PHY-387 K. Solutions for problem set #9.

Problem 1:
The electric dipole moment of a hydrogen atom is simply p = —er in the coordinate system

with the nucleus at the origin, hence

2|pll) = —e///\p;(r)rqfl(r)d?*vol. (S.1)

For the two states in questions, both wave functions (1) and (2) are invariant under rotations
around the z axis, hence the matrix element (S.1) of the electric dipole moment must be

parallel to that axis, thus
2lpz 1) = 2[py[1) = 0 (52)
while

2|p. 1) = —e///\lf;(r)(z:rcose)qfl(r) d3Vol. (S.3)

Evaluating this integral in spherical coordinates, we have
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(Classically, an oscillating electric dipole moment with amplitude pg radiates net EM



power
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In quantum mechanics, this formula corresponds to
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In other words, the average lifetime of the excited 2p state is ™! ~ 1.6 ns.
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Problem 2:

In the electric dipole approximation, the allowed radiative transitions are the transitions
between states with a non-zero matrix element of the electric dipole moment between them,
(2|p|1) # 0. By the rotational and parity symmetries of the atomic states, such non-zero

matrix elements are allowed only for
71 —72] <1 < j1 + j2, |m{—mg\ < 1, and parity, = —parity; . (S.16)

Moreover, for transitions involving a single electron — especially in a hydrogen-like atom or

ion — between states with definite m! and m?, we also need

10—l < 1, Imi—mb| <1, m§ = mi, (S.17)
and
(=1) = parity, = —parity; = —(—1)", (S.18)
hence
EQ == fl + 1 (but not f2:f1). (819)

In this problem, we are going to ignore the electron’s spin state — it’s going to stay the same

through the whole cascade of transitions, — and focus on the remaining quantum numbers

n, £ and m = m?.

Let’s start with the state |1) = |ny, ¢, m) with m; = ¢; = n; — 1. The next state
|2) = |nga, 2, m3) in the photon-emission cascade must have a lower energy than the initial

state, which requires

no < nq (S.QO)

and hence

mo < fy < ng—1< n3 — 2. (8.21)

On the other hand, by the selection rules (S.17), this state must have

mo Z mi — 1 and EQ Z fl - 1, (8.22)



which for the initial state with m1 = 1 = n1 — 1 means

ma,lo > ny — 2. (8.23)

Finally, the only way to reconcile the inequalities (S.21) and (S.23) is to have

mog =l = ng —1 = mny — 2. (S.24)

Thus, in the electric dipole approximation to the photon emission, if the initial state has
mi = ¢1 = n; — 1 then the final state (of the first transition) is a similar state with mg =

ly = ng — 1 for no = ny; — 1. Quod erat demonstrandum.

Problem 3, preamble:

Far away from the antenna,

eikr
A(T707¢) ~ Mo

£(0, 6) (S.25)

r

and hence the power (per solid angle) radiated by the antenna in the direction n is

dP w?Z
G = g Imx f(n)[* (S.26)

for

f(n) = %///d?’y.](y) exp(—ikn - y). (S.27)

antenna

Eq. (S.26) for the power is exact — as long as the power is measured far away from the
antenna — but the integral in eq. (S.27) often takes various approximations to calculate, for
example, the multipole expansion for short antennas. However, in this problem we are going
to calculate the exact () for the antenna in question in part (a), and then compare it to

the multipole expansion in later parts.



