PHY-352 L. Solutions for problem set #8.

Problem 1:
(a) By the translational symmetry in z and y directions, the vector potential A(z,y, z,t)

does not depend on x and y but only on z and t. Specifically, the retarded potential is

A(zt) = “OX //d /gy BUEZR/O) R/C) (S.1)

where

R o= @ =P+ (= + 2 (52)

Now let’s change the Cartesian coordinates (a’,y’) for the current sheet to the polar coordi-

nates (s, @) centered at the (z,y), thus

/

¥ =2 + sxcosp, y =y + sxsing R = s2+ 22 (S.3)

For these coordinates

di'dy’ = sdsdp — 2wsds, (S.4)
hence
ok [K(t—TR/e)
Az, t) = 47r/ = 27s ds. (S.5)
0
But
onsds = wd(s?) = wd(R? = s>+ 2%) = 20RdR, (S.6)

so changing the integration variable from s to R, we get

oo

A(z,t) = %/K(t —rr/c) 2mdR. (S.7)

z

Finally, to bring this integral to the form (1) we change the integration variable once again,



from R to u = (R — z)/c, thus
t — — =t — - — u, dR = cdu, (S.8)

so the integral (S.7) becomes

Al = 1% / (t = (2/¢) — u) du. (1)
0

Note: as written, eq. (1) applies only for z > 0, i.e. above the current sheet. Below the
current sheet, we have a similar formula but with —z in place of z. Or for both sides of the

current sheet,

A(z,t) = FOC ¢ K(t— Ll u) du. (S.9)

(b) The current sheet does not generate any scalar potential at all, only the vector potential,

so the electric field obtains as

0A e, [oK(-E )
0
But
0 2 _ 9 el
atK(t - u) = auK(t - u), (S.11)
hence

U
(S.12)
= —K(t-E-o0) + K- -0
=0 + K(t— L,
and therefore
B(st) = —S-xK(t-E) (S.13)



Next, the magnetic field

oK (t— L —
B(z,t) = VXxA(z,t) = % (zxx = y)/ ( 5 .~ du. (S.14)
z
0
But
9 e sign(z) 0 e
8ZK(t ) = ; auK(t - —u), (S.15)
hence
i l2|
_ Hoc &gn(z)/@K(t )
B(z, 1) 5 Y 50 du
0
sign(z) . . ; (S.16)
_ o §(>y[K(t 2= o0) — K(t—El - 0)
sign(z) . 5

Finally, the Poynting vector

S(s,t) = LExB = focsient)

p 1 (xxy = 2)*K2(t—m) = 'LL—OCKQ(t—M)*Sign(z)Z.
0

c 4 c

(S.17)
Note the direction of this Poynting vector: above the current sheet it points up while below
the current sheet it points down, thus in both cases the energy flows away from the current

sheet.

(c) Above the current sheet, the energy flows up with density (S.17), and below the current
sheet it flows down with the same density. Measuring this energy flow at the delayed time

tqg=1to+ % at a height 4z above the sheet and —z below the sheet, we have

net flow at time t,

= +5,(¢ — S.(t; —
unit of area +5:(ta, +2) (td, —2)

C —HoC
- ) - e O
C

Quod erat demonstrandum.



Problem 2:

A harmonic oscillator of amplitude A — i.e., x(t) = Asin(wt) — has net energy

Unet = Upot + Ukin

Muw? M .

= 2w x (= Asin(wt))2 + 5 X (z = Aw cos(cut))2
Muw? A

= w2 (sin®(wt) + cos?(wt))
Mw?A?

= 5 = const.

(S.18)

When the oscillating particle is charged, it radiates, and hence slowly loses its energy to

radiation. The net radiated power obtains from the Larmor formula

2 . 2,004 A2
P = %7:20 x (z = —w2Acos(wt))2 = % X cos”(wt)
by time-averaging over a period of oscillation: using <cosz(wt)> = %, we get

B 02 rgw A2

(P) 127c

By energy conservation, this is the rate at which the oscillator loses its energy,

R
]
hence

def dln(U) _ldu P
v AP T
,uow4A2 Mw2A2

127me
_ Q? pow?
6mrMc

Note that the bottom line here is time-independent, so on the top line In(U(¢)) is

(S.19)

(S.20)

(S.21)

(S.22)

a linear



function of time with the slope —v, thus
In(U(t)) = In(Up) — ~t (S.23)

and therefore

U(t) = Uyexp(—nt). (S.24)

