PHY-387 K. Solutions for problem set #11.

Problem 1:

In the reference frame K of the Earth, the two events — J (John stumbling) and M (Mary
crying) — happen at respective spacetime points x; = L, ¢ty = 0 and 23y = 0, ctyr =0
where L = 384,000 km is the distance from the Earth to the Moon. In the same Earth
frame, the alien probe moves in the negative x direction, so in the reference frame K’ of the
probe, the Earth moves in the positive x direction. Consequently, Lorentz-transforming to

the K’ frame, we find that Mary cries at

/

Ty = vyrm + Bycty = 0,

/

clhy = yetu + Braea = O,

(S.1)

while John stumbles at

ay = yxy + fycty = yL + 0 = 7L,

(S.2)
ct'; = ycty + Byxy = 0 + ByJ = +8vL.

Thus, we see that in the frame of the probe, t; > tas, so Mary cries before John stumbles.

As to the time difference between the two events in the probe frame,

L 0 L
At =15y — ty = BL - - = 5’}/><—, (83)
c c c
where
L 384,000 km
- = —————— =128 S.4
¢~ 300,000 km/s > (5-4)
Uprobe 12
_ _ 2= S.5
g = ke o 2 (55)
1 13 13
_ — = = S.6
! 1= 32 132 — 122 5 (8.6)
hence
12 13
At = 1.2 — X — =&~ 3. ) .
t 8S><13><5 3.07 s (S.7)



Problem 2:

(a) Reversing eq. (2) we have
v
g = o= tanh(w), (S.8)

hence

vo= = = cosh(w) (S.9)

and therefore

By = tanh(w) x cosh(w) = sinh(w). (S.10)

Consequently, the Lorentz transform matrix for a boost in x direction becomes

v By 0 0 cosh(w) sinh(w) 0 0
0 0 sinh(w) cosh(w) 0 0
o By _ (w) (w) (5.11)
0 0 1 0 0 0 1 0
0 0 01 0 0 0 1

By comparison, the rotation matrix for a rotation through angle ¢ around the z axis is

cos(¢p) —sin(¢) O
RY = | +sin(¢) cos(¢) 0 |. (S.12)
0 0 1

We see that the Boost matrix (S.11) is quite similar to the rotation matrix (S.12), but there
a couple of key differences (apart from the extra row and extra column of the Lorentz boost
matrix). Specifically, (1) the boost matrix involves hyperbolic rather than trigonometric sine
and cosine; and (2) in the boost matrix both non-zero off-diagonal matrix elements come
with the same sign ‘4’ unlike the rotation matrix where the two off-diagonal elements have
opposite signs. Both of these differences are caused by the pseudo-Euclidean rather than

Euclidean geometry of the spacetime.



(b) The hyperbolic sine, cosine, and tangent of a sum obtain as

cosh(wy + wa) = cosh(wy)cosh(wz) + sinh(wy)sinh(ws), (S.13)
sinh(wj + wy) = sinh(w;) cosh(wy) + cosh(wy) sinh(ws), (S.14)

note the positive signs in both formulae,
sinh(wy + wy) cosh(wy ) cosh(wg) x (tanh(wl) + tanh(wg))
cosh(wi + wy) - cosh(wy) cosh(wz) x (1 + tanh(wi) tanh(wy))
tanh(wi) + tanh(ws)

T 1+ tanh(w1) tanh(ws) - (5.15)

tanh(wy + we) =

At the same time, combining two Lorentz boosts of velocities v; and v in the same direction,

we get a boost of net velocity

U1 + U2

In terms of the respective rapidities w; and wo,
v = ctanh(wy), vy = ctanh(ws), (S.17)

hence

ctanh(wy) + ctanh(wy)
vi+2 1 + tanh(w;) tanh(ws) ctanh(wy +ws) (5-18)

where the second equality follows from eq. (S.15) for the hyperbolic tangents. According to

eq. (S.18), for successive Lorentz boosts in the same directions, the rapidities indeed add up,

Wi42 = W1 + w2. (8.19)



Problem 3:
Let me start with a more general case: a Lorentz boost by some velocity v = ¢ in a general

direction. For such a boost, the Lorentz transform of the coordinates is

_ S.20
) (5:20)