Problem 3(a):

For a thin antenna we approximate
I(a,y,2) = 8@)d(y)I(=)2 (5.28)

where z = (0,0, 1) is the unit vector in the z direction, hence

A~

f(n) = % dz 1(z) exp(—ik(n - 2)z), (S.29)

or in terms of the angle # between the direction n towards the observer and the z axis,

A

f(0) = % dz I(z) exp(—ik(cosf)z). (S.30)

For the antenna current as in eq. (12), the integral here evaluates to
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Note that as a vector, the f(#) always points in the Z direction, hence

Tn|2 s 2 Ial? 22
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. (S.34)

Consequently, the EM power (per solid angle) emitted in the direction n at angle 6 from the

z axis is
Ap 2wt e 2t B sin(mcos)
@ 2 27 12 (5.35)
B Zo|Io|? " sin? (7 cos 0) :
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Problem 3(b):

Let’s plot the angular distribution of the directional power (S.35).
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This plot shows minima at the directions both parallel to the antenna’s axis and also L to

the axis. Indeed, for 6 = ,
sin?(mcosf) = sin?(0) = 0, (S.36)
while for 8 — 0
meost ~ m— F07 = sin(rcosf) ~ sin(r—%6%) = sin(Z6?) ~ Z6* (S.37)

and hence
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and likewise for 0 — 7.



Between these minima, the radiation is peaked at some intermediate angles; taking the
numeric derivative of eq. (S.35), we find the power maxima at 6 ~ 53.9° and 6 ~ 126.1°,

both being 36.1° away from the (z,y) plane normal to the antenna.

For completeness sake, here is the radiation power diagram for this antenna: First, the

3D plot

and second, the cross-section through the antenna’s axis:

z axis

(x,y) plane

(S.39)

Note that each conical lobe of the 3D diagram shows as a pair of distinct ‘leaves’ on this



cross-section — on on the left side of the axis, and one on the right side, — thus 4 apparent

leaves but only two lobes in 3D.

Problem 3(c):

The net power emitted by the antenna in question obtains as an integral
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where on the last line I have changed the integration variable from 6 to ¢ = cos . Unfortu-

nately, this integral does not evaluate in terms of elementary functions but only in terms of

the cosine integral function

Cin(x)

Indeed,
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and therefore
CiIl(47T) % Z()‘]()|2

Pn . .44
et A 9 (S )
In terms of the antenna’s radiative resistance, this means
Cin(4m
Rrad = Re(Zrad) = % X 4. (845)
s
Numerically,
Cin(4m)
———7 ~ 0.248 S.46
- , (5.46)
thus
Ripqa ~ 0248 7y ~ 93.4 Q. (S.47)
Problem 4:

An accelerating charged particle radiates EM energy, and the back reaction of this radiation
on the particle’s motion acts as an affective reaction force. For a non-relativistic particle,

this reaction force is given by the Abraham—Lorentz formula

2
Hoq~ e
F = a S.48
rad 6mc ( )
cf. textbook eq. (11.80). Between this reaction force and the potential force F' = —mw% Xz,
the electron’s equation of motion is
2 /,[/()62 .
ma = Fhet = —mwi xXax + — Xxa, S.49
net 0 67c ( )
or in terms of electron’s position x and its derivatives,
7T — 7 — wir = 0, (S.50)
where
2
e
r= %~ 627 10 (5.51)
6meme

Eq. (S.50) is a linear third-order differential equation with constant coefficients, so its general



solution is a linear combination of three exponentials,

o(t) = Y Apexp(ut), (S.52)
k=1,2,3
where v, 19, 3 are roots of the cubic equation
Txvd — 2 — Wi = 0. (S.53)
Assuming woT < 1, we may approximate these 3 roots as
vy = +iwy — %w%r — %iw872 + w37'3 + %iw874 + -,
Vg = —iwg — %W(Q)T + %ingQ + wéTS — %iw(?fl + -y (S.54)
1
vg = — + ng — 2w§73 + -
T

Note: the v3 root is real, positive, and large, so the corresponding solution z(t) o exp(vst)
is the un-physical runaway. Such unphysical runaway solutions are a common problem of
equations of motion involving the Abraham-Lorentz reaction force, and the only thing we
can do with such solutions is to simply reject them. Thus, the only physical solutions are

linear combinations of the other two exponentials exp(v1t) and exp(vat).