The oscillation energy is proportional to the amplitude squared, so by the time the
amplitude has shrunk to % of its initial value, the energy has decreased 4-fold. In light of

eq. (S.24), this takes time ¢ such that ¢ = In(4), thus

In(4 6mIn(4) M
_ ) _ Gmin®) Me 1;( )20. (S.25)
gl Q* pow
For example, a proton of mass M = 1.673- 10727 kg and charge Q = 1.602- 10~ C such in
a trap where it oscillates with frequency w = 27 x 102 Hz would lose half of its oscillation
amplitude in time
(1.673 - 10727 kg)(2.998 - 108 m/s)
(1.602 - 10~19 C)2 (4 - 10-7 H/m) (27 - 1012 s—1)2

t = 6mln(4) x = 10.3 s. (5.26)

Problem 3:
(a) A time ¢ = 0, the ring’s electric dipole moment points in the % direction, and its
magnitude is

2w 2

po = /(x = bcos @) x (dQ = Abdg = Ao cos(¢p)bdp) = )\ob2/cosqudqb = \ob®xm. (S.27)
0 0

As the ring rotates around the z axis with angular velocity w, the dipole moment rotates in

the (x,y) plane, thus
Pe(t) = pocos(wi),
py(t) = posin(wt), (S.28)
p=(t) = 0.

Treating the p,(¢) and the p,(t) as two separate oscillating dipoles, we see that they have

the same frequency w, the same (real) amplitude py = wAob?, but their phases differ by 90°.



(b) Let’s focus on the radiation fields in the non-relativistic limit. The radiation fields due

to the p, dipole are

2
. w .
Eraalt] = “Z;rf”)(n X (nx %)) = —p04mf‘° cos(whret)(n X (0 X %)),
D )2 2
o(P . Pow” o A
Ba[z] = —'LL4(7T;C) (nxx) = + 47#'[; cos(wtret) (N X X),

Ho(P . pow?io .
E,qly] = 4(7rry)(n>< (nxy)) = — - sin(wtpet)(n X (n X ¥y)),
Ho }; 2 N p0w2ﬂo . -
Bualt) =~ (nx 3) =+ Gt o x ).

2
bow™ Ho
E = — nx(nxv
rad Arr ( )7
2
w
Brad — —I—po /"LO nxv
4rre

for

y cos(Wtret)X + sin(wiyet)y -

The Poynting vector for the fields (S.31) is

Siad = iErad X Braqg = —f?:;:;oc nx (nxv)) X (nxv)
where
—mxmxv)xnxv) = 4nnxv)? — nxv)(n-(nxv) = 0)
= 4n(n x v)?

= n[l/2 - (n~1/)2}.
By construction (S.32) of the vector v, we have ¥? = 1 while

n-v = sinfcos(¢) cos(wiret) + sin(¢) sin(wtret)] = sin 6 cos(wiret — @),

(S.29)

(S.30)

(S.31)

(S.32)

(.33)

(S.34)

(S.35)



hence

2 .4
pgw o n

S —
rad + 1672¢ r2

* [1 — sin? Hcosz(wtret — qﬁ)} (S.36)

Time-averaging this Poynting vector over the oscillation period, we get

<cos2(wtret—¢)> = <cos2(wt+const)> = %, (S.37)

hence
S, = (AN g 5.38
(Shaa = +7¢ 2, 2 * (1= gsin”0). (5.38)

Finally, dotting this Poynting vector with the area R?n dS) of a segment of a distant sphere,
we find the EM power radiated by this oscillator per unit of solid angle,

dQ ~ 1672c

ssin?f = (S.39)

dP p(2)W4,UO N <1 1
2

1 + cos? 6’)

A way to understand this angular power distribution to to add up the powers emitted
by the p, oscillator and by the p, oscillator. In general the powers do not simply add
up, and there is also an interference term, but since the p, and the p, oscillators have
their phases differ by precisely 90°, the interference term is purely reactive: it makes a
non-zero contribution to the instantaneous radiation power, but it time-averages to zero.

Consequently, for the situation at hand we do have the two oscillators’ powers adding up,

(@), = (=), = (m), 50

For each of the two oscillators, we know that
dP
(d_Q) o sin?(angle between z axis and n) = 1 — (n-%)? = 1 — sin®6fcos® ¢, (S.41)
Pz
and likewise

P
(3—9) o sin?(angle between y axis and n) = 1 — (n-y)? = 1 — sin?fsin® ¢. (S.42)
Py



Adding up these two angular distributions, we get

(E) x 1 — sin?fcos’¢p + 1 — sin?@sin ¢
ds2 net

= 2 — sin?f(cos® p +sin?p = 1) (S.43)

= 1 + cos? 9,

precisely as we got in eq. (S.39).