/

x' = B2 + x +

In terms of the Lorentz matrix L, such that 2* = L/, 2", eq. (S.20) means

LOO =7,
LOj B 7ﬁj? S.21
Ly = 28, (8:21)
) g -1 . .
sz - (52‘] + fy?ﬁzﬁa
hence in matrix form
Y VB vBY VB
T 14 F(B® 2 FB*RY F 337
w7 O 55 52
Y FBYBT 1+ F(pY)?  FpYp
W FEE FES L4 P(E)
where
v—1 72
F = = . S.23
32 v+1 (5.23)
Now let’s apply eq. (S.22) to the velocity vector (4). For this vector
B = Bcos(9), BY = Bsin(e), B =0, (S.24)
hence
1 + F<5$)2 -1 + ( 1 (/Bx)z o 2
SERCERIC L
(S.25)

1+ F(B¥)?2 = 1 + (y—1)sin ¢,
PA"3 = (y—1)cos gsing,



and therefore

Problem 4:

(a)

gl v cos ¢ VB sin ¢
yBcosg 14 (y—1)cos?¢ (y—1)cospsing
vBsing (y—1)cosgsing 14 (y—1)sin®¢
0 0 0

- o O O

(cta—ctp)® — (va—2p)* — (ya—yp)* — (24— zB)

(15-5)% — (5—10)%2 — (3—8)2 — (0—0)?
100 — 25 — 25 — 0 = +50

hence real I = ++/50. Note that this is a timelike interval.

(S.26)

(S.27)

(b) Since the interval between the two events is timelike, there is no inertial frame in which

they happen at the same time. Instead, in all frames the event A happens after the event B

by at least cAt = I = /50,

(c) Since the interval between the two events is timelike, there exists an inertial frame K”

where both events occur at the same place (but different times). The velocity of that frame

relative to the K frame is simply

Indeed, for

rp—rp (5,3,0) — (10,8,0)

1 1
= —) = = —_= ——O'
ta—tp °© 15— 5 (=2 =20)

Ar
At

the Lorentz transformed Ar’ becomes

Ar' = —yBAt + Ar + (7—1)(

B-Ar)B

72 = —yAr + Ar + (y—1)Ar

(S.28)

(S.29)

— 0. (S.30)



(d) This time

= (th—CtD)2 - (Ic—%‘D)2 - (2/0-?/13)2 - (Zc—ZD)2
= (1-32 - (2-5)2 — (0-0)2 — (0—-0)? (S.31)
=4 -9 —-0—-0= -5,

so the interval is timelike, I = v/5i.

For such a timelike interval, there is no inertial frame K" where both events happen at
the same place (but at different times). On the other hand, there are frames where both

events happen at the same time (but at different places). To find such a frame, we solve for
cAt' = yeAt — 4B - Ar = 0, (S5.32)

hence
B - Ar = cAt. (S.33)

For the events at hand, Ar = (—3,0,0), cAt = —2, so we need
2

while ¥ and $* can be anything as long as B2 < 1. In particular, the simplest solution is

I 2
V—SCX.

Problem 5:
(a) In light of eq. (5)

u = e, u = v, (S.35)

hence

vV = —u. (S.36)

Although we are not given the u" component of the proper velocity but only the space



components u, we may reconstruct the u? from the constraints

0)2 2 2 0

—u” = ¢ and uw > 0. (S.37)

Solving these constraints we immediately get
W = 42 +u2 (S.38)

and therefore

- _° S.39
V= e (S.39)

(b) Since the particle moves in the x direction, v¥ = v* = 0, while v* obtains from the

rapidity w as

v" = ctanh(w). (S.40)

Consequently,

1Bl = |ic| = tanh(w),

v o= = cosh(w), (S.41)
1 — tanh?(w)
VB = sinh(w),
and therefore
u = ¢y = ccosh(w),
u® = c¢fy = csinh(w), (5.42)
v = u* = 0.
Altogether,
u" = (ccosh(w); csinh(w),0,0). (S.43)



Problem 6:

(a) Since cos(45°) = sin(45°) = 4/3, the particle’s 3-velocity vector in the K frame is

v = <\/gv, \/gv,0> = <\/gc, \/gc,O) (S.44)

(b) The proper velocity 4—vector is related to the 3—velocity as

u = (e, v, 0¥, 0%) (S.45)
where for the particle at hand
1 1
— = = /5. S.46
PV T i (>0
Consequently,
ut = (uo,ux,uy,uz) = (\/gc, V2e, \/EC,O). (S.47)

(c) For the new frame K’ moving at speed vy = \/gc in the positive z direction, we have

