
PHY–387 K. Solutions for problem set #11.

Problem 1:

In the reference frame K of the Earth, the two events — J (John stumbling) and M (Mary

crying) — happen at respective spacetime points xJ = L, ctJ = 0 and xM = 0, ctM = 0

where L = 384, 000 km is the distance from the Earth to the Moon. In the same Earth

frame, the alien probe moves in the negative x direction, so in the reference frame K ′ of the

probe, the Earth moves in the positive x direction. Consequently, Lorentz-transforming to

the K ′ frame, we find that Mary cries at

x′M = γxM + βγctM = 0,

ct′M = γctM + βγxM = 0,
(S.1)

while John stumbles at

x′J = γxJ + βγctJ = γL + 0 = γL,

ct′J = γctJ + βγxJ = 0 + βγJ = +βγL.
(S.2)

Thus, we see that in the frame of the probe, tJ > tM , so Mary cries before John stumbles.

As to the time difference between the two events in the probe frame,

∆t = tJ − tM =
βγL

c
− 0

c
= βγ × L

c
, (S.3)

where

L

c
=

384, 000 km

300, 000 km/s
= 1.28 s, (S.4)

β =
vprobe
c

=
12

13
, (S.5)

γ =
1√

1− β2
=

13√
132 − 122

=
13

5
, (S.6)

hence

∆t = 1.28 s× 12

13
× 13

5
≈ 3.07 s. (S.7)
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Problem 2:

(a) Reversing eq. (2) we have

β =
v

c
= tanh(w), (S.8)

hence

γ =
1√

1− tanh2(w)
=

cosh(w)√
cosh2(w)− sinh2(w) = 1

= cosh(w) (S.9)

and therefore

βγ = tanh(w)× cosh(w) = sinh(w). (S.10)

Consequently, the Lorentz transform matrix for a boost in x direction becomes

Lµν =


γ βγ 0 0

βγ γ 0 0

0 0 1 0

0 0 0 1

 =


cosh(w) sinh(w) 0 0

sinh(w) cosh(w) 0 0

0 0 1 0

0 0 0 1

 . (S.11)

By comparison, the rotation matrix for a rotation through angle φ around the z axis is

Rij =

 cos(φ) − sin(φ) 0

+ sin(φ) cos(φ) 0

0 0 1

 . (S.12)

We see that the Boost matrix (S.11) is quite similar to the rotation matrix (S.12), but there

a couple of key differences (apart from the extra row and extra column of the Lorentz boost

matrix). Specifically, (1) the boost matrix involves hyperbolic rather than trigonometric sine

and cosine; and (2) in the boost matrix both non-zero off-diagonal matrix elements come

with the same sign ‘+’ unlike the rotation matrix where the two off-diagonal elements have

opposite signs. Both of these differences are caused by the pseudo-Euclidean rather than

Euclidean geometry of the spacetime.
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(b) The hyperbolic sine, cosine, and tangent of a sum obtain as

cosh(w1 + w2) = cosh(w1) cosh(w2) + sinh(w1) sinh(w2), (S.13)

sinh(w1 + w2) = sinh(w1) cosh(w2) + cosh(w1) sinh(w2), (S.14)

note the positive signs in both formulae,

tanh(w1 + w2) =
sinh(w1 + w2)

cosh(w1 + w2)
=

cosh(w1) cosh(w2)×
(
tanh(w1) + tanh(w2)

)
cosh(w1) cosh(w2)×

(
1 + tanh(w1) tanh(w2)

)
=

tanh(w1) + tanh(w2)

1 + tanh(w1) tanh(w2)
. (S.15)

At the same time, combining two Lorentz boosts of velocities v1 and v2 in the same direction,

we get a boost of net velocity

v1+2 =
v1 + v2

1 + v1v2
c2

. (S.16)

In terms of the respective rapidities w1 and w2,

v1 = c tanh(w1), v2 = c tanh(w2), (S.17)

hence

v1+2 =
c tanh(w1) + c tanh(w2)

1 + tanh(w1) tanh(w2)
= c tanh(w1 + w2) (S.18)

where the second equality follows from eq. (S.15) for the hyperbolic tangents. According to

eq. (S.18), for successive Lorentz boosts in the same directions, the rapidities indeed add up,

w1+2 = w1 + w2 . (S.19)
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Problem 3:

Let me start with a more general case: a Lorentz boost by some velocity v = cββββββββββ in a general

direction. For such a boost, the Lorentz transform of the coordinates is

x′0 = γx0 + γββββββββββ · x,

x′ = γββββββββββx0 + x +
γ − 1

β2
(ββββββββββ · x)ββββββββββ.