(c) Integrating the power per solid angle (S.39) over the directions n, we get

dP
Pnet — #dgn d_Q

2, 4 2
_ P Mo#l‘i‘COS HdQn
16m2c 2
piwipo 8w

1672¢ 3

péwtuo

e

(S.44)

Y

or in terms of the \yg and b parameters of the ring,

7T2>\%b4w4,u0

Poet =
net 6

(S.45)

Problem 4:
(a) The radiation intensity I = |[(S),,q]| is inversely proportional to the square of the
distance from the antenna. It also depends on the direction: for the magnetic dipole antenna,
I x sin? & where « is the angle between the dipole axis and the direction to the observer.
For the vertical antenna, we may identify o with the # angle in the spherical coordinate
system, thus

sin® 0

r2

(S.46)

I = const x

For an observer on the ground at distance ¢ from the bottom of the tower while the antenna



is at the top of the tower of height h, we have

r? = 2 4+ K2 (S.47)
while
2 2
i 2
S1n 9 = 7‘_2 = m, (848)
thus
EQ
I = const x m . (S49)

(b) Let’s plot the intensity I as a function of the distance from the tower base:

We see that there is little radiation directly below the antenna, but as we move away, the
intensity increases, reaches the maximum and then starts decreasing. The maximum lies

when
dl 20 (h2 — 62)

— = const X

which happens for ¢ = h.

Now, where should the inspector check the radiation intensity to make sure it complies
with the city regulations? In principle, one should check everywhere withing the city limits,
but that’s impractical. Instead, once we know where the intensity should be maximal, it
would be enough to measure the intensity at that point, { = h = 200 m away from the tower’s

base. If the radiation is in compliance at that point, it should be in compliance everywhere,



so the inspector can just as well save the extra work of measuring elsewhere. But if the
radiation at that point exceed the regulation, then the station is out of compliance, period.
So a competent and honest inspector should check the radiation intensity 200 m from the

tower base.

Instead, the city engineer went to check the radiation intensity at the tower base — the
point where there should be very little radiation in any case — and did not bother checking
it anywhere else. This could have been cased by incompetence (perhaps aggravated by too
much work and too little pay), or it could have been done on purpose to find the radio
station in compliance even if it is not. Alas, we do not have enough data to decide between

the incompetence and the dishonesty. ..

(c) The directional intensity of the magnetic dipole radiation is

.2 4,52
sin“f  pow*m
I = 3 X 5593 (S.51)

where m is the amplitude of the antenna’s magnetic dipole moment. The net power radiated

by the same antenna is

,u()w4ﬁl

1273

2

Pret = (S.52)

so we may express the directional intensity of the antenna in terms of its net power as

3 sin? §
I = —Phet X

= = (.53)

regardless of any of the antenna’s details. For the intensity (S.49) measure at the ground

level, this means

3 2
[ - gpnet X m (854)
In particular, the maximal intensity at the ground level is
3 1 3P, net
max = grimet X up2 T 3onp2 (8:55)

Thus, for a station of net broadcast power Pyt = 35 kW whose antenna is 200 m above the

10



ground, the maximal radio intensity on the ground is

335,000 W
Iax = ’ = 26 mW/m?. .
max = 3or (200 m)? 6 mW/m (5.56)

This is a bit higher than the city limit of 20 mW/m?, so the KRUD station is out of

compliance.

Problem 5:
(a) The dipole magnetic field at the surface of the star is

110

= I (m — 3n(n-m)), (S.57)

so its magnitude varies between pgm /47 R3 at the magnetic equator and 2 x pgm /47 R3 at
the magnetic poles. Taking the Byax = 6-10% T as the highest value at the magnetic poles,

we get

2R3
m = T« Buax = 3-10%7 Am? (S.58)
1o

(b) The z component (along the star’s rotation axis) of the magnetic dipole moment (3) is
constant, while the  and the y components oscillate with similar real amplitudes mg sin «

and phases differing by 90°. In terms of the complex amplitudes,
m(t) = Re[the ] + (t-independent constant) (S.59)

for

m = mgsina(x +1iy). (5.60)

As explained in class, the EM radiation by this magnetic dipole moment has directional

11



power

dP Zow* 5
where
Inxm|> = mxm)-mxm*) = m-m* — [n-mf*. (S.62)