Bret = \/% Trel = \/57 VrelBrel = \/% (848)

hence the Lorentz transform matrix from the K frame to the K’ frame is

5 2
3 —\/; 00
2 5
N
moo | VB VR 19
0 0 1 0
0 0 0 1
In particular, the proper velocity 4—vector (S.47) transforms to
3 =3 0 0\ /Vv5 V3
_./2 5 2 0
ut = 3 \/g 00 v2 c = c. (S.50)
0 0o 1 0]|]|V2 V2
0 0 0 1 0 0
In other words,
(u’o, 'Y, u'z) = (\/gc, 0,v2¢, O). (S.51)



(d) By inspection,

util, = (W0)? — (W)? = 32 — 282 = &2 (S.52)

Vo= S = o (0,v2,0) = (0,1/2¢.0). (S.53)

Problem 7:

Consider the total energy and the total 3-momentum of the n-particle system,

Enet = E1 + -+ + Ey,

Puet = p1 + -+ + Pn-

Together POet = %Enet and Ppet form a 4-vector P¥.. which under Lorentz transforms

n net»

between different inertial frames behaves as any other 4—vector,

P*

net

= LMPY

net -

(S.54)

Also, this vector is timelike, (Ppet - Pnet) > 0. Indeed, for each individual particle (pg - pg) =

m2c? > 0, hence

1
each —F, > |pq|. (S.55)
c
Consequently,
1 1
‘Pnet| = Zpa < Z|pa| < ZEE = EEnet = Pr(l)eta (856>
a a a
and therefore
2 2
(Pnet'Pnet) = (Pr(l)et> - (Pnet> > 0. (857)

The bottom line is, Pr‘fet is a time-like 4—vectors, and for any such vector there is an inertial

frame where its space component P happens to vanish. Specifically, this frame moves



relative to K frame at velocity

Pnet 2Pnet
vV = ¢ = ¢"—=. S.58
PI(I)et Enet ( )

Note that this velocity is slower than ¢ because |Pyet| < P2, so the inertial frame K’ moving

at this velocity does exist. And in that frame K’,

v—1
Pl = —7BP; + Puet + W(ﬁ'Pnet)IB
Pnet
for = o (.59)
= —YPpnet + Puet + (7 —1)Pret
= 0.

Problem 8:

The first particle has By = 2 x mc?, which means v = 2, hence

By = V2—-1= V3 (S.60)

and therefore 3-momentum p; = v/3me. The second particle is at rest, thus Ey = mc? (for
the same m since it’s of the same species as the first particle) and p2 = 0. Altogether, the

two particles have net energy
Euet = E1 + By = 3mc? (S.61)

and net 3—momentum

Pt = p1 + p2 = V3me. (S.62)

Both the net energy and the net momentum are conserved in the collision, so if the two

10



particles stick together in the collision and form a combined particle, then it has
E = 3mc® and p = V3me, (S.63)
or in terms of the energy-momentum 4—vector
PH = (3,4/3,0,0)mc. (S.64)
The rest mass M of this combined particles obtains from
M?*? = (P-P) = (9-3)m?c, (S.65)

hence M = v6m =~ 2.45m. Finally, the 3-velocity obtains from the energy—momentum

4-vector as

P /3 c

Problem 9:
In the frame K of the original pion, both photons have equal energies and equal and opposite
momenta,

By = By = imzc® = 67.7 MeV,

P1 = —Pp2, (S.67)

Ei=E
pil = Ip2f= =2 = jmzc = 675 MeV/e,

In the lab frame, the two photons’ energies obtain from the Lorentz boost from the pion’s

frame,

E%ab = ’YW(El + Vg p1)>
L (5.68)
E2 = '77T<E2+V7r 'p2) = VW(El — Vg 'pl)-

In particular, since the first photon continues in the forward direction while the second

11



photon flies back,

Eq My c?
Eiab = Yr (El "‘Uﬂ?) = '77T(1+ﬁ7r> X 5

MyC
2

E%ab = V(1= fBr) X

Finally, for the pion in question p = %mc, which means G;v; = % and therefore

e = A1+ (B = (1435 = 1
Consequently,
%(1+ﬁn)=§+%=2, %T(l_ﬁﬁ):?l_%zéa

and therefore

Ef* = mpc® = 135 MeV,  EY® = Im;c® ~ 34 MeV.

Problem 10 is postponed to the next homework set.

12

(S.69)

(S.70)

(S.71)

(S.72)