(S.20)

In terms of the Lorentz matrix Lµν such that x′µ = Lµνx
ν , eq. (S.20) means

L0
0 = γ,

L0
j = γβj ,

Li0 = γβi,

Lij = δij +
γ − 1

β2
βiβj ,

(S.21)

hence in matrix form

Lµν =


γ γβx γβy γβz

γβx 1 + F (βx)2 Fβxβy Fβxβz

γβy Fβyβx 1 + F (βy)2 Fβyβz

γβz Fβzβx Fβzβy 1 + F (βz)2

 (S.22)

where

F =
γ − 1

β2
=

γ2

γ + 1
. (S.23)

Now let’s apply eq. (S.22) to the velocity vector (4). For this vector

βx = β cos(φ), βy = β sin(φ), βz = 0, (S.24)

hence

1 + F (βx)2 = 1 + (γ − 1)

(
(βx)2

β2
= cos2 φ

)
,

1 + F (βy)2 = 1 + (γ − 1) sin2 φ,

Fβxβy = (γ − 1) cosφ sinφ,

(S.25)
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and therefore

Lµν =


γ γβ cosφ γβ sinφ 0

γβ cosφ 1 + (γ − 1) cos2 φ (γ − 1) cosφ sinφ 0

γβ sinφ (γ − 1) cosφ sinφ 1 + (γ − 1) sin2 φ 0

0 0 0 1

 . (S.26)

Problem 4:

(a)

I2 = (ctA − ctB)2 − (xA − xB)2 − (yA − yB)2 − (zA − zB)2

= (15− 5)2 − (5− 10)2 − (3− 8)2 − (0− 0)2

= 100 − 25 − 25 − 0 = +50

(S.27)

hence real I = +
√

50. Note that this is a timelike interval.

(b) Since the interval between the two events is timelike, there is no inertial frame in which

they happen at the same time. Instead, in all frames the event A happens after the event B

by at least c∆t = I =
√

50¿

(c) Since the interval between the two events is timelike, there exists an inertial frame K ′′

where both events occur at the same place (but different times). The velocity of that frame

relative to the K frame is simply

v′′ =
rA − rB
tA − tB

= c
(5, 3, 0)− (10, 8, 0)

15− 5
= c(−1

2 ,−
1
2 , 0). (S.28)

Indeed, for

ββββββββββ =
∆r

∆t
, (S.29)

the Lorentz transformed ∆r′ becomes

∆r′ = −γββββββββββ∆t + ∆r + (γ − 1)
(ββββββββββ ·∆r)ββββββββββ

β2
= −γ∆r + ∆r + (γ − 1)∆r = 0. (S.30)
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(d) This time

I2 = (ctC − ctD)2 − (xC − xD)2 − (yC − yD)2 − (zC − zD)2

= (1− 3)2 − (2− 5)2 − (0− 0)2 − (0− 0)2

= 4 − 9 − 0 − 0 = −5,

(S.31)

so the interval is timelike, I =
√

5i.

For such a timelike interval, there is no inertial frame K ′′ where both events happen at

the same place (but at different times). On the other hand, there are frames where both

events happen at the same time (but at different places). To find such a frame, we solve for

c∆t′ = γc∆t − γββββββββββ ·∆r = 0, (S.32)

hence

ββββββββββ ·∆r = c∆t. (S.33)

For the events at hand, ∆r = (−3, 0, 0), c∆t = −2, so we need

βx =
2

3
(S.34)

while βy and βz can be anything as long as ββββββββββ2 < 1. In particular, the simplest solution is

v′ = 2
3cx̂.

Problem 5:

(a) In light of eq. (5)

u0 = γc, u = γv, (S.35)

hence

v =
c

u0
u . (S.36)

Although we are not given the u0 component of the proper velocity but only the space
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components u, we may reconstruct the u0 from the constraints

(u · u) = (u0)2 − u2 = c2 and u0 > 0. (S.37)

Solving these constraints we immediately get

u0 = +
√
c2 + u2 (S.38)

and therefore

v =
c√

c2 + u2
u. (S.39)

(b) Since the particle moves in the x̂ direction, vy = vz = 0, while vx obtains from the

rapidity w as

vx = c tanh(w). (S.40)

Consequently,

|β| =
|v|
c

= tanh(w),

γ =
1√

1− tanh2(w)
= cosh(w),

γβ = sinh(w),

(S.41)

and therefore

u0 = cγ = c cosh(w),

ux = cβγ = c sinh(w),

uy = uz = 0.

(S.42)

Altogether,

uµ =
(
c cosh(w); c sinh(w), 0, 0

)
. (S.43)
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Problem 6:

(a) Since cos(45◦) = sin(45◦) =
√

1
2 , the particle’s 3–velocity vector in the K frame is

v =
(√

1
2v,
√

1
2v, 0

)
=
(√

2
5c,
√

2
5c, 0

)
. (S.44)

(b) The proper velocity 4–vector is related to the 3–velocity as

uµ = γ(c, vx, vy, vz) (S.45)

where for the particle at hand

γ =
1√

1− (v/c)2
=

1√
1− 4

5

=
√

5. (S.46)

Consequently,

uµ =
(
u0, ux, uy, uz

)
=
(√

5c,
√

2c,
√

2c, 0
)
. (S.47)

(c) For the new frame K ′ moving at speed vrel =
√

2
5c in the positive x direction, we have

βrel =
√

2
5 , γrel =

√
5
3 , γrelβrel =

√
2
3 , (S.48)

hence the Lorentz transform matrix from the K frame to the K ′ frame is

Lµν =



√
5
3 −

√
2
3 0 0

−
√

2
3

√
5
3 0 0

0 0 1 0

0 0 0 1

 . (S.49)