Specifically, for the dipole momentum amplitude (S.60),

In x m|®> = mdsin2a(x+iy)? — In-(x+iy)?), (S.63)
we have

dP Zow*mZsin®a , . N an

= 327T()204 (Ix+4y]* — [n- (x+39)]?). (S.64)

(c) The angular distribution of the 30 Hz radiation follows from the last factor of eq. (S.64):

2

(||f<+i§/||2 — |n-(§<—|—z’§7)|2) = 2 — }siné’ei‘ZS = 2 — sin®f = 1 + cos?f. (S.65)

Thus, the Crab radiates in all directions, but the power radiated along its rotation axis is
twice as strong as the power radiated L to the rotation axis.
(d) Combining results from egs. (S.64) and (S.65), we have directional power

ar Zgw4m(2)sin2a
aQ 32m2ct

x (1 + cos?6). (S.66)

Integrating this directional power over 47 directions of n, we have

4 16
#(1 +cos?0)dQ = 4w + g = Tﬁ (S.67)
and hence net EM power
Zow4m(2) sin?

Poet = (S.68)

6mct
In this formula, my is the net magnetic dipole moment of the Crab pulsar; in part (a) we have
estimated mg ~ 3-10%" Am?. Also, « is the angle between the rotational and the magnetic
axes of the pulsar; observationally, § ~ 45° so sin®6 ~ % The rest of the parameters in

eq. (S.68) are constants of Nature; plugging them in leads us to Ppe = 14 - 1030 W,

12



Problem 6:

(a) The quadrupole moment tensor of a system of point charges is
Qij = Y an(§rnirng — 317)- (5.69)
n

The 4 charges in question are all in the same plane — which we take to be the (z,y) plane,
— hence Qg = Qy. = 0. Also, all 4 charges lie at the same distance r = a/ V2 from the

origin and the net charge ), ¢, vanishes, hence ) ¢nr2 = 0 and therefore

sz = 0 and Qxx + ny = 0. (8.70)

The remaining independent components of the quadrupole tensor form a complex combina-

tion
. 3 .
Q = Qi — ny + 21@963/ = §ZQ7L($n+1yn)2’ (S.71)

For the charges at the corners of a rotating square

Yy
°
charge ¢, = (—1)"g
wt t . _m 1wt a
x at Tp +1yp = 1 XeT X % (5.72)
forn = 0,1,2,3.
® '
we have
ga® o
Vn Qn(zn + iyn)z = +7 X QQMt (8.73)
and hence
Q = 3qa* x *t, (S.74)

13



In terms of the quadrupole tensor components, this means

Quz = —Quy = %Re(Q) = %qa2 X cos(2wt), Quy = %Im(Q) = %qa2 X sin(2wt),
(S.75)

+cos(2wt) +sin(2wt) 0
e 3qa )
Q) = 5 +sin(2wt)  —cos(2wt) 0 | . (S.76)
0 0 0

Note that this quadrupole tensor oscillates with frequency 2w, twice the rotation frequency

of the square.

As to the complex amplitude of the quadrupole oscillation,

. ) +1 +¢ 0
Ot) = ?’(’T“Re et | i —1 o], (8.77)
0O 0 0
hence amplitude
= ) +1 +¢ 0
0 - ?’(’T“ 4io—1 0. (S.78)
0O 0 0

(b—) As explained in class, the EM power radiated in a particular direction n is

AP Zyw?,
5 = g x (Fm) — n-f@)?) (5.79)

where
f(n) = ﬁ /// a3’ J(r') exp(—ikn -1'). (S.80)

In the long wavelength approximation, the leading contribution to the f comes from the

lowest oscillating multipole moment, electric or magnetic. For the system at hand, the

14



lowest oscillating moment is the electric quadrupole; as we saw in part (a), it has frequency

Wose = 2w and amplitude (S.78). For a general electric quadrupole,

wgsc A
fj(n) = %ijnka
so for the quadrupole in question
1
fo ey
e 0
or in spherical coordinates
1
fa e (Y
Ty = OSL i | sinfe®.
ge
e 0
Consequently,
4 2.4
w
f*- f = 6020([2 C; x 2sin? ),
T4C
4 2 4
w a ,
n-f = 6020% 5 X (Siﬂ962¢)2,
T4C
hence
Wosed

(Ifm)]* = In-f(n)]*) =

.2 . 4
1n2c2 X (2 sin“# — sin 9),

and therefore
P Zoq?a*ws

s 2 s 2
m = W%ZSCXSIH 9(2—811'1 9)

In particular, the angular dependence of the radiated power has form

dP ) : 2 _ 4
Jq X sin 6(2 —sin“f) = 1 — cos™ 6.

