—>(,;-n)3> b2 (x+5y),
while
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Altogether, the electric field at the circle’s center is
Q [pA-1 L 83
E = 47“0{ » (x+8y) — ﬁy]
- o (- %+ (5= By - %) (5.17)
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Finally, the magnetic field at the same center is

nret Q A - A Q o QB )
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or
~ Qupop
B = 47Tb2 z (Slg)

PS: The EM fields (S.17) and (S.19) obtain at the very specific point in time, namely
to = tret + b/c when wtyer + ¢ = 0. To obtain the fields at other times, we should rotate
them through angle A¢ = w(t — tp). Thus:

Q (1-— 52)(cos(w(t —1))x + sin(w(t — to))y)
E(t) = —— : (S.20)
Ameob +8(cos(w(t — to)) § — sin(w(t — t))X)
while
B(t) = Quro z at all times t. (S.21)
47h?
Problem 3:
Let I(t) be the current through the coil. By itself, the coil has magnetic moment
m = NAXxI (S5.22)
but the ferrite core amplifies this magnetic moment p-fold, thus
m = ux NAXxI.
For the harmonic current
I(t) = Ipcoswt, (5.23)
the magnetic moment has second time derivative
. d?
m = W(MNAIO X coswt) = puNAIy x (—w?) coswt, (S.24)

As explained in my notes on dipole radiation] eq. (55), this dipole radiates EM waves at the
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net power

po(m)*  Zo(m)?

P = = S.25
6med 6mrct (5.25)
thus for the antenna in question
Z NAIL\?
P(t) = 6_72 X <,u . 0) X cos? w. (5.26)
Averaging this power over the oscillation period, we have <cosQ(wt)> = %, hence
2
Zol? N Aw?
py = =0 : 2
Pl = Tor ( 2 (5:27)
For the antenna in question
N Aw? 27 x 27MHz >
PO 1500 % 60 x (1 em? = 1074 m2) x 2220002
2 3-10%8 m/s (S.28)
— 9.0m? x (0.566 m™1)* = 2.88,
hence
(P) Zo 2
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Consequently, to radiate at (P) = 4 W, the antenna should be powered by the current of

amplitude

Iy ~ {/—— ~ 0.22 A. (S.30)



Problem 4:
For a non-relativistic electron in a uniform magnetic field, the angular velocity of its circular

motion does not depend on the velocity. Indeed,

F
aczwxv:—:iva, (S.31)
Me Me
hence
w = —B. (S.32)
Me

Consequently, the circle’s radius and the acceleration are related to the electron’s velocity v

as

v MV eBv
— = = = ) S.3
» R a = wXv e (S.33)

R =

The accelerating electron radiates EM waves at the net power

2 4822
p=Hy2- 200 (S.34)
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The radiated power comes at the expense of the electron’s kinetic energy, thus

d 2 482 2
G (e - _p . 2V (S.35)
dt \ 2 6mem?2
hence
dv et B2v?
B S.3
et 6mem?2 (5-36)
and therefore
dv e B2
— = — . S.37
dt v 6rem? (5:37)

Solving this differential equation, we immediately obtain

6rem?

m . (S-38)

v(t) = wvg xexp(—t/T) for T =

Finally, in light of eq. (S.33), the orbital radius is proportional to the velocity with a constant



coefficient, hence

R(t) = Ro x exp(—t/T) (3)

for exactly the same time constant 7 as in eq.(S.38). Note that this time constant depends

on the magnetic field as 7 = const/B2.

(x) Numerically,

Gremy 67 x <?i'00 -10% m/s) x (0.91} kg)? ~ 5.165. T2, (5.30)
poet (47 -10=7 Tm/A) x (1.60 - 10~19 C)4
so in the magnetic field B = 1.00 Tesla,
516 s T?
T=—py o = 5.16 s. (S.40)