In particular, the proper velocity 4–vector (S.47) transforms to

u′µ =



√
5
3 −

√
2
3 0 0

−
√

2
3

√
5
3 0 0

0 0 1 0

0 0 0 1



√

5
√

2
√

2

0

 c =


√

3

0
√

2

0

 c. (S.50)

In other words, (
u′0, u′x, u′y, u′z

)
=
(√

3c, 0,
√

2c, 0
)
. (S.51)
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(d) By inspection,

u′µu′µ = (u′0)2 − (u′)2 = 3c2 − 2c2 = c2. (S.52)

(e)

v′ =
c

u′0
u′ =

1√
3

(
0,
√

2c, 0
)

=
(
0,
√

2
3c, 0

)
. (S.53)

Problem 7:

Consider the total energy and the total 3–momentum of the n-particle system,

Enet = E1 + · · · + En ,

Pnet = p1 + · · · + pn .

Together P 0
net = 1

cEnet and Pnet form a 4–vector Pµnet, which under Lorentz transforms

between different inertial frames behaves as any other 4–vector,

P ′µnet = LµνP
ν
net . (S.54)

Also, this vector is timelike, (Pnet ·Pnet) > 0. Indeed, for each individual particle (pa · pa) =

m2
ac

2 > 0, hence

each
1

c
Ea > |pa|. (S.55)

Consequently,

|Pnet| =

∣∣∣∣∣∑
a

pa

∣∣∣∣∣ ≤ ∑
a

|pa| <
∑
a

1

c
Ea =

1

c
Enet = P 0

net , (S.56)

and therefore (
Pnet · Pnet

)
=
(
P 0
net

)2 − (
Pnet

)2
> 0. (S.57)

The bottom line is, Pµnet is a time-like 4–vectors, and for any such vector there is an inertial

frame where its space component Pnet happens to vanish. Specifically, this frame moves
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relative to K frame at velocity

v = c
Pnet

P 0
net

= c2
Pnet

Enet
. (S.58)

Note that this velocity is slower than c because |Pnet| < P 0
net, so the inertial frame K ′ moving

at this velocity does exist. And in that frame K ′,

P′net = −γββββββββββP 0
net + Pnet +

γ − 1

β2
(ββββββββββ ·Pnet)ββββββββββ

for ββββββββββ =
Pnet

P 0
net

= −γPnet + Pnet + (γ − 1)Pnet

= 0.

(S.59)

Problem 8:

The first particle has E1 = 2×mc2, which means γ = 2, hence

βγ =
√
γ2 − 1 =

√
3 (S.60)

and therefore 3–momentum p1 =
√

3mc. The second particle is at rest, thus E2 = mc2 (for

the same m since it’s of the same species as the first particle) and p2 = 0. Altogether, the

two particles have net energy

Enet = E1 + E2 = 3mc2 (S.61)

and net 3–momentum

Pnet = p1 + p2 =
√

3mc. (S.62)

Both the net energy and the net momentum are conserved in the collision, so if the two
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particles stick together in the collision and form a combined particle, then it has

E = 3mc2 and p =
√

3mc, (S.63)

or in terms of the energy-momentum 4–vector

Pµ = (3,
√

3, 0, 0)mc. (S.64)

The rest mass M of this combined particles obtains from

M2c2 = (P · P ) = (9− 3)m2c2, (S.65)

hence M =
√

6m ≈ 2.45m. Finally, the 3–velocity obtains from the energy–momentum

4-vector as

v = c
P

P 0
=

c
√

3

3
=

c√
3
. (S.66)

Problem 9:

In the frame Kπ of the original pion, both photons have equal energies and equal and opposite

momenta,

E1 = E2 = 1
2mπc

2 = 67.7 MeV,

p1 = −p2,

|p1| = |p2| =
E1 = E2

c
= 1

2mπc = 67.5 MeV/c.

(S.67)

In the lab frame, the two photons’ energies obtain from the Lorentz boost from the pion’s

frame,

Elab
1 = γπ(E1 + vπ · p1),

Elab
2 = γπ(E2 + vπ · p2) = γπ(E1 − vπ · p1).

(S.68)

In particular, since the first photon continues in the forward direction while the second
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photon flies back,

Elab
1 = γπ

(
E1 + vπ

E1

c

)
= γπ(1 + βπ)× mπc

2

2
,

Elab
2 = γπ(1− βπ)× mπc

2

2
.

(S.69)

Finally, for the pion in question p = 3
4mc, which means βπγπ = 3

4 and therefore

γπ =
√

1 + (βγ)2 =
√

1 + 9
16 = 5

4 . (S.70)

Consequently,

γπ(1 + βπ) = 5
4 + 3

4 = 2, γπ(1− βπ) = 5
4 −

3
4 = 1

2 , (S.71)

and therefore

Elab
1 = mπc

2 = 135 MeV, Elab
2 = 1

4mπc
2 ≈ 34 MeV. (S.72)

Problem 10 is postponed to the next homework set.
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