15

(S.81)

(S.82)

(S.83)

(S.84)

(S.85)

(S.86)

(S.87)

(S.88)



Graphically,

rotation axis

rotation plane

As to the total power radiated by the rotating quadrupole,

Z0q2a4w6 9 4
Piot = WQCZSC X #d Q (1 — cos™0) (S.89)
where woge = 2w and
7 1 16
#dQQ (1 —cosd) = 27r/dcos€(1 —costl) = 4 x (1 — g> = ?W (S.90)
-1
Thus altogether,
8Z0q2q4w6 8(]2 a4w6
P = — ) S.91
net St 5Tep T (5:91)



Problem 8, for extra credit:

(a) The Poynting vector S = E x H is the density of the energy flow rate. So if we surround
the retarded position of the accelerating particle with a large sphere of radius R, then the

rate of energy flowing through the dQ2 sector of the sphere (per unit of the observer time) is

au

P2 Qe —
praver ol R°n - S(r = Rn) (5.92)

To change that to the rate of energy leaving the particle per unit of the particle’s retarded
time, we multiply by
dtobs
dtret

— (1-8n), (S.93)

then take the R — oo limit to select only the energy that is radiated all the way to infinity,

and integrate over the direction of n, thus

_AUem  _ #dgnﬁ — ) lim (Rn-S(kn)). (S.94)

dtparticle R—o0

The net EM momentum radiated by the particle works in the same way, except for replacing
the Poynting vector — which is the density of the of energy flow rate — with the (minus)
stress tensor — ? , which is the density of the momentum flow rate. In components, —7 is
the density in the j direction of the flow rate of the i component of the momentum, so the

rate of the flow though sector df2 of the distant sphere is
—T%darea’ = —T"(r = Rn)R*n/ dQ) (5.95)
(for the i component of the momentum), or in vector notations
2 <«
(=R*T(Rn) - n) dQ (S.96)

Consequently, the momentum analogue of eq. (S.94) for the energy is

<~

_dPem  _ #dﬁn(l — B -n) lim (—R2 T(Rn)-n). (4)

dtparticle R—o0
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Finally, the angular momentum density follows from the linear momentum density as
Ir) = rxg(r), (S.97)
and the same relation applies to the densities of rates at which these momenta flow,
density’ [rate of L flow] = r x density’ [rate of P flow]. (S.98)

Consequently, the rate of the angular momentum flowing through the sector df2 of the distant

sphere is

r x (—R2 ?(Rn) ‘n)dQ = (—Rgn X (?(Rn) n)) dw, (S.99)

and therefore — in complete analogy to egs. (S.94) for the energy and (4) for the linear

momentum, — the rate of EM angular momentum radiated by the particle is
L
Lem  _ #dQn (1 -m) lim (~R*n(Z(Rn)-n)). (5)
dtparticle R—o0

(b) The EM stress tensor is

ij i g Lo 8" 2 1 o
TV = ¢E'E’ + — B'B) — — [¢E* + —B
140 2 Iy

. (S.100)
i j 2pipi 07 (@2 212
=« (BB + BB - O (B + B ).
Contracting the j index of this tensor with that of the unit vector n/, we have
i o L S Snd

<?n> = TYn) = ¢ (EZEJnJ + ?B'Bin/ — —n<E2 + 02B2>)
2 (S.101)

= € (E(En) + “B(B-n) — g(E2 + C2B2)> :

Next, for cB = n x E we have (B - n) = 0 while

“B? = (mxE)? = E? — (n-E)? (S.102)

18



and hence

%<E2 + 02B2) ~ E2- ln B2 (S.103)

Altogether, this gives us

I'n = «(En-E) - n(E? - J;n-B)?)) (S.104)

D=

and hence eq. (6).