Unlike the v3 root, the other two roots v1 2 are complex — and complex-conjugate to

each other — with a small but negative real part:

V1,2

w

v

= tiw — %fy for
_ 5 .32 231 5 _4
= W W0 T + To8Wo T

= ng — 2w617'3 + .-

+ o (S.55)

Consequently, the general physical solution of the equation of motion (S.50) is

x(t) =

Re (Ae*iwte*wﬂ)

(S.56)

Acos(wt)e 2 4+ Bsin(wt)e /2

for some real amplitudes A and B (or equivalently, complex amplitude A= A+iB ). Clearly,

these solutions describe dumped harmonic oscillations of angular frequency w ~ wgy and decay

rate v ~ wgfy.
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Finally, the quality factor of a (dumped) harmonic oscillator is

Q= —, (S.57)

Q ~ 5 = : (S.58)

For example, for the wy in the visible-light frequency range (2.5 to 5) - 1019 s=1, @ is in the

32 million to 64 million range.

Problem 4(a):

For the electron in a harmonic potential Feyy = —mwg X x, so eq. (7) becomes
d
ma = (1 + T@) (—mwd x ) = —mwd x (x + Tv) (S.59)
and hence
a + 1w xv 4+ Wixaz = 0. (S.60)

Or in manifest terms of x(¢) and its time derivatives,
T+ TwixT + wixz = 0. (S.61)

This is a second-order differential equation with constant coefficients, so it has two indepen-

dent solutions z(t) = A x exp(vt) where v is a root of the quadratic equation

o+ rwd xv + Wi =0, (5.62)

hence

(.63)

Vv = ftiw —

o] 2
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http://web2.ph.utexas.edu/~vadim/Classes/2026s/hw02.pdf

where

Y = TWwi (S5.64)
while
w = Jwi—217? & wy. (S.65)

Consequently, the general solution to the Newton equation is the dumped oscillation

z(t) = Re(fle*me*vtﬂ)

(S.66)
— Acos(wt)e™ % + Bsin(wt)e 12

with frequency w ~ wy and decay rate v = ng. The quality factor of this damped oscillator
is
w 1
Q = 2 = —| (S.67)
v Two
same as in problem 4. However, unlike what we had in problem 4, this time we do not have

any unphysical runaway solutions x o exp(+large X t).

Problem 4(b):

The force (8) can be described in terms of the step function © as
Fxt(t) = FoO)O(T —1t). (S.68)

The derivative of a step function ©(t) is the delta-function §(t), hence

dF ext
dt

= Fpo()O(T —t) — FoO(t)o(T —t) = Foo(t) — Fod(t—1T). (S.69)
Consequently, eq. (7) for the electron subject to this force is
mxa(t) = FoxO)O(T —t) + 7Fy x (6(t) —6(t —T)). (S.70)

The RHS here does not depend on the electron’s position of velocity, so it is easy to integrate.

Integrating once for the velocity v(t), we get:
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e At t < 0 the electron moves at constant velocity v(t) = vp.

e At t = 0, the electron suddenly accelerates by Av = 7Fy/m, thus v(t = +0) =
vo + (TFy/m).

e At ¢t >0 but ¢t < T, the electron has constant acceleration a = Fjy/m, hence

Fy
v(t) = v + — + P X t. (S5.71)

e At t = T the electron suddenly decelerates by Av = —7Fy/m, thus v(t = T 4+ 0) =
Vg + (Fo/m)T.

e At t > T the electron’s acceleration ceases and it continues at constant velocity v =

Vg + (Fo/m)T.

Here is the plot:

v
A
(S.72)
> 1
0 T
Finally, integrating the second time to get x(t), we get:
fort<0: x(t) = x9 + wvo X t, (S5.73)
TFO FO 2
for9<t<T: at) = x0 + (vo+— ) Xt + — x 1t (S.74)
m 2m

F F F
fort >T: () <x0+uT+—OT2)) + (vo+—0T)><t. (S5.75)
m 2m m
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Graphically,

(S.76)
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