(c) The electric field of a moving charge is a sum of the generalized Coulomb term and the

radiation term,

E = Eg.C. + Eraq (8105)

where E,,q4 L n. Consequently, in eq. (6) we end up with
—Ta = e (n(EE.C.+2Eg_C.-Erad+Efad— (n-Eg‘C_)2> - (Eg,c_+Erad)(n-Eg.C.)). (S.106)

Moreover, in the R — oo limit, the E,,q scales as 1/R while the E, ¢ scales as 1/ R?, so only

the terms containing 2 factors of E;;q and none of the E, ¢ survive in the R — oo limit of

lim (—R2 ?(Rn) . n) = eon<R2rfad)2. (S.107)

R—o00
Consequently, eq. (4) becomes

dPem

dtparticle

— #d&)n (1-8- H)EOH(R2Efad)

2 mx((n—-pB)xa)?
= #dQn(l — B -n)en 472(2)02 | ((1(_'31331)6 )

@ nx ((n—pB) xa)?
T 1672yl #Cm“ YT By

(S.108)

Next, let’s expand the bottom line here in powers of 8 = v/c and keep the first power of 8

19



but not the higher powers. In the numerator we have
mx(n-PB)xa)? ~ nx(nxa)? — 2mnx(nxa) [nx (B xa)l
= (nxa)®> — 2(nxa)-(B xa) (5.109)
— a> — (n-a) — 2(n-B)a + 2(n-a)(B-a),

=

[\V]

while in the denominator

~ 1 + 5(8-n), (S.110)

so altogether

|
=
X
£
=

n x ((n

(1—8-n)°

~ (a2 — (n-a)Q) + 5(,3'11)(32 - (n~a)2)

~2(8 -n)a® + 2(B-a)(n-a).

(S.111)

Finally, we integrate over the direction of n,

#dﬂn ( : ) n. (S.112)

By n — —n symmetry of the integral, only the even terms contribute to the integral, so in
light of the overall factor of n, the terms inside (---) must be odd WRT n — —n. A quick
look at eq. (S.111) tells us that the first term is even while the rest of the terms are odd,
thus (after a bit of algebra)

#dQn(-~->n - #d@n(i&(n-ﬂ)f —5(n-B)n-a)? + 2(n-a)(ﬂ~a))n. (S.113)
At this point, we use
. AT
ﬁdannJ = S0, (S.114)
#d@n n'ninfnt = %(5”5’“ + oIt 4 51 5IR) (S.115)

to integrate

#dﬂn n-Bmn = B, (S.116)



#d@n (n-B)n-a)n — ‘i—g(ﬂa@ + 2a(8 - a), (S.118)

hence altogether

#dﬂn(g(n-ﬁ)a@ —5n-B)n-a)? + 2(n-a)(,3-a))n

4 4 4
= 3a2*§,3 — 5*1—75T(,3a2+2a(,3~a) + 2(,B~a)*§a (5.119)
8T o
Finally, plugging this formula into eq. (S.108), we obtain
dPem Q2 8m 2 Q2,u0 2 Q2/~L0 2
= R e — 8
dtparticle 167m2€gct g h 6rc2 o A 6res Y (8)

Quod erat demonstrandum.

(d) For the stress tensor — or rather the — ?-n as in eq. (6), we have
<~
nx (—7Tn) = —e(nxE)n-E). (S.120)

In terms of E = Ey . + E;qq, only the Coulomb field contributes to the (n - E) because
E;.q L n. Consequently,

nx (—7Tn) = —enxEu)n-Byo) — conx Bye)(n-Eye), (S.121)

where the first term scales with the radius R as 1/R? while the second terms scales as R*.

In the context of eq. (5) for the angular momentum radiation we want only the leading 1/R3
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term, thus

}%Enm(—Rgn X (?(Rn 'n) = —e(Rn x Epd)(R*n-E )
_ @  nxmx(m-p)xa) (1-p)(1-n-p)
16m2epc? (1—B-n)? (1—8-n)?
(S.122)
and therefore
2 n x (n n—
e~ o8 AR s

Now let’s expand the integrand here to the first order in 8. In the numerator
(1-6%) ~ 1 (S.124)

and

nxXx (nx((n—p)xa)) = nx(nx(nxa)) — nx(nx (B xa))
(S.125)
= —nxa + fxa —n(n- (8 xa)),

while in the denominator

~ 1 + 4(8 n), (S.126)

thus altogether

(1-8-n) ~ (S.127)

Integrating this expression over the directions n, we get

#d@n(—n xa) = 0,(S.128)

167

#d@n (~48 -n)(nxa) = —==(B x a), (S.129)
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#dﬂn (B xa) = 47(B x a),

47
B (n)n- (8 xa) = (B xa)
altogether = —%T(,B X a),
and therefore
dLem o Q2,U0 _ QQ,UO
dtparticle = 67 (B xa) = 6mc (v xa).

Quod erat demonstrangum.
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(S.130)
(S.131)

(S.132)

(10)



